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Mixed (p, q)-Affine Surface Areas and Related
Inequalities

Xuefu Zhang and Shanhe Wu

Abstract—In this paper, the mixed (p, ¢)-affine surface area is
introduced. Its related inequalities, such as affine isoperimetric
inequality, Blaschke-Santalé inequality, monotonous inequality,
cyclic inequality, and Brunn-Minkowski inequality, are estab-
lished.

Index Terms—mixed (p,q)-affine surface area, L, affine
surface area, affine surface area, Lutwak’s inequalities.

I. INTRODUCTION

HROUGHOUT let R" denote n-dimensional Euclidean
space. A convex body is a compact convex subset of R"
with nonempty interior. We denote by K" the set of convex
bodies, by K the set of convex bodies whose centroids lie at
the origin, and by I the set of convex bodies containing the
origin in their interiors. Denote by V(K') the n-dimensional
volume of a body K. For the standard unit ball B in R", we
write w, = V(B) to denote its volume. The unit sphere in
R" will be denoted by S™~1.
For all € R™ \ {0}, the support function of K € K" is
defined by

hK,z)=hg(z) =max{z-y:y € K},

where x - y denotes the standard inner product of = and y.

The radial function, px = p(K,-) : R" \ {0} — [0, 00),
of a compact star-shaped (about the origin) set X C R" is
defined by

p(K,x) =max{\>0: \z € K}.

If px is positive and continuous, then K is called a star
body (about the origin). The set of all star bodies about the
origin in R"™ is denoted by S'. Two star bodies K and L
are dilates (of one another) if px (u)/pr(u) is independent
of ue S" L

If E is an arbitrary nonempty subset of R", then the set

E*={zxeR":z-y<1lforall yec E}

is called the polar set of E. The polar set is always closed
and convex and contains the origin.

The mixed volume V;(K, L) of convex bodies K, L is
defined by
L V(K +¢L) - V(K)
n e—0+ £

1
-1 [5 by (w)dS(K, ),

n

Vl(K, L) =
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where S(K, ) is the surface area measure of K.

The classical affine surface area, first introduced by
Blaschke [3], has received a lot of attention in the last forty
years (see e.g. [15], [16], [17], [18], [21], [24], [25], [26],
[27], [35], [37], [41], [31], [32], [6]). In particular, based on
the mixed volume Leichtweif3 [16] defined the affine surface
area, Q)(K), of a convex body K € K™ by

S =if (i (K, QIV(Q)F : Qe Sy} (1)
For p > 1, the L,, mixed volume V,(K,L) of K,L € K7
was defined, in [28], by
V(K L) = P V(K+pe-L) fV(K)’

n e—0+ IS

n~w QK)

where K +, ¢ - L is the L, Minkowski-Firey combination,
see [8], defined by

WE +pe-L,-)P = h(K, )P + ch(L, )P

It was shown in [28] that the L, mixed volume has the
following integral representation:

VL) = - [ sy, @

n
where S, (K, ) is the L, surface area measure of K.

In 1996, Lutwak [29] extended the classical affine surface
area to L, affine surface area according to the L, mixed
volume. For p > 1 and K € K7, the L, affine surface area,
denoted by Q,(K), is defined by

nTRQ(K) 5 = inf{nV,(K,Q)V(Q)" : Q € S"}. (3)

When p = 1, Q;(K) is just the classical affine surface area
Q(K).

From the definition of the L,, affine surface area, Lutwak
[29] established the following well-known inequalities.
Theorem A (affine isoperimetric inequality). If K € K
and p > 1, then

Qp (K)"P < n™PuPV (K)" P, )

with equality if and only if K is an ellipsoid.
Theorem B (Blaschke-Santalo inequality). If K € K and
p > 1, then

Qp (K2 (K*) < (nwn)?, )

with equality if and only if K is an ellipsoid.
Theorem C (monotonous inequality). If K € F]' and 1 <
p < q, then
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with equality if and only if K € {K € FI
K* and AK are dilates}.

Here, F' denotes the set of all bodies in K that has a
positive continuous curvature function and AK denotes the
curvature image of K.

Theorem D (cyclic inequality). If K € K} and 1 < p <
q <, then

Qq(K)(nﬂ)(r—p) < QP(K)(”“"P)(T—Q)QT(K)("'H”)(‘I—P). (7

The L, affine surface area is closely related to the theory
of valuations (see e.g. [1], [2], [14], [19], [21], [22], [48])
and the theory of information (see e.g. [13], [34], [43]).
Recently, it was further extended to all p € R via geometric
interpretations (see [33], [38], [39], [42]), to the mixed L,
affine surface area (see [40], [44]), to the general affine
surface area (see [22], [20]), to the general mixed affine
surface area (see [45]) as well as to the Orlicz affine surface
area (see [47], [46]). Important applications of the L, affine
surface area can be found in [11], [23].

Suppose p,qg € R, K € K and L € §). Lutwak, Yang
EEId Zhang [30] defined the L, dual curvature measures,
Cpq(K, L,), by

[ oG (5. L.v)

= o [ st (o (0) o (s 0
for each continuous g : S7—1 5 R, where ax is the radial
Gauss map (see Section 3 in [30]). Since they introduced the
new concept of the L, dual curvature measures, it quickly
became the center of attention, see e.g., [7], [4], [5], [10],
[12].

Using the L, dual curvature measures, the (p,q)-mixed
volume was given by Lutwak, Yang and Zhang in [30].
Suppose p,¢ € R. If K,Q € K, and L € S, then the
(p, ¢)-mixed volume V), ;(K,Q, L) is defined by

Ta(K.Q.1) = [

Sn—l

hY) (v)dCh (K, L, v). (8)

The (p, ¢)-mixed volume can also be written as the following
formula:

Voo(K,Q, L)
- 2 (32) o () i

In [30], Lutwak, Yang and Zhang extended formula (2)
from p > 1 to all p € R. For p € R, the L, mixed volume,
Vo(K,Q), of K,Q € K2 is defined by

1

=— hE (v)dS, (K

L s,

for v € S"~!. Moreover, for ¢ € R and K,Q € S, they
also, in [30], defined the ¢-th dual mixed volume, V, (X, Q),
by

VP(K7Q)

1

Vol K, Q) =

[ty wda a0
Snfl

for u € S™~!, where the integration is with respect to
spherical Lebesgue measure.

Suppose p, g € R. In [30], the L, mixed volume, the g-th
dual mixed volume and the volume of a convex body were
shown to be special cases of the (p, g)-mixed volumes:

Vo (K, Q, K) = V(K. Q); (11)
VoK, Q, L) = V(K. Q); (12)
VoK, K, L) = Vy(K, L); (13)

VoK, K, K) = V(K). (14)

Motivated by the work of Lutwak, Yang and Zhang [30],
in this paper we introduce the mixed (p, ¢)-affine surface area
based on the (p, ¢)-mixed volume. The detailed descriptions
are provided below.

Definition 1.1. For p,q € R, K~€ Ky and L € S}, the
mixed (p, q)-affine surface area, Q, (K, L), is defined by

+p

”7%ﬁp,q(K7L)n"
= inf{nV,,(K,Q", L)V(Q)" : Q € S7}. (15)

If we take L = K or ¢ = n in (15), then from (11) or (12)
we see that the definition is just Lutwak’s L, affine surface
area for p > 1 and Leichtweif3’s affine surface area for p = 1.

For the mixed (p, q)-affine surface area, our first results are
to establish some analogous inequalities of Theorems A-D.
Then we prove a Brunn-Minkowski inequality.

Theorem 1.1. Let p,q € R be such that p > 0 and 0 < ¢ <
n If K€ K! and L € S}, then

Qp (K, L)"P < n" PPV (K)4 PV (L),

(16)

with equality if and only if K and L are dilates, and K is
an ellipsoid.

If L = K or ¢ = n, then for p > 1, inequality (16)
becomes inequality (4).
Theorem 1.2. Let p,q € R be such that 0 < p < q < n. If
K,L € K}, then

Qg (K, L)y o (K*, L) < (nwy)?, (17)

with equality if and only if K and L are dilates, and an
ellipsoid, respectively.

If L = K or ¢ = n, then for p > 1, inequality (17)
becomes inequality (5).
Theorem 1.3. Let g € R. If K € K and L € S, then for

0<r<s,
1 -
Q. (K, L)t 7 Q (K, L) \°
a‘{(/ ? ) S ’qu ) ) : (18)

nn-l—r‘/;](K’ L)n—r nn-‘rs‘/;](K’ L)n—s
for 0 < s < r, the reverse inequality holds. In every
inequality, equality holds if and only if K and L are dilates.

If L =K or g =n, then for 1 < r < s, inequality (18)
becomes inequality (6).
Theorem 1.4. Let g € R. If K € K and L € S, then for
O<r<s<t,

B (I, 140
S ﬁ'r,q(K, L)(n+r)(t_s)§t7q(K7 L)(n+t)(s_r)7 (19)

with equality if and only if K and L are dilates.
If L =K or qg=n,then for 1 < r < s < t, inequality
(19) becomes inequality (7).
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Next, we are to establish the Brunn-Minkowski inequality
for the mixed (p, q)-affine surface area.
Theorem 1.5. Suppose p,q € R are such that 0 < % <1
and g #n, and let \,p € R. If K € K2 and L1,Ls € S,
then
~ a(n+p)

Qpo (K, X Litgp - Ly) w0
P q(n+p) - a(nip)
> AQ (K, L) 0 + pfy o (K, Ly) oo, (20)

with equality if and only if Ly and Ly are dilates.
Here, - Ly —T—qu - Lo is the radial g-combination, see [30],
defined by

P\ Litqp - Lo, )" = Ap(L1, ) + pp(La, )7,
for ¢ # 0.

21

II. PRELIMINARIES

In the following we collect some basic facts about convex
bodies. Good references are the books of Gardner [9] and
Schneider [36].

The support and radial functions of a convex body K €
K7 and its polar set are related by

pr =1/hg« and hx =1/pg~. (22)

From the definition of polar set, it is easily verified that
for all K € K7,

K™ =K. (23)

The well-known Blaschke-Santalé inequality states that if
K € K7, then

V(K)V(K*) <wp, (24)

with equality if and only if K is an ellipsoid.
The polar coordinate formula for the volume of a compact
set K is
1 n
v =1 [ ka

n

(25)

From formula (10) and the Hdlder inequality, it easily
follows that if K,L € S, then for 0 < ¢ < n,

q

Vy(K,L) < V(K)* V(L)

(26)

with equality if and only if K and L are dilates.

III. PROOFS OF THEOREMS 1.1-1.5

In this section, we will give the proofs of Theorems 1.1-
1.5.
Proof of Theorem 1.1. It follows from (15) that for all

QeSy,
_px ntp
n nQP,q(K’ L) "

ya

<nV, (K, Q*, L)V(Q)*.

27

For K € K, we let @ = K* in (27). Then from (23) and
(13) we see
_rx ntp = 2
n=nQy (K, L) <nV,(K,L)V(K")»

Together with inequality (26), we get that for 0 < ¢ < n,

n—gq

<nV(K)" V(L)'=

n+p
n

n_%ﬁpﬂ(K»L) V(K*)%,
i.e.,

Qo (K, )" < n" PV (K)V (L) TV (K*)P.  (28)

From (24), we obtain that for p > 0
V(K*)P < w?V(K)P.
Combining (28) and (29), it follows that
Qo (K, L)"P < n" PPy (K)2=PV (L),

From the equality conditions of inequalities (26) and (24),
we see that equality holds in inequality (16) if and only if
K and L are dilates, and K is an ellipsoid.

Proof of Theorem 1.2. For p > 0 and 0 < ¢ < n, we
know that for K, L € K7,

Qp (K, L)"P < n"Pu2PV (K)4-PV (L)1

(29)

(30)
and
Qp (K™, L) < 0 P02V (K*) TPV (L))" (31)
Together with (30) and (31), it follows from (24) that for
q>p,
g (K, L)Yy g (K, L*) < (eom)®.

From the equality condition of inequality (16), we know
that equality holds in inequality (17) if and only if K and L
are dilates, and an ellipsoid, respectively.

Proof of Theorem 1.3. By (9), the Holder inequality, (9)
again, and definition (10), it follows that for f > 1,

Voo(K,Q", L)
- () et () st

L e o]
() wer]
(5 et (22 @it wad]

L () o]
P P PL
= Vio(K,Q*, L) "V, (K,L)' " ~.
For s > 0, this has
~ 1 ~ 1
S K7 *7 L : T K7 *5 L "
Vy(K, L) Vo(K, L)
It follows from the equality condition of the Holder
inequality that equality in (32) holds if and only if K, Q*, L
are dilates.

From definition (15) and inequality (32) we see that for
r >0,

QT’Q,EK’ L)n+7‘
nn+r‘/q(K, L)nfr

. f//;",q(Kv Q*7L) : 7 . n
= inf <‘7:1(K7 3 ) Vo(K,L)V(Q): Q € S]

Y

3=

IN

"75 Ka *aL : 7 n
inf (MCQL))) V(K. LV(Q): Q € K

- 1
_ Quq(K L) 7
nn+s‘,7q(K7 L)n—s
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This is, for 0 < r < s

1 1
QoKD" " _ [ Qg L) T
nn+r‘7:](K) L)nfr - nn+s‘7;1(K7 L)nfs ’
The equality condition of inequality (32) implies that the
equality of the inequality holds if and only if K, L are dilates.
Similarly, for 0 < s < r the reverse inequality can be
obtained.

Proof of Theorem 1.4. For any )1, Q2 € S, we define
Q3 € S by

s(t—r) _ r(t—s) t(s—r)

PQs P Q2 (33)
This has
n n r(t—s) n t(s—r)
PQs = (le) e (pQ2) e (34)
It follows from (33) and (22) that

s(t—r) _ yr(t—s) t(s—r)

het ™ = ht . (35)

From (25), (34), the Holder inequality, and (25) again,
we have that for 0 < r < s < tor0 <t < s < ror
t<s<r<Qorr<s<t<o,

V(Qs) = l/snilp&(u)du

IN
7 N
S|
o
7

>

QO3

=

~—
=

g
N———

T

1 " p (=)
>< J—
i

r(t—s) t(s—r)

= V(Ql) s(t—r) V(Qz) s(E—r) |
For s(t —r) > 0, this implies
V(Q3)* ) < V(Q1) IV (Qe) M. (36)

In addition, by (9), the Holder inequality and (9) again,
we get that for r < s <tort<s<r,

Voa(K.Q3.L)
- (5 ) () s

T e (2 ]
Q q .

IN
X
SRS
o
I

s—

~ 1779"\-/ * s
= V;",q(K7 QT7L) tirv;f,q(K7 Q27L) t=r
This implies that for ¢ > 7,
‘Zle(Kv ngL)t_r
< Vieg(K,Q1, L)'V, 4(K,Q5, L)* .

(37

From (36) and (37), it follows that for 0 < r < s < t,

s

Voo, Q5. 1V (@)
< [humannvens]
<[V Lv@)t] . e

From (15) and (38), we have that for 0 < r < s <'t,

{n*%QS,q(K, L) ”’I‘“]t_r

= e { [ D] e st

< wr{ oW anpvien] e s

s—r

X inf{[nﬁ,q(K@;,L)V(Qz)%] :QQGSZ}}

n+r:|t_s

— {n*%fznq(K’L) o

ntt1S—T
i

x [0 Qg (K, 1)

ie.,

ﬁsﬂ([(7 L)(71,+s)(t—r)

< Qr,q(K, L)(n+r)(75—s)ﬁt7q(l(7 L)(n—&-t)(s—r).
The equality condition of (19) directly follows from the
equality condition of the Holder inequality.
Proof of Theorem 1.5. By (9), (21), and the Minkowski’s
integral inequality, we get that for 0 < % <1, ¢ # n and
any () € SV,

V(K. Q" X Ly Fqp- Lo)7s
- 1] 19 )" (e () (1)
- _'n, Sn—1 hK Rt pK Y

q
n—q

n—q
x pA'Lljrq/i'Lz (u)du:|

_ }1 [ l(’}g{) (e ()0} (1)

n—g n—gq
q q
X ALy d L (u)} du]

rq 2

_ [711 /S l(’;g{) (ax (uw)pj* (u)

n—q

< (Ao () + it (w))] du]

AV (B, Q7 L) ™57 4 V(K Q. L) 77,

Y

i.e.,

‘7[)»(]([(7@*7)\ . Ll‘T’q/.t . L2)n(7iq

> WK, QL) ™ + uVy (K, Q" La) ™. (39)

From the equality condition of the Minkowski’s integral
inequality, we see that equality holds in (39) if and only if
Ly and Ly are dilates.
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Moreover, based on (15) and (39) it follows that

n+p

[n_%ﬁp’q(K’ A Litqp LQ)T] o

q
n—q

— inf { (Vg (K, Q" A LiFop- L)

G es:}

> Ainf{[nf/p,q(K,Q*,Ll)} = {V(Q)ﬂ"zq :
Qesy}
+pinf { [nf/p,q(K, Q*,Lg)} = {V(Q)%} s
Qesy}

- )\[n_%ﬁp’q(K,Ll)n:p =
+u [n—%ﬁm([(, LQ)"’I”} =

ie.,
~ a(n+p)

va(l(Ka A Ll;q,uz . LQ) n(n—q)
0 alntp) ~ g(n+p)
> A (K, L) =0 4 €y, (K, Ly) "=

The equality condition of the above inequality follows
from the equality condition of inequality (39).
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