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Some Inequalities of Hermite—Hadamard Type for
a New Kind of Convex Functions on Coordinates
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Abstract—In the paper, the authors introduce a new concept
“(aym1)-(s, mz)-convex functions on coordinates on the
rectangle of the plane” and establish some inequalities of the
Hermite—-Hadamard type for this kind of functions.

Index Terms—Coordinates, inequality of Hermite—-Hadamard
type, (¢, m1)-(s, mz)-convex function.

I. INTRODUCTION

ET us simply recall basic definitions and closely related
results.

Definition I.1 ([1]). A function f : A = [a,b] x [¢,d] C
R? — R is said to be convex on coordinates on A if the
partial mappings

fy:u€la,b = fy(u,y) €R

and
feiv€ledl = fo(z,v) €R

are convex for all z € (a,b) and y € (c, d).

An alternative statement of Definition I.1 may be recited
as follows.

Definition L2 ([2], [3]). A function f : A = [a,b] X [¢,d] C
R? — R is said to be convex on coordinates on A if

flx+ 1=tz Ay + (1 = Nw) < tAf(z,v)
+t(1 = A) f(z,w) + (1 = )Af(2,9)
+1 -1 =N f(z,w)

holds for all ¢, A € [0,1] and (z,y), (2, w) € A.
In [1], S. S. Dragomir established the following theorem.

Theorem L1 ([1, Theorem 2.2]). Let f: A = [a,b] X [c,d]
be convex on coordinates on A. Then we have

a+b c+d i /° c+d
< —
1 d la+b
+r f(2,y>dy}

Sw—w-a/ab/cdf@’y)dydx
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< i{bi{/bf(x,c)dx—i—/bf(x,d)dx]
[/‘faydy+/‘fbyd4}

< f(bc)+fad+f(bd)
- 4

For more information on integral inequalities of Hermite—
Hadamard type for various kinds of convex functions, please
refer to the recently published papers [4], [5], [6], [7], [8],
[9], [10], [11], [12], [13], [14], [15], [16], [17], [18], and
closely related references therein.

In this paper, we introduce a new notion “(c, my)-(s, ma)-
convex functions on coordinates on the rectangle of the
plane” and establish some new inequalities of Hermite—
Hadamard type for this kind of functions.

II. A DEFINITION AND LEMMAS

Now we introduce the new concept “(c,mq)-(s,m2)-
convex functions on coordinates on the rectangle of the first
quadrant R§”.

Definition IL.1. For mq,me, € (0,1] and s € [-1,1], a
function f : [0,b] %[0, d] — R is called co-ordinated (a, my)-
(s, mg)-convex if

flz+mi(1—1t)z, Ay + ma(l — Nw) <t*N° f(z,y)
+mi (1 = t)N f(z,y) + mat®(1 — N)° f(z,w)
+mima(1 —t*)(1 — X))’ f(z,w)

holds for all (¢, \) € [0,1]x(0,1) and (z,y), (z,w) €

[0, d).

[0, b] x

In order to prove some inequalities of Hermite—Hadamard
type for this class of functions, we need the following
lemmas.

Lemma IL1. Let f : A = [a,b] X [¢,d] C R?* — R have
partial derivatives of the second order. If fi12 € L(A) and
& €R, then

S(f& ) &
_5(1 +:u)f(bvc) —|—£/1,f(b,d) -

(1 4+ €)1+ 1) f(a,6) — (14 Epf )
1 b
[+ wseo

—uf(, d)]dx——/ (1+6)f(ary) — ££(b.)]dy

(b—a _c//fxydydm

:<b—a><d—c>/0 / (t+ OO+ ) fuslta+ (1 — 0)b,
Ae+ (1—Nd)dtd, (1)
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where t+ (1—t) I
fl(xay): ox ) fQ(xvy): 8:[/ 3 X{ 2+T)+1 0§§§1,
2 r+2 _
fizlay) 2 83{52’@’ F12(a,0) 2 Fra(@,y)lo=a,y=b- 21+€) —€2+n) -1, -1<£<0,
Proof: By integration by parts, we have / t+£["dt =
e 1 (1+&r+t —grt 0<e<1
A —1)b sl
[ [e+o0+mistar - L, {(Hg)m L s

Ac+ (1= N)d)dtdA

-4 A+u>[<t+£>f2<m+<1—t>b,

Proof: This follows from direct computation.

III. SOME INTEGRAL INEQUALITIES OF
e+ (1— / folta+ (1 —t)b HERMITE-HADAMARD TYPE

In this section, we establish some inequalities of Hermite—
Ae+ (1 — )dt} dX\ Hadamard type for co-ordinated (a,my)-(s,ms)-convex
functions on coordinates on rectangle of the plane R3.

1 1
T a_ b{/ {(1 + (A + p) fa(a, Ae + (1 = A)d) Theorem IIL.1. Let f : R2 — R have partial derivatives
0 of the second order and f12 € L([a —J X [c i]) where
g()\+u)f2(b,)\c+(1>\)d)} d\ 0<a<b0<c<d and my,my € (0,1]. If\flg\q is

. co-ordinated (v, my)-(s, mz)-convex on [0, —1] [ sz]
o Jo

1 |S<f7§7/1*)‘ < {91(5,0)91(%0)]11/!1
_(a_b)(c_d){(lJrf)()‘Jrﬂ)f(av)\CJr(l)\)d) b—a)d—c) — 1
—EO+ ) F (B At (1= NS X[ ! T/q
2@+ 1)(a+2)(s+1)(s+2)

—(1 a, Ac+1—XN)d)dA
1+ [ flore+1-00 x{2gl<£,a>gl<u,s>f12<a,c>|q+zngl(s,a>gz(u7s>

d q
x| f12 (CL >
mo

+ ml[(a + 1)(06 + 2)91 (57 O)
—2g1(&, @)]g1(p, )

)]

+ mime[(a+ 1)(a
+2)gl (57 0) -2 (5, a)]QQ(;“’v )

qy 1/q
f12< b d ) }
my’ Mo

1
+§/0 F(b,Ac+ (1= A)d) dA

/1(>\+M)f(m+ (I—=t)b, e+ (1 — )\)d)&i(l)dt

//fta+ l—tb/\c+(1—)\)d)dtd/\}

= ————— 1+ A +p)fla,c) = A+ p)f(b,c) )
(a—0b)(c —d)[ ! ) 8 ‘ for =1 < & u <1, where
—(1+§)uf(a,d)+£uf(b,d)—(1+§)/0 fla; Ae o) {u(r+2)+r+1, 0<us<l, o
1\, = T2 -
—I—(l—/\)d)d)\+§/1f(b,)\c—|—(1—)\)d)d)\ Ay Hulr 2+l —l<usO
. 0 and
—(1+u)/ f(ta+ (1 —1)b,c)dt (1) = u(r +2) + 1, 0<u<l,
’ T = 90 )2 —u(r+2) 1, —1<u<o.

1
-HL/ flta+ (1 —1t)b,d)dt
0 Proof: By Lemma 1II.1, Holder’s integral inequality, and

the (a, mq)-(s, mz)-convexity of |f12]9, we have

+/U /0 Fta+ (1= Db Ae+ (1 — \)d) dtdA|.

RECRSYDIN f 6 0]
If further making use of the substitutions = = ta + (1 — t)b, b—a)(d——c) | (t+ O+ )| frzta
y = Ac+(1=MN)d) for t, A € [0, 1], we obtain (1). Lemma II.1 (1 =~ t)b )\C+ 1 - A)d)|dtdA
is proved. 1-1/q
Lemma IL2. Let —1 < ¢ <1 andr > —1. Then < [/ / (t+§)(/\+/i)dtd/\}
o Jo
/1 It + &Je7 dt L Y
0 RS <[] 10+ 00wl paa+ - o
E24+r)+r+1, 0<e<, . 1/q
2(_£)r+2 _|_§(2 +T) +r+ ].7 —1< é- < 07 Ac+ (]. — )\)d)| dtd>\:|
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1 1 1-1/q
<([redar [ neuar) X{%NQQMNm@Uumi?
x{/ol /01 [(t+ &)\ + )] [ta)\s|f12(a,c)|q +2m2g1(§, @)g2(p, 5) fn(m m)‘
= () mal(a+ 1)(a+ 2)1(€,0)
e FAm p —2g1(&, @)]g1(p, ) f12<nl;,8>

+m2to‘(]_ — )\) +m1m2[(a + 1)(01 + 2)91 (57 0)

q] dtd)\}l/q. —2g1(&, @)]g2(k, )flz(nl; ﬂi) }

Corollary IILI.3. Under the conditions of Theorem Il 1,
1) when 0 < &, u <1, we have

| f12 (a, d)
ma

+myma(1 —t*)(1 = \)* f12(72, ﬂi)

Using Lemma II.2 leads to

! 1 ! 1
/0|t+§\dt:§gl(f70), /‘)‘+N|d)\— gl(ﬂao) |S(f7§,,u)| <{(1_~_2€)(1+2M)]11/q

1 —a —c)

//\Hg (0 + )|t A" dt dA (b=a)d=c) 1 ! »

0 0

_ 1)(1( ))9(1(,“71))( - x[?(a+1)(a+2)(s+l)(s+2)}
aJr o+ s + s +

X{ﬂa+1+§w+ﬂﬂb+1+u@+ZMﬁﬂde
/ / I+ O+ wl(L = e9)2"db ) +2maofa+ 1+ &(a+ 2)][1 + u(s+ 2)]

q

[(a+ (@ +2)91(£,0) = 291 (€, g1 (1, )
+mfa(a+1) 4+ 2aé(a+ 2)]

2@+ 1)(a+2)(s+1)(s+2)

)

x| f12 <a7 d>
ma

q
/ / [(E+ A+ [t (1 —A)*dtdA x[s+1+u(s+2)]f12<b,c>
m
(a+1)(a+2)(s—|—1(3+2) TN
/ / It 4+ )+ 1) (1 — £7)(1 — \)* ddA XL+ (s +2)] f12<m1 m2> } ;
[(a+1)(a+2)g1(&,0) — 2g1(&, )]g2 (i, 5) 2) when 0 <& u<land mi =mp=a=s5=1 we
20a+ )(a+2)(s+1)(s+2) have
Substituting these equalities into the above inequality and IS(f: & m)l < (1428)(1 +2p) 1o 1 Ve
simplifying yields the inequality (2). The proof of Theo- (b—a)(d—c) — 36
rem III.1 is complete. x [(2438)(2+ 3w)| frz(a, )| + (24 3€) (1 + 3p)
Corollary IIL1. Under the conditions of Theorem IIl.1, if x| fiz(a, d)|[* + (14 38)(2 + 3p)| fr2 (b, ¢)|*
mi1 = mo = m, then . (11361 +3M)|f12(b7 d)‘q] 1/q.
—1/q
[S(£,, )l < {91(6,0)91(/1,0)] Theorem IIL.2. Let f : R2 — R have partial derivatives
(b—a)(d—c) 4 of the second order and fu € L([a —] X [c, mi]) with
" 1 1/a O§a<b0§c<dandm1,m2€(,1}Ifflg\qls
20+ 1D (a+2)(s+1)(s +2) co-ordinated (v, my)-(s, mz)-convex on [0, mil] [ sz]
forq>1, a €(0,1], and s € (—1,1], then
X{291(£7a)gl(ua8)f12(a7c)|q /
S(f,& w) [(q—1>2 r_lq
d\|* | <
+2mg1 (&, 0)ga (1, 5) fu(a, mz> b-ad—o = [\2g—1) #&Doln0)
1/q q
d
+m[(a+1)(a+2)g1(£,0) S a a4
1b . X CESCES) | f12(a, c)|? + m2|f12| a, -
—291(&, a)lg1 (s 8)| f12 (mm) b a bood \ |1
+ama | fi2 <, C) + amima|fia <, ) }
+m?[(a + 1)(a +2)g1(¢,0) m e
bood )\ |9 /e Jor =1 <& pu <1, where
_9 )
91(&, @)lg2(p, ) f12< - mz) } (14 0)2a-D/(=1) _ 2a-1)/(a-1),

Corollary IIL.2. Under the conditions of Theorem IIl.1, if _J0<u<l,
q =1, we have 95(u:0) = (14 w)@a=D/(@=1) 4 (q)2a=1)/(a=1),
ISU &I, 1 ~1<u<0.
(b—a)(d—c) 2a+1)(a+2)(s+1)(s+2) “)
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Proof: By Lemma II.1, Holder’s integral inequality, and
the (a, mq)-(s, mg)-convexity of |fi2|9, we have

IS 6] f,fu
)(A
G—a)d—0) A / (t 4+ &N+ )| fr2(ta

(1—t)b Ae+ (1= N)d)| dedx

1-1/q
a/(¢=1) q d/\}
< [/ / (E+ (s + I at
1,1 1/
x[/o/0’flz(ta—i—(1—t)b,)\c+(1—)\)d)]thd)\}
1
< [/ |t+§|q/(q—l) dt
1-1/
/|)\+M|q/(q1d)\] ‘1{//{ N f12(a, )|
q
(i)
f12(a )
1/q
() o
m1 mao
(a1 1=1/q 1 l/a
= [(2(1— 1) 93(57(])93(/%(1)] {(064'1)(34'1)]
b a d\|*
f12<ml,0> +ma f12(6l7mQ>
q11/q
f12<b1d> :| .
mi1 Mo

Theorem II1.2 is thus proved.

Corollary IIl.4. Under the conditions of Theorem III.2,
when mq1 = mo = m, we have

—|—m1(1 — ta /\S

—l—mgt"(l —

+mima(1 —t%)(1 = A)?

X [fu(a, o)|? + amy

+amime

q— 1 1-1/q

m < [(2q — 1>293(£,q)93(u, q)}

[armrn] [swornfu(e )
s 2)"

b
J12 (, C)
m
where g3 is defined by (4).

Corollary IIL5. Under the conditions of Theorem III.2,
when 0 < &, u <1, we have

q

q
+am

+am

g B 2
A (1 e
_5(2q*1)/(q*1)] [(1 + u)@tz*l)/(q*l)

o/ | 1 e
_,,(2¢-1)/(q— q
19 ]} |:(O[+1)(8+1):| |:|f12(a?c)
d\|? b 4

fi2 (% > +amq|fiz (7 C)

mao mq

b d q 1/(1
+amima| fiz <’ ) ] .
mi1 Mo

Theorem IIL3. Let f : R2 — R be a partially differentiable

mapping and fi5 € L([a, — e, mi]) with 0 < a < b,
0 <c<d and my,mo

+TTL2

7] X
€ 1(O7 1). If |f12|? is co-ordinated

( ,ml)—(s,mg)( convex on |0, mil] x [0, "%] forg>1 a€

a
(0,1], and s € 1], then

1S(f,€, 1)
(b—a)(d—rc)

IN

_ 1-1/q
[2(gq 711) 91(£,0)g3(p, Q)}

1 1/q
% {2(04 F1)(a+2)(s+ 1)]

X {292(5, q)|fr2(a, e)|? 4+ 2mag:1 (€, @) | fi2 (6% d)
ma

(e + 1)(a + 2)g1 (6, 0) — 21 (6, )] s (W’; )
£.0)

q:| 1/q

r) are defined

q

q

+mima[(a + 1) (o + 2)g1

f12( b d)
mq m2

for -1< gvﬂ <1, where gl(uﬂr) and gS(uv
by (3) and (4) respectively.

—2g (57 a)]

Proof: Using Lemma II.1, Holder’s integral inequality,
and the (o, mq)-(s, mg)-convexity of |f12]9, we have

S(f. &
At //w ot )t
+(1=t)b, Ac+ (1 — A)d)| dtdA

1-1/q
g[/ / |t+§|)\+MIQ/(q_1)dtd)\]
{//|t+§|[t0>\ | f12(a,c)|?
f12<
ml

gl
fort
)

+m1(1 — ta)/\s

+m2ta(1 — A)S

b d Va
+m1m2(1 - ta)(]. - )\)S f12 (Tnl, m72 dt d)\}
_1 1-1/q
= |:2(C2]q_1)gl(€70)g3(:u’7 )]

1 q
X[Q(a+1)(a+2)(s+1) {291(5,Q)f12(a,c)|

d q
+2mag1 (€, )| fio (CM m2>
fm( b ) T mima(a+ 1)(a +2)g1 (€, 0)

9y 1/q
—2g1(§, )] f12<ﬂl; nil) } -
2

The proof of Theorem IIL.3 is thus completed.

1/q
_|_

my[(a+1)(a +2)g1(£,0)

—261(¢, )]

Corollary II1.6. Under the conditions of Theorem I3,
1) when 0 < &, u <1, we have

|S(f7€au)| q_l
b—a)d—o - {2<2q1>(”25)

1-1/q
X [(1 4 ) Ga=D/ 1) _ #<2q1>/<q1>]}

1 1/q
X[Z(a+1)(a+2)(s+1)} {2[a+1
+&(a+ 2)]| frz(a, ¢) | + 2mafa + 1
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q

+¢(a+2)] +mifa(a+1) +ma(p+ 1)Bp+1,a+1)

fi2 <a > fi2 <aa d>
ma

f12< ) +mimafa(a+ 1) (s + e+ 1)L = (p+1)Bp+1a+1)]

b q
1/q f12(mlac>
+2aé (o + 2)] f12< - m2) } ;

+amims[l — (p+1)
b d 9y 1/q
NS
2) when 0 < &, <1 and my; = mg = m, we have my’ my
IS(£,€, 1) g—1 where B(«, [3) is the beta function
5 <4

— — (1+2¢) 1
G-ad-c = \20a—1 Blo.s)= [ 10— pian a0
0

+2aé(a + 2)]

B+1,s+1)

xB(p+1,a+1)]

1-1/q
X [(1 4 ) @31/ D) _ M(zqn/(ql)]}
Proof: Using Lemma 1I.1, Holder’s integral inequality,

1 1/a and the (o, mq)-(s, ma)-convexity of | f12|?, we have
X[z(aﬂ)(aw)(sﬂ)} { o1 |Sf 71 )
é(a+2)) frala, )7 + 2mla+ 1 e / / (1= N)|fralta + (1 — )b,
q
+€(a + 2)]| fi2 (a, d> + mlaa + 1) A+ (1—=N)d | dtdA
m 1-1/q
q i=r q—20)/(q—1
+20€(a + 2)] f12< c) +m2a(a+1) < [/0 /0 (1—t)a=r (1= 1)/ >dtdA]

+2aé(a+ 2))]

} /q. x{/ol/ol(l —t)P(1 — \)* [ta)\s|f12(a70)|q

f12<b d)
m

« S b I
Theorem IIL4. Let f : R2 — R have partial derivatives +ma (1= 1%)A% f12 (ml,c)
of the second order and f12 € L([ ,ml] X [c, mi]) with d\ |9
0<a<b0<c<d and my,mg € (0,1]. If flg\q is +mat®(1 — A)* fl2(a’m)
co-ordinated (v, my)-(s, ma)-convex on [0, mil] [0, -4 e 2 . 1/q
forq>1, a €(0,1], and s € (—1,1], then mama(1 — %) (1 = A)° f12< b d ) ] dtd)\}
my’ my

|S(f7£a,u)| < |: q_l :|1 1 1 _ 1-1/q
< 91(1,0)g3(& q) _ [ (¢—1) ]
(ba)ld=c) — 122a =1 b-a)d—c) [ 2q—p—1)2g— 1)
{ : ] {gl(u,sm(a,c)w ! v
+maga (i, 5)| f12 (a, d) + amig1(u, s) a+ 1B +1,s+1)[fiz(a, o)
b q ma Do +mi(s+0+1)[1 - (p+1)B(p+1,a+1)]
f12< — C> + amimags(u, )f12(m1 m2) } xB({+1,s+1) fu(nil,c> '
for =1 <& u <1, where g1(u,r) and gs(u,r) are defined d\|?
by (3) and (4) respectively. ' ’ +tma(p+ DB+ 1,0+ 1)\ fiz (a, mz)

Proof: The proof is similar to that of Theorem III.3. +amima[l = (p+1)B(p+ 1,0+ 1)]

b d qy 1/q
()l )
m1 mo

The proof of Theorem IIL5 is thus completed.

Theorem IILS5. Let f : R2 — R have partial derivatives
of the second order and f12 € L([a —] X [c i]) with
0<a<b0<c<d, andml,mge( 1]. Ifjfu\qts
co-ordinated (v, my)-(s, m2)-convex on [0, L] x 0, =
forq>1,¢>p £>0, ac(0,1], and s € (—1 m 1], then Theorem IIL.6. Let f : R2 — R have partial derivatives
, } of the second order and f15 € L([ ,ml] X [c, mi]) with
1 1 0<a<b0<c<d and mi,my € (0,1]. If | f12]|? is
‘f(b’ d) - / f(@,d) dx_ / Fb.y)dy co-ordinated (v, m1)-(s,m2)-convex on [0,-2] x [0

/ / f(z,y)dydz

b —a)(d—c¢)

? mq ’ mz]

forq>1,qg>p £>0 ac (0,1, and s € (—1,1], then

1 b 1 d
< { (g —1)2 ]1‘1/q ‘f(a,c)—/ f(x»c)dx—i/ fla,y)dy
~— (b—a)d 2 —1)(2 /-1
( )( 1) (29 - Zi/q )(2g — ) b_a _C//fxydydx
X{(pjt 1)(s+£+1)] {(p+1)(s+€+1) ) [ (g—1) ]11/q
xB(p+1l,a+1)B{+1,s41)|f12(a,c)|? *(b—a)(d ) Ca—p-D2q—1-1)
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1 1/q
X[(p+1)(a+p+1)(s+€+l)}

x |:(p—|— Dlfiz(a,c)|?+ ama(p+ 1)l +s+1)
f12 <a7d>
ma
q
+amimaoa(f+a+1)

b d qq1/q
()]
mi Mo

Proof: Using Lemma II.1, Holder’s integral inequality,
and the («, mq)-(s, ma)-convexity of |fi2

|S(f’00 //t)\|f12 ta+ (1 —t)b,

(b—a)(d—c)
At (1— ) )‘dtd/\

1,1 1-1/q
< [/ / t(g—p)/(q—nA(q—a/(q—ndtdA]
0
{/ / tp)\é{t“)\ﬂfu(a o)
q
f12( C)
m
d q
Sfu(%)
ma

q 1/q
fu(b d) ]dtd)\}
mi Mo

_ 1 [ (q—1)° ]1 i
S (b—a)d—o) [(2g—p-1)(2¢—1-1)

B(l+1,s+1)

fi2 (b’c)
my

xB({+1,s4+1)

+mia

+m1(1 — ta))\s

—|—m2to‘(1 — /\)

+mima(1 —t*)(1 —A)°

1 1/‘1
X[(P%—l)(a—i—p—i—l)(s—&-ﬁ—&-l)}

x [<p+ Dl fiala, )7 + ama(p + 1)(€ + 5 + 1)

d q
fi2 (a, )
ma
q

+amimaa(f+a+1)

b d q11/q
(2 Y[
my1 M2

The proof of Theorem III.6 is thus completed.
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