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I. INTRODUCTION

LET us simply recall basic definitions and closely related
results.

Definition I.1 ([1]). A function f : ∆ = [a, b] × [c, d] ⊆
R2 → R is said to be convex on coordinates on ∆ if the
partial mappings

fy : u ∈ [a, b]→ fy(u, y) ∈ R

and
fx : v ∈ [c, d]→ fx(x, v) ∈ R

are convex for all x ∈ (a, b) and y ∈ (c, d).

An alternative statement of Definition I.1 may be recited
as follows.

Definition I.2 ([2], [3]). A function f : ∆ = [a, b]× [c, d] ⊆
R2 → R is said to be convex on coordinates on ∆ if

f(tx+ (1− t)z, λy + (1− λ)w) ≤ tλf(x, y)

+t(1− λ)f(x,w) + (1− t)λf(z, y)

+(1− t)(1− λ)f(z, w)

holds for all t, λ ∈ [0, 1] and (x, y), (z, w) ∈ ∆.

In [1], S. S. Dragomir established the following theorem.

Theorem I.1 ([1, Theorem 2.2]). Let f : ∆ = [a, b]× [c, d]
be convex on coordinates on ∆. Then we have
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4

{
1
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[∫ b

a

f(x, c) dx+

∫ b

a

f(x, d) dx

]
+

1

d− c

[∫ d

c

f(a, y) dy +

∫ d

c

f(b, y) dy

]}
≤ f(a, c) + f(b, c) + f(a, d) + f(b, d)

4
.

For more information on integral inequalities of Hermite–
Hadamard type for various kinds of convex functions, please
refer to the recently published papers [4], [5], [6], [7], [8],
[9], [10], [11], [12], [13], [14], [15], [16], [17], [18], and
closely related references therein.

In this paper, we introduce a new notion “(α,m1)-(s,m2)-
convex functions on coordinates on the rectangle of the
plane” and establish some new inequalities of Hermite–
Hadamard type for this kind of functions.

II. A DEFINITION AND LEMMAS

Now we introduce the new concept “(α,m1)-(s,m2)-
convex functions on coordinates on the rectangle of the first
quadrant R2

0”.

Definition II.1. For m1,m2, α ∈ (0, 1] and s ∈ [−1, 1], a
function f : [0, b]×[0, d]→ R is called co-ordinated (α,m1)-
(s,m2)-convex if

f(tx+m1(1− t)z, λy +m2(1− λ)w) ≤ tαλsf(x, y)

+m1(1− tα)λsf(z, y) +m2t
α(1− λ)sf(x,w)

+m1m2(1− tα)(1− λ)sf(z, w)

holds for all (t, λ) ∈ [0, 1]×(0, 1) and (x, y), (z, w) ∈ [0, b]×
[0, d].

In order to prove some inequalities of Hermite–Hadamard
type for this class of functions, we need the following
lemmas.

Lemma II.1. Let f : ∆ = [a, b] × [c, d] ⊆ R2 → R have
partial derivatives of the second order. If f12 ∈ L(∆) and
ξ, µ ∈ R, then

S(f, ξ, µ) , (1 + ξ)(1 + µ)f(a, c)− (1 + ξ)µf(a, d)

− ξ(1 + µ)f(b, c) + ξµf(b, d)− 1

b− a

∫ b

a

[(1 + µ)f(x, c)

− µf(x, d)] dx− 1

d− c

∫ d

c

[(1 + ξ)f(a, y)− ξf(b, y)] dy

+
1

(b− a)(d− c)

∫ b

a

∫ d

c

f(x, y) dy dx

= (b− a)(d− c)
∫ 1

0

∫ 1

0

(t+ ξ)(λ+ µ)f12(ta+ (1− t)b,

λc+ (1− λ)d) dtdλ, (1)
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where

f1(x, y) ,
∂f(x, y)

∂x
, f2(x, y) ,

∂f(x, y)

∂y
,

f12(x, y) ,
∂2f(x, y)

∂x∂y
, f12(a, b) , f12(x, y)|x=a,y=b.

Proof: By integration by parts, we have∫ 1

0

∫ 1

0

(t+ ξ)(λ+ µ)f12(ta+ (1− t)b,

λc+ (1− λ)d) dtdλ

=
1

a− b

∫ 1

0

(λ+ µ)

[
(t+ ξ)f2(ta+ (1− t)b,

λc+ (1− λ)d)|t=1
t=0 −

∫ 1

0

f2(ta+ (1− t)b,

λc+ (1− λ)d) dt

]
dλ

=
1

a− b

{∫ 1

0

[
(1 + ξ)(λ+ µ)f2(a, λc+ (1− λ)d)

−ξ(λ+ µ)f2(b, λc+ (1− λ)d)

]
dλ

−
∫ 1

0

∫ 1

0

(λ+ µ)f2(ta+ (1− t)b, λc+ (1− λ)d) dtdλ

}
=

1

(a− b)(c− d)

{
(1 + ξ)(λ+ µ)f(a, λc+ (1− λ)d)

−ξ(λ+ µ)f(b, λc+ (1− λ)d)|λ=1
λ=0

−(1 + ξ)

∫ 1

0

f(a, λc+ 1− λ)d) dλ

+ξ

∫ 1

0

f(b, λc+ (1− λ)d) dλ

−
∫ 1

0

(λ+ µ)f(ta+ (1− t)b, λc+ (1− λ)d)|λ=1
λ=0 dt

+

∫ 1

0

∫ 1

0

f(ta+ (1− t)b, λc+ (1− λ)d) dtdλ

}
=

1

(a− b)(c− d)

[
(1 + ξ)(1 + µ)f(a, c)− ξ(1 + µ)f(b, c)

−(1 + ξ)µf(a, d) + ξµf(b, d)− (1 + ξ)

∫ 1

0

f(a, λc

+(1− λ)d) dλ+ ξ

∫ 1

0

f(b, λc+ (1− λ)d) dλ

−(1 + µ)

∫ 1

0

f(ta+ (1− t)b, c) dt

+µ

∫ 1

0

f(ta+ (1− t)b, d) dt

+

∫ 1

0

∫ 1

0

f(ta+ (1− t)b, λc+ (1− λ)d) dtdλ

]
.

If further making use of the substitutions x = ta+ (1− t)b,
y = λc+(1−λ)d) for t, λ ∈ [0, 1], we obtain (1). Lemma II.1
is proved.

Lemma II.2. Let −1 ≤ ξ ≤ 1 and r > −1. Then∫ 1

0

|t+ ξ|tr dt =
1

(r + 1)(r + 2)

×

{
ξ(2 + r) + r + 1, 0 ≤ ξ ≤ 1,

2(−ξ)r+2 + ξ(2 + r) + r + 1, −1 ≤ ξ ≤ 0,

∫ 1

0

|t+ ξ|(1− t)r dt =
1

(r + 1)(r + 2)

×

{
ξ(2 + r) + 1, 0 ≤ ξ ≤ 1,

2(1 + ξ)r+2 − ξ(2 + r)− 1, −1 ≤ ξ ≤ 0,∫ 1

0

|t+ ξ|r dt =

1

r + 1
×

{
(1 + ξ)r+1 − ξr+1, 0 ≤ ξ ≤ 1,

(1 + ξ)r+1 + (−ξ)r+1, −1 ≤ ξ ≤ 0.

Proof: This follows from direct computation.

III. SOME INTEGRAL INEQUALITIES OF
HERMITE–HADAMARD TYPE

In this section, we establish some inequalities of Hermite–
Hadamard type for co-ordinated (α,m1)-(s,m2)-convex
functions on coordinates on rectangle of the plane R2

0.

Theorem III.1. Let f : R2
0 → R have partial derivatives

of the second order and f12 ∈ L
([
a, b

m1

]
×
[
c, d
m2

])
, where

0 ≤ a < b, 0 ≤ c < d, and m1,m2 ∈ (0, 1]. If |f12|q is
co-ordinated (α,m1)-(s,m2)-convex on

[
0, b

m1

]
×
[
0, d

m2

]
for q ≥ 1, α ∈ (0, 1], and s ∈ (−1, 1], then

|S(f, ξ, µ)|
(b− a)(d− c)

≤
[
g1(ξ, 0)g1(µ, 0)

4

]1−1/q

×
[

1

2(α+ 1)(α+ 2)(s+ 1)(s+ 2)

]1/q
×
{

2g1(ξ, α)g1(µ, s)|f12(a, c)|q + 2m2g1(ξ, α)g2(µ, s)

×
∣∣∣∣f12(a, dm2

)∣∣∣∣q +m1[(α+ 1)(α+ 2)g1(ξ, 0)

−2g1(ξ, α)]g1(µ, s)

∣∣∣∣f12( b

m1
, c

)∣∣∣∣q +m1m2[(α+ 1)(α

+2)g1(ξ, 0)− 2g1(ξ, α)]g2(µ, s)

∣∣∣∣f12( b

m1
,
d

m2

)∣∣∣∣q}1/q

(2)
for −1 ≤ ξ, µ ≤ 1, where

g1(u, r) =

{
u(r + 2) + r + 1, 0 ≤ u ≤ 1,

2(−u)r+2 + u(r + 2) + 1, −1 ≤ u ≤ 0
(3)

and

g2(u, r) =

{
u(r + 2) + 1, 0 ≤ u ≤ 1,

2(1 + u)r+2 − u(r + 2)− 1, −1 ≤ u ≤ 0.

Proof: By Lemma II.1, Hölder’s integral inequality, and
the (α,m1)-(s,m2)-convexity of |f12|q , we have

|S(f, ξ, µ)|
(b− a)(d− c)

≤
∫ 1

0

∫ 1

0

|(t+ ξ)(λ+ µ)|
∣∣f12(ta

+(1− t)b, λc+ (1− λ)d)
∣∣dtdλ

≤
[∫ 1

0

∫ 1

0

|(t+ ξ)(λ+ µ)|dtdλ

]1−1/q

×
[∫ 1

0

∫ 1

0

|(t+ ξ)(λ+ µ)|
∣∣f12(ta+ (1− t)b,

λc+ (1− λ)d)
∣∣q dtdλ

]1/q
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≤
(∫ 1

0

|t+ ξ|dt
∫ 1

0

|λ+ µ|dλ
)1−1/q

×
{∫ 1

0

∫ 1

0

|(t+ ξ)(λ+ µ)|
[
tαλs|f12(a, c)|q

+m1(1− tα)λs
∣∣∣∣f12( b

m1
, c

)∣∣∣∣q
+m2t

α(1− λ)s
∣∣∣∣f12(a, dm2

)∣∣∣∣q
+m1m2(1− tα)(1− λ)s

∣∣∣∣f12( b

m1
,
d

m2

)∣∣∣∣q]dtdλ

}1/q

.

Using Lemma II.2 leads to∫ 1

0

|t+ ξ|dt =
1

2
g1(ξ, 0),

∫ 1

0

|λ+ µ|dλ =
1

2
g1(µ, 0),∫ 1

0

∫ 1

0

|(t+ ξ)(λ+ µ)|tαλs dtdλ

=
g1(ξ, α)g1(µ, s)

(α+ 1)(α+ 2)(s+ 1)(s+ 2)
,∫ 1

0

∫ 1

0

|(t+ ξ)(λ+ µ)|(1− tα)λs dtdλ

=
[(α+ 1)(α+ 2)g1(ξ, 0)− 2g1(ξ, α)]g1(µ, s)

2(α+ 1)(α+ 2)(s+ 1)(s+ 2)
,∫ 1

0

∫ 1

0

|(t+ ξ)(λ+ µ)|tα(1− λ)s dtdλ

=
g1(ξ, α)g2(µ, s)

(α+ 1)(α+ 2)(s+ 1)(s+ 2)
,∫ 1

0

∫ 1

0

|(t+ ξ)(λ+ µ)|(1− tα)(1− λ)s dtdλ

=
[(α+ 1)(α+ 2)g1(ξ, 0)− 2g1(ξ, α)]g2(µ, s)

2(α+ 1)(α+ 2)(s+ 1)(s+ 2)
.

Substituting these equalities into the above inequality and
simplifying yields the inequality (2). The proof of Theo-
rem III.1 is complete.

Corollary III.1. Under the conditions of Theorem III.1, if
m1 = m2 = m, then

|S(f, ξ, µ)|
(b− a)(d− c)

≤
[
g1(ξ, 0)g1(µ, 0)

4

]1−1/q

×
[

1

2(α+ 1)(α+ 2)(s+ 1)(s+ 2)

]1/q
×
{

2g1(ξ, α)g1(µ, s)|f12(a, c)|q

+2mg1(ξ, α)g2(µ, s)

∣∣∣∣f12(a, dm2

)∣∣∣∣q
+m[(α+ 1)(α+ 2)g1(ξ, 0)

−2g1(ξ, α)]g1(µ, s)

∣∣∣∣f12( b

m
, c

)∣∣∣∣q
+m2[(α+ 1)(α+ 2)g1(ξ, 0)

−2g1(ξ, α)]g2(µ, s)

∣∣∣∣f12( b

m1
,
d

m2

)∣∣∣∣q}1/q

.

Corollary III.2. Under the conditions of Theorem III.1, if
q = 1, we have

|S(f, ξ, µ)|
(b− a)(d− c)

le
1

2(α+ 1)(α+ 2)(s+ 1)(s+ 2)

×
{

2g1(ξ, α)g1(µ, s)|f12(a, c)|

+2m2g1(ξ, α)g2(µ, s)

∣∣∣∣f12(a, dm2

)∣∣∣∣
+m1[(α+ 1)(α+ 2)g1(ξ, 0)

−2g1(ξ, α)]g1(µ, s)

∣∣∣∣f12( b

m1
, c

)∣∣∣∣
+m1m2[(α+ 1)(α+ 2)g1(ξ, 0)

−2g1(ξ, α)]g2(µ, s)

∣∣∣∣f12( b

m1
,
d

m2

)∣∣∣∣}.
Corollary III.3. Under the conditions of Theorem III.1,

1) when 0 ≤ ξ, µ ≤ 1, we have

|S(f, ξ, µ)|
(b− a)(d− c)

≤
[

(1 + 2ξ)(1 + 2µ)

4

]1−1/q

×
[

1

2(α+ 1)(α+ 2)(s+ 1)(s+ 2)

]1/q
×
{

2[α+ 1 + ξ(α+ 2)][s+ 1 + µ(s+ 2)]|f12(a, c)|q

+2m2[α+ 1 + ξ(α+ 2)][1 + µ(s+ 2)]

×
∣∣∣∣f12(a, dm2

)∣∣∣∣q +m1[α(α+ 1) + 2αξ(α+ 2)]

×[s+ 1 + µ(s+ 2)]

∣∣∣∣f12( b

m1
, c

)∣∣∣∣q
+m1m2[α(α+ 1) + 2αξ(α+ 2)]

×[1 + µ(s+ 2)]

∣∣∣∣f12( b

m1
,
d

m2

)∣∣∣∣q}1/q

;

2) when 0 ≤ ξ, µ ≤ 1 and m1 = m2 = α = s = 1, we
have

|S(f, ξ, µ)|
(b− a)(d− c)

≤
[

(1 + 2ξ)(1 + 2µ)

4

]1−1/q(
1

36

)1/q

×
[
(2 + 3ξ)(2 + 3µ)|f12(a, c)|q + (2 + 3ξ)(1 + 3µ)

×
∣∣f12(a, d)

∣∣q + (1 + 3ξ)(2 + 3µ)
∣∣f12(b, c)

∣∣q
+(1 + 3ξ)(1 + 3µ)

∣∣f12(b, d)
∣∣q]1/q.

Theorem III.2. Let f : R2
0 → R have partial derivatives

of the second order and f12 ∈ L
([
a, b

m1

]
×
[
c, d
m2

])
with

0 ≤ a < b, 0 ≤ c < d, and m1,m2 ∈ (0, 1]. If |f12|q is
co-ordinated (α,m1)-(s,m2)-convex on

[
0, b

m1

]
×
[
0, d

m2

]
for q > 1, α ∈ (0, 1], and s ∈ (−1, 1], then

|S(f, ξ, µ)|
(b− a)(d− c)

≤
[(

q − 1

2q − 1

)2

g3(ξ, q)g3(µ, q)

]1−1/q

×
[

1

(α+ 1)(s+ 1)

]1/q[
|f12(a, c)|q +m2

∣∣∣∣f12(a, dm2

)∣∣∣∣q
+ αm1

∣∣∣∣f12( b

m1
, c

)∣∣∣∣q + αm1m2

∣∣∣∣f12( b

m1
,
d

m2

)∣∣∣∣q]1/q
for −1 ≤ ξ, µ ≤ 1, where

g3(u, q) =


(1 + u)(2q−1)/(q−1) − u(2q−1)/(q−1),

0 ≤ u ≤ 1,

(1 + u)(2q−1)/(q−1) + (−u)(2q−1)/(q−1),

−1 ≤ u ≤ 0.
(4)
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Proof: By Lemma II.1, Hölder’s integral inequality, and
the (α,m1)-(s,m2)-convexity of |f12|q , we have

|S(f, ξ, µ)|
(b− a)(d− c)

≤
∫ 1

0

∫ 1

0

|(t+ ξ)(λ+ µ)|
∣∣f12(ta

+(1− t)b, λc+ (1− λ)d)
∣∣dtdλ

≤
[∫ 1

0

∫ 1

0

|(t+ ξ)(s+ µ)|q/(q−1) dtdλ

]1−1/q

×
[∫ 1

0

∫ 1

0

∣∣f12(ta+ (1− t)b, λc+ (1− λ)d)
∣∣q dtdλ

]1/q
≤
[∫ 1

0

|t+ ξ|q/(q−1) dt

×
∫ 1

0

|λ+ µ|q/(q−1) dλ

]1−1/q{∫ 1

0

∫ 1

0

[
tαλs|f12(a, c)|q

+m1(1− tα)λs
∣∣∣∣f12( b

m1
, c

)∣∣∣∣q
+m2t

α(1− λ)s
∣∣∣∣f12(a, dm2

)∣∣∣∣q
+m1m2(1− tα)(1− λ)s

∣∣∣∣f12( b

m1
,
d

m2

)∣∣∣∣q]dtdλ

}1/q

=

[(
q − 1

2q − 1

)2

g3(ξ, q)g3(µ, q)

]1−1/q[
1

(α+ 1)(s+ 1)

]1/q
×
[
|f12(a, c)|q + αm1

∣∣∣∣f12( b

m1
, c

)∣∣∣∣q +m2

∣∣∣∣f12(a, dm2

)∣∣∣∣q
+αm1m2

∣∣∣∣f12( b

m1
,
d

m2

)∣∣∣∣q]1/q.
Theorem III.2 is thus proved.

Corollary III.4. Under the conditions of Theorem III.2,
when m1 = m2 = m, we have

|S(f, ξ, µ)|
(b− a)(d− c)

≤
[(

q − 1

2q − 1

)2

g3(ξ, q)g3(µ, q)

]1−1/q

×
[

1

(α+ 1)(s+ 1)

]1/q[
|f12(a, c)|q +m

∣∣∣∣f12(a, dm
)∣∣∣∣q

+αm

∣∣∣∣f12( b

m
, c

)∣∣∣∣q + αm2

∣∣∣∣f12( b

m
,
d

m

)∣∣∣∣q]1/q,
where g3 is defined by (4).

Corollary III.5. Under the conditions of Theorem III.2,
when 0 ≤ ξ, µ ≤ 1, we have

|S(f, ξ, µ)|
(b− a)(d− c)

≤
{(

q − 1

2q − 1

)2[
(1 + ξ)(2q−1)/(q−1)

−ξ(2q−1)/(q−1)
][

(1 + µ)(2q−1)/(q−1)

−µ(2q−1)/(q−1)
]}1−1/q[

1

(α+ 1)(s+ 1)

]1/q[
|f12(a, c)|q

+m2

∣∣∣∣f12(a, dm2

)∣∣∣∣q + αm1

∣∣∣∣f12( b

m1
, c

)∣∣∣∣q
+αm1m2

∣∣∣∣f12( b

m1
,
d

m2

)∣∣∣∣q]1/q.
Theorem III.3. Let f : R2

0 → R be a partially differentiable
mapping and f12 ∈ L

([
a, b

m1

]
×
[
c, d
m2

])
with 0 ≤ a < b,

0 ≤ c < d, and m1,m2 ∈ (0, 1]. If |f12|q is co-ordinated

(α,m1)-(s,m2)-convex on
[
0, b

m1

]
×
[
0, d

m2

]
for q > 1, α ∈

(0, 1], and s ∈ (−1, 1], then

|S(f, ξ, µ)|
(b− a)(d− c)

≤
[

q − 1

2(2q − 1)
g1(ξ, 0)g3(µ, q)

]1−1/q

×
[

1

2(α+ 1)(α+ 2)(s+ 1)

]1/q
×
[
2g2(ξ, q)|f12(a, c)|q + 2m2g1(ξ, α)

∣∣∣∣f12(a, dm2

)∣∣∣∣q
+m1[(α+ 1)(α+ 2)g1(ξ, 0)− 2g1(ξ, α)]

∣∣∣∣f12( b

m1
, c

)∣∣∣∣q
+m1m2[(α+ 1)(α+ 2)g1(ξ, 0)

−2g1(ξ, α)]

∣∣∣∣f12( b

m1
,
d

m2

)∣∣∣∣q]1/q
for −1 ≤ ξ, µ ≤ 1, where g1(u, r) and g3(u, r) are defined
by (3) and (4) respectively.

Proof: Using Lemma II.1, Hölder’s integral inequality,
and the (α,m1)-(s,m2)-convexity of |f12|q , we have

|S(f, ξ, µ)|
(b− a)(d− c)

≤
∫ 1

0

∫ 1

0

|(t+ ξ)(λ+ µ)|
∣∣f12(ta

+(1− t)b, λc+ (1− λ)d)
∣∣dtdλ

≤
[∫ 1

0

∫ 1

0

|t+ ξ||λ+ µ|q/(q−1) dtdλ

]1−1/q

×
{∫ 1

0

∫ 1

0

|t+ ξ|
[
tαλs|f12(a, c)|q

+m1(1− tα)λs
∣∣∣∣f12( b

m1
, c

)∣∣∣∣q
+m2t

α(1− λ)s
∣∣∣∣f12(a, dm2

)∣∣∣∣q
+m1m2(1− tα)(1− λ)s

∣∣∣∣f12( b

m1
,
d

m2

)∣∣∣∣q]dtdλ

}1/q

=

[
q − 1

2(2q − 1)
g1(ξ, 0)g3(µ, q)

]1−1/q

×
[

1

2(α+ 1)(α+ 2)(s+ 1)

]1/q{
2g1(ξ, q)|f12(a, c)|q

+2m2g1(ξ, α)

∣∣∣∣f12(a, dm2

)∣∣∣∣q +m1[(α+ 1)(α+ 2)g1(ξ, 0)

−2g1(ξ, α)]

∣∣∣∣f12( b

m1
, c

)∣∣∣∣q +m1m2[(α+ 1)(α+ 2)g1(ξ, 0)

−2g1(ξ, α)]

∣∣∣∣f12( b

m1
,
d

m2

)∣∣∣∣q}1/q

.

The proof of Theorem III.3 is thus completed.

Corollary III.6. Under the conditions of Theorem III.3,
1) when 0 ≤ ξ, µ ≤ 1, we have

|S(f, ξ, µ)|
(b− a)(d− c)

≤
{

q − 1

2(2q − 1)
(1 + 2ξ)

×
[
(1 + µ)(2q−1)/(q−1) − µ(2q−1)/(q−1)

]}1−1/q

×
[

1

2(α+ 1)(α+ 2)(s+ 1)

]1/q{
2[α+ 1

+ξ(α+ 2)]|f12(a, c)|q + 2m2[α+ 1
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+ξ(α+ 2)]

∣∣∣∣f12(a, dm2

)∣∣∣∣q +m1[α(α+ 1)

+2αξ(α+ 2)]

∣∣∣∣f12( b

m1
, c

)∣∣∣∣q +m1m2[α(α+ 1)

+2αξ(α+ 2)]

∣∣∣∣f12( b

m1
,
d

m2

)∣∣∣∣q}1/q

;

2) when 0 ≤ ξ, µ ≤ 1 and m1 = m2 = m, we have

|S(f, ξ, µ)|
(b− a)(d− c)

≤
{

q − 1

2(2q − 1)
(1 + 2ξ)

×
[
(1 + µ)(2q−1)/(q−1) − µ(2q−1)/(q−1)

]}1−1/q

×
[

1

2(α+ 1)(α+ 2)(s+ 1)

]1/q{
2[α+ 1

+ξ(α+ 2)]|f12(a, c)|q + 2m[α+ 1

+ξ(α+ 2)]

∣∣∣∣f12(a, dm
)∣∣∣∣q +m[α(α+ 1)

+2αξ(α+ 2)]

∣∣∣∣f12( b

m
, c

)∣∣∣∣q +m2[α(α+ 1)

+2αξ(α+ 2)]

∣∣∣∣f12( b

m
,
d

m

)∣∣∣∣q}1/q

.

Theorem III.4. Let f : R2
0 → R have partial derivatives

of the second order and f12 ∈ L
([
a, b

m1

]
×
[
c, d
m2

])
with

0 ≤ a < b, 0 ≤ c < d, and m1,m2 ∈ (0, 1]. If |f12|q is
co-ordinated (α,m1)-(s,m2)-convex on

[
0, b

m1

]
×
[
0, d

m2

]
for q > 1, α ∈ (0, 1], and s ∈ (−1, 1], then

|S(f, ξ, µ)|
(b− a)(d− c)

≤
[

q − 1

2(2q − 1)
g1(µ, 0)g3(ξ, q)

]1−1/q

×
[

1

(α+ 1)(s+ 1)(s+ 2)

]1/q{
g1(µ, s)|f12(a, c)|q

+m2g2(µ, s)

∣∣∣∣f12(a, dm2

)∣∣∣∣q + αm1g1(µ, s)

×
∣∣∣∣f12( b

m1
, c

)∣∣∣∣q + αm1m2g2(µ, s)

∣∣∣∣f12( b

m1
,
d

m2

)∣∣∣∣q}1/q

for −1 ≤ ξ, µ ≤ 1, where g1(u, r) and g3(u, r) are defined
by (3) and (4) respectively.

Proof: The proof is similar to that of Theorem III.3.

Theorem III.5. Let f : R2
0 → R have partial derivatives

of the second order and f12 ∈ L
([
a, b

m1

]
×
[
c, d
m2

])
with

0 ≤ a < b, 0 ≤ c < d, and m1,m2 ∈ (0, 1]. If |f12|q is
co-ordinated (α,m1)-(s,m2)-convex on

[
0, b

m1

]
×
[
0, d

m2

]
for q > 1, q ≥ p, ` ≥ 0, α ∈ (0, 1], and s ∈ (−1, 1], then∣∣∣∣f(b, d)− 1

b− a

∫ b

a

f(x, d) dx− 1

d− c

∫ d

c

f(b, y) dy

+
1

(b− a)(d− c)

∫ b

a

∫ d

c

f(x, y) dy dx

∣∣∣∣
≤ 1

(b− a)(d− c)

[
(q − 1)2

(2q − p− 1)(2q − `− 1)

]1−1/q

×
[

1

(p+ 1)(s+ `+ 1)

]1/q{
(p+ 1)(s+ `+ 1)

×B(p+ 1, α+ 1)B(`+ 1, s+ 1)|f12(a, c)|q

+m2(p+ 1)B(p+ 1, α+ 1)

∣∣∣∣f12(a, dm2

)∣∣∣∣q
+m1(s+ `+ 1)[1− (p+ 1)B(p+ 1, α+ 1)]

×B(`+ 1, s+ 1)

∣∣∣∣f12( b

m1
, c

)∣∣∣∣q + αm1m2[1− (p+ 1)

×B(p+ 1, α+ 1)]

∣∣∣∣f12( b

m1
,
d

m2

)∣∣∣∣q}1/q

,

where B(α, β) is the beta function

B(α, β) =

∫ 1

0

tα−1(1− t)β−1 dt, α, β > 0.

Proof: Using Lemma II.1, Hölder’s integral inequality,
and the (α,m1)-(s,m2)-convexity of |f12|q , we have

|S(f,−1,−1)|
(b− a)(d− c)

≤
∫ 1

0

∫ 1

0

(1− t)(1− λ)
∣∣f12(ta+ (1− t)b,

λc+ (1− λ)d)
∣∣dtdλ

≤
[∫ 1

0

∫ 1

0

(1− t)
q−p
q−1 (1− λ)(q−`)/(q−1) dtdλ

]1−1/q

×
{∫ 1

0

∫ 1

0

(1− t)p(1− λ)`
[
tαλs|f12(a, c)|q

+m1(1− tα)λs
∣∣∣∣f12( b

m1
, c

)∣∣∣∣q
+m2t

α(1− λ)s
∣∣∣∣f12(a, dm2

)∣∣∣∣q
+m1m2(1− tα)(1− λ)s

∣∣∣∣f12( b

m1
,
d

m2

)∣∣∣∣q]dtdλ

}1/q

=
1

(b− a)(d− c)

[
(q − 1)2

(2q − p− 1)(2q − `− 1)

]1−1/q

×
[

1

(p+ 1)(s+ `+ 1)

]1/q{
(p+ 1)(s+ `+ 1)B(p+ 1,

α+ 1)B(`+ 1, s+ 1)|f12(a, c)|q

+m1(s+ `+ 1)[1− (p+ 1)B(p+ 1, α+ 1)]

×B(`+ 1, s+ 1)

∣∣∣∣f12( b

m1
, c

)∣∣∣∣q
+m2(p+ 1)B(p+ 1, α+ 1)

∣∣∣∣f12(a, dm2

)∣∣∣∣q
+αm1m2[1− (p+ 1)B(p+ 1, α+ 1)]

×
∣∣∣∣f12( b

m1
,
d

m2

)∣∣∣∣q}1/q

.

The proof of Theorem III.5 is thus completed.

Theorem III.6. Let f : R2
0 → R have partial derivatives

of the second order and f12 ∈ L
([
a, b

m1

]
×
[
c, d
m2

])
with

0 ≤ a < b, 0 ≤ c < d, and m1,m2 ∈ (0, 1]. If |f12|q is
co-ordinated (α,m1)-(s,m2)-convex on

[
0, b

m1

]
×
[
0, d

m2

]
for q > 1, q ≥ p, ` ≥ 0, α ∈ (0, 1], and s ∈ (−1, 1], then∣∣∣∣f(a, c)− 1

b− a

∫ b

a

f(x, c) dx− 1

d− c

∫ d

c

f(a, y) dy

+
1

(b− a)(d− c)

∫ b

a

∫ d

c

f(x, y) dy dx

∣∣∣∣
≤ 1

(b− a)(d− c)

[
(q − 1)2

(2q − p− 1)(2q − l − 1)

]1−1/q
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×
[

1

(p+ 1)(α+ p+ 1)(s+ `+ 1)

]1/q
×
[
(p+ 1)|f12(a, c)|q + αm2(p+ 1)(`+ s+ 1)

×B(`+ 1, s+ 1)

∣∣∣∣f12(a, dm2

)∣∣∣∣q
+m1α

∣∣∣∣f12( b

m1
, c

)∣∣∣∣q + αm1m2α(`+ a+ 1)

×B(`+ 1, s+ 1)

∣∣∣∣f12( b

m1
,
d

m2

)∣∣∣∣q]1/q.
Proof: Using Lemma II.1, Hölder’s integral inequality,

and the (α,m1)-(s,m2)-convexity of |f12|q , we have

|S(f, 0, 0)|
(b− a)(d− c)

≤
∫ 1

0

∫ 1

0

tλ
∣∣f12(ta+ (1− t)b,

λc+ (1− λ)d)

∣∣∣∣ dtdλ

≤
[∫ 1

0

∫ 1

0

t(q−p)/(q−1)λ(q−`)/(q−1) dtdλ

]1−1/q

×
{∫ 1

0

∫ 1

0

tpλ`
[
tαλs|f12(a, c)|q

+m1(1− tα)λs
∣∣∣∣f12( b

m1
, c

)∣∣∣∣q
+m2t

α(1− λ)s
∣∣∣∣f12(a, dm2

)∣∣∣∣q
+m1m2(1− tα)(1− λ)s

∣∣∣∣f12( b

m1
,
d

m2

)∣∣∣∣q]dtdλ

}1/q

=
1

(b− a)(d− c)

[
(q − 1)2

(2q − p− 1)(2q − l − 1)

]1−1/q

×
[

1

(p+ 1)(α+ p+ 1)(s+ `+ 1)

]1/q
×
[
(p+ 1)|f12(a, c)|q + αm2(p+ 1)(`+ s+ 1)

×B(`+ 1, s+ 1)

∣∣∣∣f12(a, dm2

)∣∣∣∣q
+m1α

∣∣∣∣f12( b

m1
, c

)∣∣∣∣q + αm1m2α(`+ a+ 1)

×B(`+ 1, s+ 1)

∣∣∣∣f12( b

m1
,
d

m2

)∣∣∣∣q]1/q.
The proof of Theorem III.6 is thus completed.
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