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Oscillation Properties for a Class of Delay Partial
Difference Equations with Three Parameters

Huili Ma

Abstract—The aim of this paper is to investigate the oscillato-
ry properties of solutions for a class of delay partial difference
equation with three parameters. In order to study the oscillation
results, the regions of non-positive roots of its characteristic
equation which is equivalent to the oscillation results are
investigated. Some necessary and sufficient conditions by means
of the envelope theory are derived.

Index Terms—delay partial difference equation, oscillation,
envelope, characteristic equation.

I. INTRODUCTION

Artial difference equations are types of difference equa-
tions that involve functions of two or more independent
variables. Delay partial difference equations have numerous
applications as in molecular orbits, population dynamic with
spatial migrations, image processing, random walk problems,
material mechanics, etc[1-7].In recent years, the study of the
qualitative analysis for the oscillatory property of delay par-
tial difference equation has attracted considerable attention,
see [8-12] and the references therein.
In [8], by means of the z-transform, B. G. Zhang and
R. P. Agarwal have investigated the following first order
delay partial difference equation

14
Am—&-l,n + Am,n+1 - pAm,n =+ Z QiAm—ki,n—li =0,
i=1
where p, g are real numbers, k; and I; € Ny, i = 1,2, ..., i,
Ny = {t,t +1,...}, and p is a positive integer. They gave
some sufficient conditions for the equation to be oscillatory.
In [12], Chunhua Yuan and Shutang Liu studied the
following first order delay partial difference equation

Um+1,n + AUm, n+1 + bum,n + CUm—o,n—7 = Oa

where a, b, c are real numbers with a? + b% + ¢ # 0, and
m,n, o, T are nonnegative integers. By applying the envelope
theory, they achieved the necessary and sufficient conditions
for the equation to be oscillatory.

Motivated by the above research, this paper investigates
the following second order delay partial difference equation

Um+2,n +pum,n+2 + qUm,n + TUm—on—7 = 0, (1)

where p, ¢, are real numbers with p% 4+ ¢ + 72 # 0, and
m,n,o,T are nonnegative integers.

The purpose of this paper is to apply the envelope theory
of the family of planes, to derive necessary and sufficient
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conditions for the delay partial difference equation (1) to be
oscillatory.

Before stating our main results, some definitions used in
this paper are presented.

Definition 1 A solution of (1) is a real double sequence
{tm,n} which is defined for m > —o,n > —7 and satisfies
(1) for m > 0 and n > 0.

Definition 2 A solution {u, » } of (1) is said to be eventually
positive (or negative) if u,, », > 0 (or Uy, , < 0)form > M
and n > N, where M and N are some large integers. It
is said to be oscillatory if it is neither eventually positive
nor eventually negative. (1) is called oscillatory if all of its
nontrivial solutions are oscillatory.

II. PRELIMINARIES

This section will give some lemmas that will be used in
the proof of the main results in section 3.

Lemma 1 [11] The following statements are equivalent:
(i) Every solution of equation (1) is oscillatory.
(i1) The characteristic equation of equation (1)

Nt pu?+q+rAuT =0

has no positive root.
Lemma 2 [12] Suppose that f(z,y),g(z,y),h(z,y) and
v(z,y) are differentiable on (—o0, +00) X (—o00, +00). Let T’
be a two-parameter family of planes defined by the equation

FO )z + g\ )y + h(A, 1)z = v\, p),

where A and p are parameters. Let 3 be the envelope of the
family I". Then the equation

FOSwa+ g\, w)b + h(X, p)e = v(A, 1)

has no real root if and only if there is no tangent plane of
Y passing through the point (a,b, ¢) in zyz-space.

Lemma 3 [13] Suppose that f(z), g(z), h(x) and v(z) are
differentiable on (—oo,+00). Let T' be the one-parameter
family of planes defined by the equation

f)z 4+ 9Ny + h(A)z = v(A),

where )\ is a parameter. Let 3 be the envelope of the family
T". Then the equation

FN)a~+ gAMb+ h(X)e=v(N)
has no real root if and only if there is no tangent plane of
3 passing through the point (a,b, ¢) in zyz-space.
Lemma 4 [11] Suppose that f(z) is differentiable on

(0, +00) such that f(z) is not identically zero on (0, +o0)
and lim, 4o f(z) > 0 or lim,_,o+ f(x) > 0. Then

Fla,y) =y + f(x) =0
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has no positive root on (0, +00) x (0,+400) if and only if
f(z) = 0 has no positive root on (0, +00).
Lemma 5 Assume that

FOL @) =X 4 g\ + 7,

where o is a positive integer, ¢ and r are real parameters.
Then the equation f(\,¢,r) = 0 has no positive root if and
only if g >0and r >0 or ¢ < 0 and

Proof Consider the family of straight lines defined by
Lx:f(\, z,y) = 0, where A € (0, +00). Since

f)\()\amvy) =

the determinant of the system f(\, z,y) = 0= fi(\, z,y) is
—oA°~! which does not vanish for A > 0. The characteristic
region of f(\,x,y) which belongs to C \ (0,+00) is just
the multiplicity-2 set with order O of the envelope G for
the family {Lx|]A € (0,+o00)} ([13],Theorem 2.6). The
parametric functions of G could be given by ([13],Theorem
2.3)

(0 +2)A7 T oX7 g,

o+ 2

x(A) = — A2,

y(A) =

Actually, G can also be described by the graph of the
function y = G(x), where

2
ZA72 0> 0.
g

- 203 -
Ola) = (-1)F g™
(c+2)
Since Y
o o2 o
G'(z) = (-1 #720 z,
() = () T
o+2 UL+2 ag—2
G'z)=(-1)% ——2 5%
(@) = () g

G(z) is a positive and strictly decreasing, strictly convex
function on (—o0, 0) such that G(0~) = 0, G(—o0) = +00.
From the property of the function G(x), we can see that the
equation f(\,¢,7) = 0 has no positive root if and only if
q>0and r >0 or qg<0and

The proof is complete.

III. MAIN RESULTS

In this section, some necessary and sufficient conditions
for the oscillatory properties of equation (1) are established.

To facilitate discussions, we divide nonnegative integers
o and 7 into four mutually exclusive cases: (i) o > 1 and
T>1,@G(i))c>1and 7 =0, (iii) c = 0 and 7 > 1, (iv)
oc=0and 7 =0.
Theorem 1 Assume that ¢ > 1 and 7 > 1. Then every
solution of equation (1) oscillates if and only if p > 0, > 0
and >0 or p>0,q9 <0, and

o T otT+2
202'r2q 2

(c+7+2)

o472
2

T>(_ ) a+7—+2 T°

Proof When o > 1 and 7 > 1, the characteristic equation
of equation (1) is

o(p.q,r, \p) =N +pp® +q+rA T =0.
Let
F(p,q,r, A\ 1)

(2)

= AU (p, a,m, A 1)
= AT UT 4 pAT T 4 g\ = 0.
3)

From (3), we can see that (2) has no positive root if and
only if (3) has no positive root. Since we mainly discuss
the oscillatory solutions of equation (1), by Lemma 1,
attention will be restricted to the case where A > 0 and
u > 0. We will consider (p,q,r) as a point in zyz-space,
and try to search for the exact regions containing points
(p,q,r) in xyz-space such that (3) has no positive root.
Actually, F'(z,y, z, A, 1) = 0 can be regarded as an equation
describing a two-parameter family of planes in xyz-space,
where z,y and z are the coordinates of point of the planes
in xyz-space and A,y are parameters.

According to the envelop theory, the points of the envelope
of the two-parameter family of planes defined by (3) satisfy
the following equations

F(x’ y7 Z’ A? M) :07
Fx(z,y,2,\ 1) =(0 + 2)A7 0™ + oA e
+oX Ty =0,
Fy(,y, 2, A 1) =TA 207 4 (1 4 20707
+ TNy =0,
where A > 0 and g > 0. Eliminating A and p from (4), we
get the function of the envelope

(4)

o 1 odT42
doy) = (()TFE DT D)
(c+7+2) = zz
where x > 0,y < 0. Consequently, we have
Dz (_yyee__ofTEyTE
ox (G+T+2)”+T+2 =527
0 (_yyregin_obriy’t
Oy (0 +7+2)%F zF
Oz _ e T Dofry T
dz? Ao+7+2)F g%
0 e o oy
oy Ao+7+2) % x5
0%z :(71)% 0%7732y0y
Oxdy 200 +71+ 2)%“1'7—;2 .
When =z > 0,y < 0, we have 0%2/02°> >

0,0%2/0y* > 0,0%°2/0x2 - 8%2/0y? — (8%2/0z0y)* =

(0::;2)7::*:2;#2 > 0 and z(z,y) > 0. Hence, z(x,y) is a
positive and strictly convex function on (0, +00) x (—00,0).
Moreover, the envelope defined by (5) is a strictly convex
surface S over (0, +00) x (—00,0) as described in Figure 1.
Thus from Figure 1, it is clearly seen that when (p, ¢, ) is
in the first closed octant, namely, p > 0, > 0 and r > 0,
or when (p, ¢, r) is vertically above the envelope S, namely,
p>0,9g <0 and

o T otT+2
202'r2q 2

(c+7+2)

r>(—1)7F0

otT+2
2

pE
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there cannot be any tangent plane of the envelope S which
passes through the (p,q,r). Since (2) is the same as (3)

y -10  -10

Fig. 1. Envelope surface forc =1 and 7 =1

for the existence of positive solutions. Lemma 1 implies the
statement of this theorem. The proof completes.

Theorem 2 Assume that ¢ > 1 and 7 = 0. Then every
solution of equation (1) oscillates if and only if p > 0,¢ > 0
and >0 orp>0,qg <0 and

20%
———
(o + 2)#
Proof When o > 1 and 7 = 0, the characteristic equation
of equation (1) is

o42

g+2
2 2

r>(=1)

o, ¢, A\ ) =N +pp>+q+rA7=0.  (6)

When p < 0, it is obvious that (6) has positive solutions.
We just need to consider two cases: (a) p =0 and (b) p > 0
Case (a). p = 0. (6) can be written as

P(p,m, A) =X +q+71A77 =0, (7

~—

Let
f(qv T )‘) = )‘ad)(pv T, )‘) = (8)

Since (8) is same as (7) for the existence of positive solutions,
from Lemma 5, (6) has no positive root if and only if ¢ > 0
and » >0 or ¢ < 0 and

N2 4 g\ 4+ =0.

207
o+2 q

(c+2)2
Case (b). p > 0. (6) can be rewritten as

d(p, q,m A\, p) =

o+2

r>(—=1)2 =+

2

1 T
PN+ 2+ DA =
p p p

Let ,
£ ]% > 9)

Since limy— 400 f(1/p,q/p,7/p,A) > 0 with p > 0 and
f(/p,q/p,7/p, A) is differentiable with regard to A > 0.
By Lemma 4, (6) has no positive root if and only if (9) has
no positive root. Let

1
A =-A24+ L4 Dy
p p p

’UM—‘

I o.

D

(10)
Then (9) has no positive root if and only if (10) has no
positive root. Since we investigate oscillatory solutions of

1 1
i A Y o N ST
p’p'p p’p'p P

(1), by Lemma 1, attention will be restricted to the case
where A > 0. We will consider (1/p,q/p,r/p) as a point
in xyz-space and search for the exact regions including
points (1/p,q/p,r/p) in xyz-space such that (10) has no
positive root. Actually, F(x,y,z,\) = 0 can be regarded as
an equation describing a one-parameter family of planes in
ryz-space, where x,y and z are the coordinates of point of
the plane in xyz-space and )\ is a parameter.

According to the theory of envelope, the points of the
envelope of the one-parameter family of planes described by
(10) satisty the following equations

{ Fla,y,2,0) = X720+ X7y + 2 = 0,

11
Fa@9,20) = (0 + 20 4 oarly =0, Y

where A > 0. Eliminating A(> 0) from (11), we obtain the
function of the envelope

or2 20%3y72
Z(ZL'7y) = (_1) 2 0+2 z ) (12)
(c+2)>
where z > 0 and y < 0. Consequently, we have
92 _ 1) U”T“y%“
Oa (c+2)%
9z _ (-1)7% oty % _
Jy (0 +2)223%’
822’ a+2 0032:1/0;2
proial S z
z 20 +2)F0"F
822 1 o+2 O'GT+2 ;
2 g
Py e
Oxdy 20 +2)5275
When z > 0 and y < 0, we have z(x,y) > 0, 9?z/02> >

) >
0,0%2/0y? > 0 and 8%z /022 - 8?2/ 0y* — (0?2 0x0y)? =

Hence, the envelope defined by (12) is a convex surface

-10 -0

Fig. 2. Envelope surface for c =1 and 7 =0

S over (0,+00) x (—00,0) as depicted in Figure 2. Thus
we can easily see that there are two cases for the point
(1/p,q/p,r/p) through which there cannot be any tangent
plane of the envelope S which passes. The first case is that
(1/p,q/p,r/p) is in the first closed octant except on the pos-
itive coordinate axis = 0, namely, 1/p > 0,¢/p > 0,and
r/p > 0, which are equivalent to p > 0,¢ > 0 and r > 0.
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The second case is that (1/p, q/p,r/p) is vertically above the
envelope S in the forth octant, namely, 1/p > 0,q/p < 0

and r/p > (—1)%° —222__ , which are equivalent to
(042)72

p>0,g<0andr > (—1)=

o+2
q 2

20%
o2
(0+42) 2
if (1/p,q/p,r/p) is lied in somewhere else except the above
two cases, such a tangent plane exists.

Since (6) is the same as (10) for the existence of positive
solutions, combining case (a) and case (b), one can see that
(6) does not have any positive root if and only if p > 0,¢ > 0
and » >0 orp>0,9g <0 and

¢°%". Meanwhile,

o+2

r>(=1)>2 R

o
202
o124

(c+2)=
Lemma 1 implies the statement of this theorem. The proof

completes.

Theorem 3 Assume that ¢ = 0 and 7 > 1. Then every
solution of equation (1) oscillates if and only if p > 0,¢ > 0
and r >0 or p>0,g <0 and

2T g E

T+2 T

r> (= =R q7+2 r
(T+2)7= p?

Proof When 0 = 0 and 7 > 1, the characteristic equation
of equation (1) is

o g A\ ) =N +pu® +q+rp” T =0.

When p < 0, it is obvious that (13) has positive solutions.
We just need to consider two cases: (a) p = 0 and (b) p > 0.
Case (a). p = 0. In this case, it is easy that (13) has no
positive root if and only if ¢ > 0 and r > 0.
Case (b). p > 0. In this case, let

fig. A\ p) =pp® +q+rp” " =0.

Since lim,, o0 f(p,q,7, 1) > 0 for p > 0 and f(p,q,7, 1)
is differentiable with respect to p > 0, from Lemma 4, we

can see that (13) has no positive root if and only if (14) has
no positive root. Let

F(p,q,r,p1) = p" f(p,q,r, p) = pu” > +qu”+r = 0. (15)

It is clear that (14) has no positive root if and only if (15) has
no positive root. Since we investigate oscillatory solutions
of (1), by Lemma 1, attention will be restricted to the case
where £ > 0. We will consider (p,q,r) as a point in xyz-
space and search for the exact regions including (p,q,r)
in xyz-space such that (15) has no positive root. Actually,
F(z,y,z, 1) =0 can be regarded as an equation describing
a one-parameter family of planes in xyz-space, where z,y
and z are the coordinates of point of the plane in zyz-space
and p is a parameter.

From the theory of envelope, the points of the envelope of
the one-parameter family of planes described by (15) satisfy
the follow equations

{ F(x,y,z,u) = p o+ pTy+2 =0,

(13)

(14)

16
Fu(z,y,2,p0) = (1 +2)u™ e+ 771y = 0, (19

where p > 0. Eliminating (> 0) from (16), we obtain the
function of the envelope

742

2(ry) = (1)

where z > 0 and y < 0. From (17), we have

T2 142

a T 2 2
B L
ox (T+2) 2 a2
9z _ (—1)% T%y% _
dy (r+2)za2
Pz = (-1 Ty
0z2 2(T+2)§$T;47
O _ e TEYE
2 o(r +2)35z5’
0%z (13 TT;rzy%
Oxdy 2T+ 2)zz2

-10  -10

Fig. 3. Envelope surface forc =0 and 7 = 1

0?z/0z% > 0,0°2/0y®> > 0 and 0%z/02% - 9%2/0y? —
(0%2/0x0y)? = 0. Hence, the envelope defined by (17) is
a convex surface S over (0, +00) x (—00,0) as depicted in
Figure 3. Thus we can easily see that there are two cases
for the point (p,q,r) through which there cannot be any
tangent plane of the envelope .S which passes. The first case
is that (p,q,r) is in the first closed octant except on the
positive coordinate axis x = 0, namely, p > 0,q > 0, and
r > 0. The second case is that (p,q,r) is vertically above
the envelope S in the forth octant, namely, p > 0,q < 0 and

r> (1) 2% 0™ Meanwhile, if (p, ¢, r) is lied in

T 2
somewhere el(seJrez))(cept the above two cases, such a tangent
plane exists.
Since (13) is the same as (15) for the existence of positive
solutions, it follows from case (a) and case (b) that (13) does
not have any positive root if and only if p > 0, > 0 and

r>0orp>0,qg<0and

T+2
q 2

By lemma 1, the proof completes.

Theorem 4 Assume that ¢ = 0 and 7 = 0. Then every
solution of equation (1) oscillates if and only if p > 0 and
qg+r=0.

Proof When o = 0 and 7 = 0, one can rewrite equation (1)
as

Um+2,n + PUm,n+2 + (q + T)um,n =0. (18)

(Advance online publication: 20 November 2019)
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The characteristic equation of equation (18) is

N 4pu*+(g+71)=0. (19)

It can be clearly seen that (19) does not have any positive
root if and only if p > 0 and ¢+ r = 0. From Lemma 1, we
can see that every solution of equation (1) oscillates if and
only if p > 0 and ¢ 4+ r = 0. This completes the proof.

IV. ILLUSTRATIVE EXAMPLES

In this section, we give some examples to illustrate the
results obtained in Section 3.
Example 1 Consider the delay partial difference equation

Um+2,n —+ O.5um7n+2 + OQUmn + 0~3um71,n71 =0. (20)

Clearly, c =1, 7 =1, p = 0.5, ¢ = 0.2 and r = 0.3.
Since p =0.5>0,¢q=02>0and r =0.3 > 0, by 1,
every solution of equation (20) is oscillatory. The oscillatory
behavior of equation (20) is demonstrated by Figure 4.

Fig. 4. Oscillatory behavior of equation (20)

Example 2 Consider the delay partial difference equation
Um42,n+0.81Up, ny2—0.1Up, p+0.15Up—1 n—1 = 0. (21)

Inthiscase,c =1, 7=1,p=0.81,¢g = —0.1 andr = 0.15.
Since p =0.81 > 0, ¢ = —0.1 < 0 and

1 20%7%q0+5+2
o+T+2
r=0.15>_—=(-1)" 2 i >
72 (0_+7_+2) +2+2p§

by Theorem 1, every solution of equation (21) oscillats.
The oscillatory behavior of equation (21) is demonstrated
by Figure 5.

Fig. 5. Oscillatory behavior of equation (21)

Example 3 Consider the delay partial difference equation

Umt2,n + 0.TUm nt2 + 0.3Um n + 0.1Upm_1., =0. (22)

Obviously, c =1, 7 =0, p = 0.7, ¢ = 0.3 and » = 0.1.
Since p =0.7 >0, ¢=0.3 >0 and r = 0.1 > 0, according
to Theorem 2, every solution of equation (22) is oscillatory.
The oscillatory behavior of equation (22) is demonstrated by
Figure 6.

Fig. 6. Oscillatory behavior of equation (22)

Example 4 Consider the delay partial difference equation
Umt2,n + 0.64Upm nyo — 0.1, n + 0.18up 1, = 0. (23)

Inthiscase,c =1, 7=0,p=0.64,¢ = —0.1 and r = 0.18.
Since p = 0.64 > 0, ¢ = —0.1 < 0 and
30 - 20% -
T2018>7\/ :(_ # 0—20+2q#7
450 (0 +2)7=
according to Theorem 2, every solution of equation (23)
oscillats. The oscillatory behavior of equation (23) is demon-

strated by Figure 7.

Fig. 7. Oscillatory behavior of equation (23)

Example 5 Consider the delay partial difference equation
(24)

Clearly, c = 0, 7 =0, p = 0.8, ¢ = —0.02 and r» = 0.02.
Since p = 0.8 > 0, and p + r = 0, according to Theorem 4,
every solution of equation (24) is oscillatory. The oscillatory
behavior of equation (24) is demonstrated by Figure 8.

Um4-2,n + O.8Um’n+2 =0.
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Fig. 8. Oscillatory behavior of equation (24)
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