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Inequalities for General Chord-Integrals of Radial
Blaschke-Minkowski Homomorphisms

Juan Zhang, Weidong Wang*

Abstract—In this paper, we establish some inequalities for
general chord-integrals of radial Blaschke-Minkowski homo-
morphisms. As the applications, some inequalities for chord-
integrals of intersection bodies are obtained.

Index Terms—general chord-integral, radial Blaschke-
Minkowski homomorphism, Brunn-Minkowski type inequality,
intersection body.

I. INTRODUCTION

ET S denote the set of star bodies (about the origin) in
R™. S"~! denotes the unit sphere and V(M) denotes
the n-dimensional volume of the body M. For the standard
unit ball B, its volume is written as V' (B) = w,.
If M is a compact star shaped (with respect to the origin)
in R”, then its radial function, pp; = p(M,-) : R™\ {0} —
[0, 0), is defined by (see [10])

p(M,z) =max{A>0: Az € M}, zeR"\ {0}

If pas is positive and continuous, M will be called a star body
(respect to the origin). Two star bodies M and N are said to
be dilates (of one another) if pys(u)/pn(u) is independent
of ue S 1

For M,N € &) and A, ;x > 0 (not both zero), the radial
Minkowski combination, AM —T—uN , of M and N is given
by (see [11])

pAMA+uN, ) = Ap(M, -) + pp(N, -),

where AM denotes the radial Minkowski scalar multiplica-
tion.

For M, N € S8 and A, > 0 (not both zero), the radial
Blaschke combination, Ao M+po N, of M and N is given
by (see [11])

p()\OM—I-/J/ON’ _)n—l = )‘p(Ma )n_1+:up<N7 .)n—l’ (12)

where + denotes the radial Blaschke addition, Ao M denotes
the radial Blaschke scalar multiplication and A o M =
)\ﬁ M. When A\ = =1, M+N is called radial Blaschke
sum.

Lutwak [20] introduced the notion of mixed width-
integrals of convex bodies in 1977. Motivated by Lutwak’s
ideas, the notion of mixed chord-integrals of star bodies was

(1.1)

recently defined by Lu [18]: For M,,..., M, € S, the
mixed chord-integral, C'(Mj, ..., M,), is defined by
1
C(Ml,...,Mn):ﬁ/ c(My,u)...c(Mp,u)dS(u),
Sn—1
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where dS(u) is the (n — 1)-dimensional volume element
on S"! and ¢(M,u) denotes the half chord of M in the
direction u, namely, ¢(M,u) = 1p(M,u) + $p(M,—u).
Thus, the mixed chord-integral is a map S}’ X ... x S —
—_———

R. It is positive, continuous and multilinear with respect
to radial Minkowski combinations, positively homogeneous
and monotone under set inclusion. Star bodies M, ..., M,
are said to have a similar chord if there exist constants
Aly---3 An > 0 such that A\jc(My,u) = ... = Ape(My,, u)
for all u € S™~ 1.

In 2016, Feng and Wang (see [8]) generalized the
definition of mixed chord-integrals to the general mixed
chord-integrals of star bodies: For M;,..., M, € &7
and 7 € (—1,1), the general mixed chord-integral,
C)(My, ..., M,), is defined by

C(My,...,M,)
_! (M (M, u)dS 1.3
= Snilc (My,u)...c""(My,u)dS(u), (1.3)

where
C(T)(M7 u) =fi (T)p(M, u) + f2(7-)p(Ma —u),

for all u € S"~! and the functions f;(7) and fo(7) are given
by

(1.4)

_Q +7)?
fi(r) = 20172

Clearly, f1(7) + fa(7) = 1.

Together with (1.5), the case 7 = 0 in (1.3) is just
Lu’s mixed chord-integral C(My,...,M,). Similarly, the
general mixed chord-integral, C(™)(Mj,..., M,) : S x
... x 8 — R, is also positive, continuous and multilinear
with respect to radial Minkowski combinations, positive-
ly homogeneous and monotone under set inclusion. Star
bodies Mi,..., M, are said to have a similar general
chord if there exist constants Aj,...,A, > 0 such that
MM (My,u) = ... = X\l (M,,,u) for all u € S™1.
They are said to have a joint constant general chord if
the product ¢(™) (M, u)...c")(M,,u) is constant for all
ue S

tMy=...=M, ;,=Mand M,,_;41=...=M, =
B in (1.3), and allow ¢ is any real number and notice that
c")(B,-) = 1, then the general chord-integral of index i,
Ci(T)(M), of M € S is given by

1 .
o) =1 / O (M, )" dS (u).
Snfl

(1-17)2

fQ(T) = m (15)

(1.6)

Obviously, C\™(B) = w,, and when i = n in (1.6), we
have
(1.7)
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Besides, Feng and Wang (see [8]) established the following
result:

Theorem 1.A [f M € S} and T € (—1,1), then
CcM(M) < V(M),

with equality if and only if M is centered at the origin.

For M € &7, the intersection body, /M, of M is a star
body symmetric with respect to origin whose radial function
on S"~! is given by (see [19]):

p(IM,u) = v, (M Nut),

for all uw € S™~1. Here v,,_1 is (n — 1)-dimensional volume
and M Nu™* denotes the intersection of K with the subspace
uwb that passes through the origin and orthogonal to w.
Regarding the investigations of intersection bodies, we refer
to [21], [28], [29], [31].

Based on the properties of intersection bodies, Schuster
[24] introduced the notion of radial Blaschke-Minkowski
homomorphisms as follows:

Amap V: S} — S is called a radial Blaschke-Minkowski
homomorphism if it satisfies the following conditions:

(a) ¥ is continuous.

(b) For all M,N € S”,

U(M+N)=UM+UN. (1.8)

(c) For all M € S and every ¥ € SO(n), ¥ (VM) =

JUM.
Here, SO(n) is the group of rotations in n dimensions.
WUM+UN denotes the radial Minkowski addition of WM
and N (see (1.1)), M+N denotes the radial Blaschke
addition of star bodies M and N (see (1.2)).

The radial Blaschke-Minkowski homomorphism is a spe-
cial real valued valuation in Brunn-Minkowski theory, many
results of radial Blaschke-Minkowski homomorphisms can
be seen in these articles, see [6], [9], [30], [33]. A systematic
study was initiated by Blaschke in the 1930s and continued
by Hadwiger, culminating in his famous classification of
continuous and rigid motion invariant valuations on convex
bodies. The book (see [16]) is excellent source for the
classical theory of valuations. For some of the more recent
results, see [1], [2], [3], [4], [12], [13], [14], [15], [22], [23],
[25], [26], [27], [32].

In this paper, associated with the radial Blaschke-
Minkowski homomorphisms, we continuously research the
general chord-integrals of index . First, we establish the
following Brunn-Minkowski type inequality.

Theorem 1.1 Let M,N € 8}, 7 € (—1,1), i,j € R and
1£j Ifi<n—1<j<mn, then

(Cf”(‘If(M4N)))
I (W(MIN))

COWM)\ T (O ()T
<<C§T>(\1/M)) +(CJ(-T)(\IJN)> P 49)

ifn—1 <1 <n < j then inequality (1.9) is reversed.
Equality holds in (1.9) if and only if VM and VN have
similar general chord. For i = n — 1 and j = n, (1.9) is
identical.

Let j = n in (1.9), and combining with (1.7), we have the
following fact:

Corollary 1.1 If M, N € 87, i is any real and T € (—1,1),
then for i <n —1,

1

C (W (MIN))T

< wM)T + ¢ (UN) T, (1.10)
with equality if and only if YM and WN have similar
general chord; for n — 1 < i < n, inequality (1.10) is
reversed. For i =n — 1, (1.10) is identical.

Because of the intersection body is a special example
of the radial Blaschke-Minkowski homomorphisms, from
Corollary 1.1 we obtain the following result:

Corollary 1.2 Let M, N € S, i is any real and T €
(=1,1), then for i <n —1,

COI(MIN) T < CT(UIM)™ + C 7 (IN)w;

this inequality is reversed for n — 1 < i < n. With equality
if and only if IM and IN have similar general chord. For
i =mn — 1, this inequality is an identity.

Since I M is origin-symmetric, by the equality condition
of Theorem 1.A, then C(")(IM) = V(IM). Let i = 0 in
Corollary 1.2, we have that

Corollary 1.3 If M, N € S)}, then
VI(MIN)* <V({IM)% +V(IN)7,

with equality if and only if IM and IN are homothetic.

Then, we obtain another form of the Brunn-Minkowski
type inequality for general chord-integrals of index 3.
Theorem 1.2 If M € S and N is a ball in R", 7 €
(=1,1), then for alli=0,...,n—1,

CWMIN) _ C7wM) | COWN)
C(W(MEN)) ~ e (eM) - O (UN)

Finally, as an application of Corollary 1.1 and its equality
condition, we give an analogous version of the volume
differences inequality, which is related to the radial Blaschke-
Minkowski homomorphisms for the general chord-integrals
of index <.

Theorem 1.3 Let M, N, D, D' € 8", r € (—1,1),i € R
and VD C WM, UD' C YN, YM and YN have similar
general chord. If 1 < n — 1, then

1

(C(T(MEN)) — C(W(DED'))) 7

2 ?

> (C7(wM) - ¢ (wD))

(2

1

+HCD(UN) - eV (wD)) T (112)

if n —1 < 1 < n, inequality (1.12) is reversed. Equality
holds in (1.12) if and only if WD and VD' have similar
general chord and there exists a constant )\, such that
(€7 (M), {7 (¥D)) = A(C(UN), O (D). For
i =mn—1, (1.12) is identical.
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II. RESULTS AND PROOFS

In this section, we will give the proofs of Theorems 1.1-
1.3. First, in order to prove Theorem 1.1, the following
lemmas are required.

Lemma 2.1 (The Beckenbach-Dresher inequality [5],
[71) Let function f,g > 0, E is a bounded measurable sub-
set in R™ and ¢ is a distribution function. If p > 1 > r > (),

then
(fE(f + g)pd¢> 7
fE(f +g)rdo

ﬁ;fpdaﬁ)pir (ngpdqu:
S(J'Ef’”dcb \gas) @Y

with equality if and only if the functions [ and g are
positively proportional. For p = 1 and v = 0, (2.1) is an
identity.

Lemma 2.2 (The inverse Beckenbach-Dresher inequality
[17]) Let function f,g > 0, E is a bounded measurable sub-
set in R™ and ¢ is a distribution function. If 1 > p >0 > r,

then
(fE<f + g)f’dqs) o
J(f +g)rde

fEfpd¢>plr (ngpdasyV
= (Fra) () e

with equality if and only if the functions f and g are
positively proportional. For p = 1 and r = 0, (2.2) is an
identity.

Proof of Theorem 1.1 Since i <n—1<j <mnandi# j,
letp=n—i,r=n—j,then0<r<1<pandp#r.
For M,N € 8", any u € S"~! and 7 € (—1,1), combining
with (1.6) and (1.8), we get

O (W(MIN))

1 -
= / AU MIUN, u)PdS(u)
Sn—1

_ / (WM, u) 4 D (UN,u))PdS(u).  (2.3)
Sn—l

n

Similarly to the proof of (2.3),
C(T)

n—r

(W(M+N))

= % / (c(T)(\I!M, u) + C(T)(\IIN7 W) dS(u).  (2.4)
Sn—l

It follows from Lemma 2.1, (2.3) and (2.4), we know that

1

<c,§”p(qf(M{LN))> —
O (U(MEN))

1

B fsn,l(c(T)(\IlM, u) + c('r)(\I/N7 w))PdS(u)\ 7=
B (fsnl(c(T)(\I/M, u) + (M (UN, u))’"dS(u))

[anos €D (UM, w)PdS(u)\ 77
: <fz"—1 C(T)(\I/Mv u)rdS(U)>

Jonor €D (UN, w)PdS(u)\ 7
i < fsn—l A (UN,u)dS(u) >

_ (c;?p(w) > ﬁ+ <c§_)p(\1/N)) o
7 (U M) al.eNy/)
(2.5)

Let i =n —pand j =n — r in (2.5), then inequality (1.9)
is given.

Similar to the above method, for n — 1 < ¢ < n < 7, the
inverse of (1.9) follows from Lemma 2.2, (2.3) and (2.4).

The equality condition of inequality (2.1) imply that equal-
ity holds in (1.9) if and only if ¢(7) (UM, u) and () (U N, u)
are positively proportional, i.e., WM and YN have similar
general chord.

For i =n—1and j = n, by (1.7), we get (1.9) is identical.
Lemma 23 ([8]) IfMeS? re(-1,1),j=0,1,...,n
and 1 > 0, then

n—j .
T n— T i
V) = ( -~ )C§Jr)i(M)u ,

i=0
where M, = M+uB.

Lemma 2.4 ([8) If My,...,M, € §* 7€ (-1,1) and
1 <m<nmn, then
COM,, ..., My)™

S H C(T)(Mla ceey Mnfmv M’nfiJrly ceey Mnf’iJr])v
i=1
with equality if and only if My _my1,-.
similar general chord.
Proof of Theorem 1.2 For M € S*, € (—1,1) and
i=0,1,...,n—2, let

fi(p) = C’Z-(T)(\I/M—T—MB), > 0.

., M, are all of

(2.6)
From Lemma 2.3, it follows that
filp+¢)

=" (VMFuBieB)

= CT (UM TpB) + e(n — i)C D (WM T uB) + o(<?)

= filw) +e(n =) fiyr(p) + o(e?).
Thus,

fl (k) = (n—19) fira (n).

By Lemma 2.4, for : =0,1,..

C(WMFuB)? < C(WMAuB)C (WM FuB),

.,n — 2, we have

i.e.,
fir1(1)* < fi(p) fira ().

Now, we define

N 110 B -
Fi(p) = fiﬂ(ﬂ)’ 0,1,..., 2. (2.7)
This implies
F (1)
L) o () = f () ()
B fi+1 (M)Q
_ fi+1 (/1,)2 + (n —i— 1)(fz‘+1(ﬂ’)2 - f1 (:u)fH-z (:u‘))
fi+1 (,U)Q

<1.
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Thus for A > 0, we obtain

A A
Fl()d < / 1dp,
0 0

ie.,

Fi(A\) < Fi(0) 4 A
From (2.6), (2.7) and (2.8), fort =0,1,...

(2.8)

,n — 2, we have

C’fT)(\IlM—s—/\B) (v M) 29)
CO(UMFAB) ~ cf?l(xpM) '

But for the standard unit ball B, we know VB = B (see
page 21 of [24]). Hence, if N is a ball in R", then VN
is also a ball. From this, let YN = A\B, and combine with
(1.4) and (1.6), we obtain

c(wN) _ cP(B)
CiD(eN) O (AB)

B %fS"71 T (AB,u)""dS (u)
- %fs"—l M (AB,u)"~=1dS(u)

o
To\n—i—1
=\
This together with (1.8) and (2.9), we get
CclwMEN) _ o7 (M) | GV (UN)
)~ ofhwan | o)

When ¢ = n—1, inequality (1.11) always holds as an equality.
This is just inequality (1.11).

According to Theorem 1.2, we may obtain a related
inequality for intersection bodies.
Corollary 2.1 If M € S} and N is a ball in R", T €

(=1,1), then for alli =0,...,n —1,
COI(MEN) _ COUM) | CT(IN)
CIUIMEN)) — ¢ (M) - O UN)

Lemma 2.5 (Bellman’s inequality [5]) Let a =

{a1,...,an} and b = {b1,...,b,} be two series of positive
real numbers. If a} — > ,af >0, by — 3", b > 0, then
forp>1,

) +(r- g
=2

n

< <(a1 Fh)P = (ai+ b,;)”)

1=2

I8

=2

P

This inequality is reversed for p < 0 or 0 < p < 1, with
equality if and only if a = cb, where c is a constant.
Proof of Theorem 1.3 For M, N, D, D' € 8 and 7 €
(=1,1), if « <n — 1, using inequality (1.10), we get
7 (W(DFD) ™
< (WD) 4+ (WD) (2.10)

with equality if and only if WD and WD’ have similar general
chord. Since WM and WN have similar general chord, thus

according to the equality condition of inequality (1.10), we
have

O (U(MAN)) 7
:Cl-(T)(\I’M)ﬁ +C£T)(\I/N)ﬁ_ (2.11)

But YD C WM, WD’ C ¥N, these and formula (1.6)
give

cwM) > cwp), cwN) > wD),
G(T)(\IJ(MJ}N))
C(UMIUN)
> C’(T)(\I/D+\IJD )
=" (w(D+D"),

from this, notice that n —¢ > 1 (¢ < n — 1), and according
to (2.10), (2.11) and Lemma 2.5, we obtain

(CT(W(MIN)) - 7 (W(DFD

/ )) nlfi
?

— (CZ.(T)(\DD)& n CZ-(T)(\IJD’)nlw) ] Y

n—i

> (el - )

1
n—i

; (Cf”(wzw - C§”<‘I’D’)>

This yields inequality (1.12).
Along the same line, for n — 1 < ¢ < n, the inverse of
(1.12) follows from Corollary 1.1, (1.6) and Lemma 2.5.
By the equality conditions of inequality (1.10) and Lem-
ma 2.5, we see that equality holds in (1.12) if and only
if D and ¥D' have similar general chord and there
exists constant A such that (C\”(¥M),C)(¥D)) =
ACT(WN),C7(WD')). For i = n—1, (1.12) is identical.
Associated with the intersection bodies, we have the
following inequalities.
Corollary 2.2 Let M,N,D,D’' € S}, 7 € (-1,1),i € R
and D C M, D' C N, IM and IN have similar general
chord. If i < n — 1, then

(CVUIMEN)) = 67 (1(DFD'))) 7=
> (O (IM)—-C{(ID)) 7 +(C{ 7 (IN)—C{(ID")) 7

if n — 1 < 1 < n, this inequality is reversed. With equality
if and only if ID and ID’ have similar general chord and
(), ¢ (ID)) = MCT(IN),C(ID"), where
A is a constant. For i = n — 1, this inequality is identical.
Note that M is origin-symmetric, by the equality condi-
tion of Theorem 1.A, then the case ¢ = 0 of Corollary 2.2
yields that
Corollary 2.3 Let M, N, D and D' € S8, if D C M,
D' C N and M is a homothetic copy of N, then

(VI(MFN)) = V(I(D+D")=
> (V(IM) - V(ID))* + (V(IN) = V(ID'))*,

with equality if and only if D and D’ are homothetic
and (V(IM),V(ID)) = MV (IN),V(ID'")), where X is
a constant.
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