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On E-Orlicz Theory

Abdulhameed Qahtan Abbood Altai and Nada Mohammed Abbas Alsafar

Abstract—In this paper, based on concepts of E-convex sets, E-
convex functions and E-continuous, we establish the E-Orlicz
theory which is a generalization to the Orlicz theory by relaxing
the concepts of N-function, Young function, strong Young
function and Orlicz function. In this theory, we introduce the
definitions of E-Orlicz spaces, weak E-Orlicz spaces, E-Orlicz-
Sobolev spaces, weak E-Orlicz-Sobolev spaces, E-Orlicz-Morrey
spaces and weak E-Orlicz-Morrey spaces, E-Orlicz-Lorentz
spaces and weak E-Orlicz-Lorentz spaces. However, we consider
their implicit properties based on the effect of the operator E.

Index Terms—E-N-function, E-Young function, E-strong Young
function, E-Orlicz function, E-Orlicz spaces, E-Orlicz-Sobolev
space, E-Orlicz-Morrey Space , E-Orlicz-Lorentz Spaces.

I. INTRODUCTION

IRNBAUM and Orlicz introduced the Orlicz spaces in

1931 as a generalization of the classical Lebesgue spaces,
where the function u? is replaced by a more general convex
function @ [2]. The concept of E-convex sets and E-convex
functions were introduced by Youness to generalize the
classical concepts of convex sets and convex functions to
extend the studying of the optimality for non-linear
programming problems in 1999 [3]. Chen defined the semi-E-
convex functions and studied its basic properties in 2002 [3].
The concepts of pseudo E-convex functions and E-
quasiconvex functions and strictly E-quasiconvex functions
were introduced by Syau and Lee in 2004 [6]. The concept of
Semi strongly E-convex functions was introduced by Youness
and Tarek Emam in 2005 [8]. Sheiba Grace and Thangavelu
considered the algebraic properties of E-convex sets in 2009
[4]. E-differentiable  convex functions was defined by
Meghed, Gomma, Youness and El-Banna to transform a non-
differentiable function to a differentiable function in 2013 [5].
Semi- E-convex function was introduced by Ayache and
Khaled in 2015 [1].

The purpose behind this paper is to define the E-N-
functions, E-Young functions, E-strong Young functions and
E-Orlicz functions using the concepts of E-convex sets, E-
convex functions and E-continuous functions to generalize
and extend the studying of the classical Orlicz theory via
defining a new class of Orlicz spaces equipped by the
luxemburg norms and generated by non-Young functions but
E-Young functions with a map E, like E-Orlicz spaces, weak
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E-Orlicz spaces, E-Orlicz-Sobolev spaces, weak E-Orlicz-
Sobolev spaces, E-Orlicz-Morrey space, weak E-Orlicz-
Morrey space, E-Orlicz-Lorentz spaces and weak E-Orlicz-
Lorentz spaces.

Contents of the paper. For our study, we present the
definitions of E-N-function, E-Young function, E-strong
Young function and E-Orlicz function in section Il. We
consider the elementary properties of E-N-functions, E-Young
functions, E-strong Young functions and E-Orlicz functions
and their relationships in section Il and 1V respectively. In
section V, we state the definitions of E-Orlicz space, weak E-
Orlicz space, E-Orlicz-Sobolev space, weak E-Orlicz-
Sobolev space, E-Orlicz-Morrey space, weak E-Orlicz-
Morrey space, E-Orlicz-Lorentz space and weak E-Orlicz-
Lorentz space. In addition, we study the implicit properties of
these new spaces.

Il. PRELIMINARIES

The setting for this paper is n-dimensional Euclidean space
R™ n = 1. Let 2 be a nonempty subset of R™ and (2, Z, u) be
a measure space. A set (2 is said to be E-convex iff there is a
map E:R™ — R™ such that AE(x) + (1 — A)E(y) € 2, for
each x,y € 2,0 < 1 < 1. A function f: R™ — R is said to be
E-convex on a set £ iff there is a map E: R™ — R™ such that
£ is an E-convex set and

fAEG() + (A -DEW) < Af(E@) + (L —Df(EW)),
for each x,y e M and 0 <1 < 1. And f is called E-concave
onaset if

fAEG() + (A -DEW) 2 Af(E(@) + (L = Df(EG)),
for each x,y € and 0<A1<1 (see [6]). A function
f:0 — R™ is said to be E-continuous at a € 0 iff there is a
map E: R™ — R™ such that for every € > 0, there exists § > 0
implies

If(EG) - fFE@)] <&
whenever
llx —all <6
and f is said to be E-continuous on 2 iff f is E-continuous at
every x € (.

Definition 1. A function @: x [0,0) — R is called an E-
N-function if there exists a map E: 2 X [0,00) — 2 X [0, o)
such that for u-a.e. t € 12, [0, ) is an E-convex and @ is an E
-even, E-continuous, E-convex of u on [0, ), @(E(t,u)) >0
for any u € (0, ),

lim —CD(ES, W) =0, lim —CD(E(t, w) =00

u-0t u—-co u
and for each u € [0,),®(E(t,u)) is an u-measurable
function of t on 0.
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Remark 2. Every N-function is an E-N-function if the map E
is taken as the identity map. But not every E-N-function is an
N-function.

Examples 3. We cite examples of E-N-function which is not

N-function

i. Let ®:R x [0,0) — R be defined by &(t,u) = tu? and
let E:R X [0,00) — R X [0,0) be defined as E(t,u) =
(ltl,uw). Then @ is an E-N-function but it is not an N-
function because, for u-a.e. t € R, @(t, u) is concave of u
fort € (—,0).

ii. Let®:R x [0,0) — R be defined by @(t,u) = (1 — t)u?
+texp(u) and let E:R X [0,0) — R X [0,) be
defined by E(t,u) = (t,Inu?). Then, @ is an E-N-
function but it is not an N-function since, for u-a.e.
t € R, @(t,u) is not even.

Definition 4. A function @:02 x [0,0) — R is called an E-
Young function if there exists a map E: 2 x [0,0) — 2 X
[0, o0] such that for p-a.e.t € £2,[0, ) is an E-convex and &
is an E-convex of u on [0, ),

?(E(t,0) = Jim, o(E(t,w) =0,

lim CD(E(t, u)) =

u—oo
and for each u € [0, oo),qb(E(t, u)) is an p-measurable
function of t on Q.

Remark 4. Every Young function is an E-Young function if
the map E is taken as the identity map. But not every E-Young
function is a Young function.

Examples 5. We cite examples of E-Young function which is
not Young function
i. Let ®:R X [0,00) — R be defined by @(¢t,u) = eft* -1

and let E: R x [0,) — R X [0, ) be defined by E(t u)

= (u,u). Then, @ is an E-Young function but it is not a

Young function because for p-ae. t € R, @(t,0) = et —

1+0.
ii. Let®:C x [0,0) — R be defined by

_ (tin(w), u>1
¢(tw) = {o, o<u<l
and let E: C x [0,0) — € X [0, ) be defined by E (¢, u)
= (—|t|,u). So, @ is an E-Young function but it is not a
Young function because, for u-a.e. t € C, @(t,u) is not
convex because for t € (0, ), g—f = —% <0.
Definition 6. A function @:02 x [0,0) — R is called an E-
strong Young function if there exists a map E: 2 X [0, ©) —
0 % [0,0) such that for u-a.e. t € 12,[0,0) is an E-convex
and @ is an E-convex E-continuous of u on [0, ), ®(E(t,0))
=0 u=0,
lim ¢(E(t,u)) = o
u—00

and for each u € [0,0),®(E(t,u)) is an u-measurable
function of t on 0.

Remark 7. Every strong Young function is an E-strong Young
function if the map E is taken as the identity map. But not
every E-strong Young function is a strong Young function.

Example 8. We cite examples of E-strong Young function

which is not strong Young function

i. Let @:R X [0,00) — R be defined by @(¢,u) = e* —1
and let E: R X [0,00) — R x [0, ) be defined by E (¢, u)
= (|t|,u). Then @ is an E-strong Young function but it is
not a strong Young function, where @(t,u) = e —1is
not convex because for t € (—o, 0), uf is not convex.

ii. Let @:[0,0)%x[0,0) — R be defined by ®(t,u) =
cosh(te*) —1 and let E:[0,00) X [0,00) — [0, o) X
[0, ) be defined by E(t,u) = (u,0). Then @ is an E-
strong Young function but it is not a strong Young
function since for u-a.e. t € [0, ), ®(t,0) = cosh(t) —
1+#0.

Definition 9. A function @: x [0,0) — R is called an E-
Orlicz function if there exists a map E:2 X [0,0) — 02 X
[0, ) such that for u-a.e. t € 2, [0, ) is an E-convex and @
is an E-convex of u on [0, ), ®(E(t,0)) = 0,®(E(t,w)) >
0 for any u € (0, ),

lim CD(E(t, u)) = 00,

u—>0o
@ is left E-continuous at

Up = sup{u > 0: @(E(t,u)) < +oo}

and for each u € [0,),®(E(t,u)) is an p-measurable
function of ¢t on £.

Remark 10. Every Orlicz function is an E-Orlicz function if
the map E is taken as the identity map. But not every E-Orlicz
function is an Orlicz function.

Examples 11. We cite examples of E-Orlicz function which is

not Orlicz function

i. Let @:Rx[0,0) — R be defined by &(t,u) = —t+u
and let E: R X [0,0) — R X [0, o) be defined by E(t, u)
= (0,uP), p = 1. Then @ is an E-Orlicz function but it is
not an Orlicz function because for u-a.e. t € R, ®(t,0) =
—t=+0.

ii. Let &: R x [0,00) — R be defined by &(t,u) = t + u@-0
,p=1andlet E:R X [0,0) — R X [0, ) be defined by
E(t,u) = (0,u). Then @ is an E-Orlicz function but it is
not an Orlicz function because for u-a.e.t € R, ®(t,0) =
t#0.

I1l. ELEMENTARY PROPERTIES
A. Properties of E-N-Functions

Theorem 12. Let &, ®,:2 X [0,0) — R be E-N-functions
with respect to E: 2 X [0,00) — 2 X [0,0). Then &, + &,
and c®,, c = 0 are E-N-functions with respect to E.

Theorem 13. Let &:02 x[0,00) - R be a linear E-N-
function with respect to E;, E,: 02 X [0,00) — 02 X [0, ).
Then @ is an E-N-function with respect to E; + E, and cE;, ¢

> 0.
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Theorem 14. Let @:02 x[0,00) — R be a linear E-N-
function with respect to E;, E,: 2 X [0,00) — 2 X [0, ).
Then @ is an E-N-function with respect to E; o E, and E, o E

Theorem 15. Let @;: 2 X [0,00) — Rfori =1,---,nbe E-N
-functions with respect to E: 2 X [0,00) — 2 X [0,0). Then
& = max; @; is an E-N-function with respect to E.

Theorem 16. Let &:02 x [0,0) — R be an E-N-function
with respect to E;:02 X [0,00) — 2 X [0,00),i=1,---,n
Then @ is an E-N-function with respect to E,, = max; E; and
E,, = min; E;.

Theorem 17. Let (&,),ey be a sequence of continuous E-N-
functions defined on a compact set £ x [0, o) with respect to
E:Q x[0,0) — 2 x[0,0) such that (®,),ey CONVerges
uniformaly to a continuous function @: X [0,0) — R.
Then @ is an E-N-function with respect to E.

Proof. Assume that (®,),,cy is a sequence of continuous E-N-
functions with respect to a mapE such that ¢, — @
uniformly on compact set 2 x [0, ) and @ is continuous on
0 X% [0,0). Then @,(E) — @(E) uniformaly on 2 X [0, o)
and for y-a.e. t € N,

o(E(t,w) = lim @, (E(t,w)

is even continuous convex of u on [0, ), ®(E(t,u)) > 0 for
any u € (0, o),

CD(E(t u)) ¢> 2(E(E, u))
n—»oou—»O

<1> (E(t u))

n—>oou—>oo

u—>0

: ¢>(E(t u))
u—>oo

and for each u e [0, oo),(D(E(t, u)) |s an u-measurable

function of t on 0.

Theorem 18. Let @ be a continuous E-N-function defined on
a compact set 2 x [0, ) with respect to a sequence of maps
(E)nen En: 2 X [0,00) — 2 X [0,00), such that (E,)qen
converges uniformaly to a map E: 2 X [0,00) — 2 X [0, ).
Then @ is an E-N-function with respect to E.

Proof. Suppose that @ is a continuous E-N-function with
respect to a sequence of maps (E,)neny Such that E, — E
uniformaly on a compact set 2 x [0,00). Then @(E,) —
@ (E) uniformaly on 2 X [0, ) and for u-a.e. t € 0,

?(E(tw) = lim ?(E,(t,w)

is even continuous convex of u on [0, ), ®(E(t,u)) > 0
for u € (0, ),

<Z>(E(t w) _ <Z>(E (t w) _
u—»O n—>oou—»0 ’
i cp(E(t w) — im lim o(E, (t u))

and for each ue [0,0),®(E(t,w)) |s an p-measurable
function of t on £.

Theorem 19. Let (&,),cy be a sequence of continuous E-N-
functions defined on a compact set 2 x [0, c0) with respect to
a sequence of continuous maps (E,)pen, En: £2 X [0,00) — £

X [0,00), such that (&,),ey converges uniformaly to a
continuous function @:02x[0,c0) >R and (E,)nen
converges uniformaly to a continuous map E: 2 X [0, ) —
2 % [0,). Then @ is an E-N-function with respect to E.
Proof. Assume that (®,,),,ey 1S @ Sequence of continuous E-N-
functions with respect to a sequence of continuous maps (E,)nen
such that @, — @ uniformly and E,, — E uniformly on a
compact set £2 X [0, o) and @ and E are continuous on 2 X
[0, o). So &, (E,,) — @(E) uniformaly on £2 X [0, ) and for
u-a.e. t € 0, that

?(E(t,w) = lim &,(E,(t,w))

n—-oo

is even continuous convex of u on [0, ), @(E(t,u)) > 0,u
E (0’ m)’

<;D(E(t u)) <1> 2 (En(t, u))
T p lEa(0)
u—>00 u n—>°°u—>°°

and for each u € [0,0),®(E(t,u)) |s an u-measurable
function of t on £.

B. Properties of E-Young Functions

Theorem 20. Let &,,®,:02 x[0,00) — R be E-Young
functions with respect to E: 2 X [0,0) — 2 X [0, ). Then
&, + P, and c®,,c = 0 are E-Young functions with respect
to E.

Theorem 21. Let @:02 x [0,0) — R be a linear E-Young
function with respect to E;, E;:2 X [0,00) — 02 X [0, c0).
Then @ is an E-Young functions with respect to E; + E, and
cE;,c = 0.

Theorem 22. Let @:02 x [0,0) — R be a linear E-Young
function with respect to E;, E,: 02 X [0,00) — 0 X [0, ).
Then @ is an E-Young functions with respect to E; o E, and
Ez o El'

Theorem 23. Let &;:02X%[0,0) >R, i=1,..,n be E-
Young functions with respect to E: 2 X [0,0) — 2 X [0, ).
Then @ = max; @; is an E-Young function with respect to E.

Theorem 24. Let ¢:02x[0,00) - R be an E-Young
function with respect to E;:2 X [0,00) — 2 X [0,00),i =
1,---,n. Then @ is an E-Young function with respect to
Ey = max; E; and E,,, = min; E;.

Theorem 25. Let (@,),ey be a sequence of continuous E-
Young functions defined on a compact set 2 X [0, ) with
respect to E:f X [0,00) — 2 X [0,00) such that (®,)nen
converges uniformaly to a continuous function @: 2 x [0, o)
— R. Then @ is an E-Young function with respect to E.
Proof. Assume that (&,,),cy IS @ sequence of continuous E-
Young functions with respect to a map E such that &, — &
uniformly on a compact set 2 x [0, o) and @ is continuous on
0 % [0,00). Then &,(E) — ®(E) uniformaly on 2 X [0, o)
and for y-a.e. t € £,

?(E(t,w) = lim &, (E(t,w))

n—oo

is convex of u on [0, ),
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o(E(t,0) = JLrg(D(E(t,u)) = lim ,}l‘éﬁ @, (E(t,w) =0,
lim ¢(E(t,w)) = lim lim &, (E(t,u)) =
u—oo Nn—00 U—00
and for each u € [0,0),®(E(t,u)) is an p-measurable
function of t on 0.

Theorem 26. Let &:02 x [0,.0) — R be a continuous E-
Young function defined on a compact set £ x [0, ) with
respect to a sequence of maps (E,) nen, En: 2 X [0,0) — 2 X
[0, o), such that (E,,),,eny COnverges uniformaly to a map E: 2
X [0,00) — 2 x [0, ). Then @ is an E-Young function with
respect to E.

Proof. Suppose that @ is a continuous E-Young function with
respect to a sequence of maps (E,),ey SUch that E, — E
uniformaly on a compact set £2 X [0, ©). Then ®(E,) — ®(E)
uniformaly on 2 X [0, ) and for p-a.e. t € £2,

@(E(t,w) = lim (E,(t,u))
is convex of u on [0, ),
?(E(t,0) = Jim, ?(E(t,w) = lim lim, ?(E,(t,w) =0,

lim ®(E(¢,u)) = lim lim @ (E,(t,u)) = o

u—00 n—00 Y—00
and for each u € [0,0),®(E(t,u)) is an u-measurable
function of t on £.

Theorem 27. Let (®,),ey be a sequence of continuous E-
Young functions defined on a compact set 2 x [0, ) with
respect to a sequence of continuous maps (E,,)qen, En: 2 X
[0,00) > 2 X [0,00), such that (®,),ey CONVerges
uniformaly to a continuous function @: 2 x [0,0) — R and
(E)nen converges uniformaly to a continuous map E:Q X
[0,0) — 2 x [0,00). Then @ is an E-Young function with
respect to E.
Proof. Assume that (®,),ey IS @ sequence of continuous E-
Young functions with respect to a sequence of continuous maps
(Ep)neny such that &, — @ and E,, — E uniformly on a
compact set 2 X [0,0) and @ and E are continuous on
2 % [0,). Then &,(E,) — ®(E) uniformaly on 2 X [0, x)
and for u-a.e.t € 0,
?(E(t,w) = lim, o @, (En(t,w))

is convex of u on [0, o),
CD(E(t, 0)) = ul%l+ fD(E(t, u)) = Tlll_r& ull)rgl+ fDn(En(t, u)) =0,

lim ®(E(t,w)) = lim lim &,(E,(t,u)) =

u—oo n—oouU—>00
and for each u € [0,0),®(E(t,u)) is an u-measurable
function of ¢t on 0.

C. Properties of E-Strong Young Functions

Theorem 28. Let @,,d,: 2 X [0,0) — R be E-strong Young
functions with respect to E: 2 X [0,0) — 0 X [0,). Then
@, + @, and cP;,c = 0 are E-strong Young functions with
respect to E.

Theorem 29. Let @:02 x[0,0) — R be a linear E-strong
Young function with respect to Ej, E,: Q2 X [0,00) — 0 X
[0,0). Then @ is an E-strong Young function with respect to
E, + E, and cE;,c = 0.

Theorem 30. Let @:02 x [0,0) — R be a linear E-strong
Young function with respect to Ej, E,: 02 X [0,00) — 0 X
[0,00). Then @ is an E-strong Young function with respect to
E, o E,and E, o E;.

Theorem 31. Let @;:2 X [0,0) — R,i = 1,---,n be E-strong
Young functions with respect to E: 2 X [0,0) — 2 X [0, o).
Then @ = max; @; is an E-strong Young function with respect
toE.

Theorem 32. Let @:02 X [0,0) — R be an E-strong Young
function with respectto E;: 2 X [0,0) — 2 X [0,),i =1,
--,n. Then @ is an E-strong Young function with respect to
Ey = max; E; and E,,, = min; E;.

Theorem 33. Let (®,),ey be a sequence of continuous E-
strong Young functions defined on a compact set 2 x [0, )
with respect to E: 2 X [0, 0) — 2 X [0, o) such that (@,,) ey
converges uniformaly to a continuous function @: 2 x [0, )
— R. Then @ is an E-strong Young function with respect to E.
Proof. Assume that (&,,),en 1S @ sequence of continuous E-
strong Young functions with respect to a map E such that @,
— @ uniformly on a compact set 2 x[0,) and @ is
continuous on 2 x [0, ). Then &,(E) — ®(E) uniformaly
on £2 x [0, ) and for u-a.e. t € 1,
?(E(t,w) = lim &, (E(t,w))

n—-oo

is convex, continuous of u on [0, ),
o(E(t,0)) = lim @, (E(t,0)) =0 u=0,

lim ®(E(t,u)) = lim lim &, (E(t,u)) = o

u—co n—oo y—oo
and for each u € [0,0),®(E(t,u)) is an u-measurable
function of t on 0.

Theorem 34. Let &:02 x [0,0) — R be a continuous E-
strong Young function defined on a compact set £ X [0, )
with respect to a sequence of maps (E,)nen, En: 2 X [0,00) —
0 X% [0,0) such that (E,),ey converges uniformaly to a map
E:02 x[0,00) — 2 X [0,). Then @ is an E-strong Young
function with respect to E.

Proof. Suppose that @ is a continuous E-strong Young
function with respect to a sequence of maps (E,)ney Such that
E, — E uniformaly on a compact set 2 X [0,o) and E is
continuous on 2 X [0, ). Then @(E,) — ®(E) uniformaly
on £2 x [0, o) and for u-a.e. t € 1,

@(E(t,u)) = lim & (E,(t,w))
is convex continuous of u on [0, ),
@(E(t,0)) = lim @(E,(t,0)) =0 < u =0,
n—oo

lim@(E(t,u)) = lim lim @ (E,(t,u)) = o

Uu—oo n—oo y—oo
and for each u € [0,),®(E(t,u)) is an u-measurable
function of t on 0.

Theorem 35. Let (®,),ey be a sequence of continuous E-
strong Young functions defined on a compact set 2 x [0, o)
with respect to a sequence of continuous maps (E,,)nen, En: 2

X [0,00) — 2 x [0,00) such that (&,),ey cONverges
uniformaly to a continuous function @: 2 X [0,0) — R and
(E,)nen converges uniformaly to a continuous map E: 2 X
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[0,00) — 2 %X [0,00). Then @ is an E-strong Young function
with respect to E.

Proof. Assume that (®,),ey iS @ sequence of continuou E-
strong Young functions with respect to a sequence of
continuous maps (E,),ey Such that @, — @ and E, — E
uniformly on a compact set 2 x [0,0) and @ and E are
continuous on £ X [0, ). So, ®,(E,) — ®(E) uniformaly
on 2 X [0, o) and for u-a.e. t € 1,

?(E(t,w) = lim &,(E,(t,w)
n—oo
is convex continuous of u on [0, ),
?(E(t,0) = lim @, (E(t,0)) =0 u=0,

lim (P(E(t, u)) = lim lim @, (En(t, u)) =00

Uu—oo n—oo y—oo
and for each u € [0,0),®(E(t,u)) is an u-measurable
function of t on Q.

D. Properties of E-Orlicz Functions

Theorem 36. Let &,,&,:2 x[0,00) > R be E-Orlicz
functions with respect to E: 2 X [0,0) — 2 X [0,). Then
@, + @, and cd,, c = 0 are E-Orlicz functions with respect to
E.

Theorem 37. Let @:2 x [0,0) — R be a linear E-Orlicz
function with respect to E;, E,:2 X [0,00) — 2 X [0, o).
Then @ is an E-Orlicz function with respect to E; o E, and
E2 o El-

Theorem 38. Let @:2 x [0,0) — R be a linear E-Orlicz
function with respect to E;, E,: 02 X [0,0) — 2 X [0, ).
Then @ is an E-Orlicz function with respect to E; + E, and
cE;,c = 0.

Theorem 39. Let &;:2x[0,0) > R,i=1,:-,n be E-
Orlicz functions with respect to E: 2 X [0,00) — 2 X [0, c0).
Then @ = max; @; is an E-Orlicz function with respect to E.

Theorem 40. Let @: 2 X [0,0) — R be an E-Orlicz function
with respect to E;:£2 X [0,00) — 2 X [0,00),i =1,--,n.
Then @ is an E-Orlicz function with respect to E,;, = max; E;
and E,,, = min, E;.

Theorem 41. Let (®,),ey be a sequence of continuous E-
Orlicz functions with respect to E: 2 X [0,00) — (2 X [0, o)
such that (@,),ey converges uniformaly to a continuous
function @: 2 x [0,0) — R. Then @ is an E-Orlicz function
withrespect to E.
Proof. Assume that (®,),ey IS @ sequence of continuous E-
Orlicz functions with respect to a map E such that &, — @
uniformly on a compact set 2 x [0, o) and & is continuous on
2 % [0,0). Then &,(E) — ®(E) uniformaly on 2 X [0, x)
and for u-a.e. t € 1,
?(E(t,w) = lim @, (E(t,w)

is convex of u on [0, ),

o(E(t,0) = lim @, (E(t,0)) =0,

lim ®(E(t,w)) = lim lim @, (E(t,w)) = oo,

0 < ®(E(t,u)) < oo for any u € (0,), ¢(E(t,w)) is left
continuous at

Up = sup{u > 0: @(E(t,u)) < +oo}.
and for each u € [0, oo),(l)(E(t, u)) is an p-measurable
function of t on 0.

Theorem 42. Let @:02 x[0,0) — R be a continuous E-
Orlicz function defined on a compact set 2 x [0, ) with
respect to a sequence of maps (E,)nen, En: 2 X [0,00) — 02 X
[0, ) such that (E,,),en cOnverges uniformaly to a map E: 2
X [0,00) — 2 X [0,). Then @ is an E-Orlicz function with
respect to E.

Proof. Suppose that @ is a continuous E-Orlicz function with
respect to a sequence of continuous maps (E,)ney Such that
E, — E uniformaly on a compact set 2 x [0,) and E is
continuous on 2 X [0, ). Then @(E,) — ®(E) uniformaly
on 2 x [0, o) and for u-a.e. t € 1,

?(E(t,w) = lim ®(E,(t,w)
n—-oco
is convex of u on [0, ),
@(E(t,0)) = lim @(E,(t,0)) =0,
n—-oo
lim ®(E(t,w)) = lim lim ®(E,(t,w)) = oo,
u—0 n—00 u—0o
0 < ®(E(t,u)) < oo for any u € (0,») and ®(E(t,u)) is
left continuous at
Up = sup{u > 0:®(E(t,w)) < +o}.
and for each u € [0,),®(E(t,u)) is an u-measurable
function of t on £.

Theorem 43. Let (®,).ey be a sequence of continuous E-
Orlicz functions defined on a compact set £2 x [0,) with
respect to a sequence of continuous maps (E,)nen, En: 2 X
[0,00) — 2 X [0, o) such that (®,,),,ey cOnverges uniformaly
to a continuous function @: 2 x [0,0) — R and (E,,) ey CON
verges uniformaly to a continuous map E: 2 X [0, ) — 2 X
[0, 0). Then @ is an E-Orlicz function with respect to E.
Proof. Assume that (®,),ey IS @ sequence of continuous E-
Orlicz functions with respect to a sequence of continuous
maps (@) ey Such that @, — & and E,, — E uniformly on a
compact set £2 x [0, o) and @ and E are continuous on 2 X
[0, 00). Then &, (E,) — @®(E) uniformaly on £ X [0, ) and
for u-ae. t € 0,
?(E(t,w) = lim @&, (En(t,w))
is convex of u on [0, =),
@(E(t,0)) = lim &, (E,(t,0)) =0,
lim ®(E(t,w)) = lim lim &,(E,(t,w)) = oo,
n—0 u—0

U—00
0<®(E(t,u)) <o for any u€ (0,00), ®(E) is left
continuous at

Uy = sup{u > 0: CD(E(t, u)) < +00}.
and for each u € [0,0),®(E(t,u)) is an p-measurable
function of t on Q.

IV. RELATIONSHIPS BETWEEN E-CONVEX
FUNCTIONS

In this section, we generalize the theorems in [9] to consider
the relationships between E-N-functions, E-Young functions,
E-strong Young functions and E-Orlicz functions.
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Theorem 44. If & is an E-N-function, then @ is an E-strong
Young function.

Proof. Assume @: .2 x [0, ) — R is an E-N-function with
amap E: 2 X [0,00) — 2 X [0, ). So, for y-a.e. t € 0,
@(E(t,u)) is convex continuous of u on [0, «) satisfying

?(E(t,w)
Ve>0,36>00<u<d = — <eg
because
lim, 2EE) _
u-0t u e

Letting § < 1, we get

os@w@mﬂ<rw§w)

<

o(E(t,w) -
0 E.

By the squeeze theorem for functions, we get @(E(¢,0)) = 0
& u = 0 because @ is continuous at u = 0 and ®(E (¢, u))
> 0 for any u € (0, ). Moreover,

?(E(t,w)
VM € R,3Juy >0,u>uMﬁT>M

because
. D(E(t,
lim 2ECW) _ o
u—oo u

Taking u,, > 1, we have that
o(E(t,w)) > Mu > Muy, > M.
That is,
lim CD(E(t, u)) = o0,

u—00
Furthermore, for each u € [0,%0), ®(E(t,u)) is an u-
measurable function of t on 2 which completes the proof.

Remark 45. The converse of theorem 44 is not correct. That
is, an E-strong Young function may not be an E-N-function.
For example, Let the function @: R x [0,00) — R be defined
as @(t,u) = e —1 with the map E:R X [0,0) — R X
[0,00) defined by E(t,u) = (1,u). Then @ is an E-strong
Young function but it is not an E-N-function because for u-
ae.teR,
lime=t =1 # 0.
u-0 %

Theorem 46. If @ is an E-strong Young function, then @ is an
E-Orlicz function.
Proof. Suppose that @: 2 x [0,) — R is an E-strong Young
function with a map E: 2 x [0, ) — 2 X [0, o). Then for u-
ae. t€0,®(E(tw) is convex continuous of u on [0,)
satisfying @(E(¢,0)) = 0, ®(E(t,w)) > 0 for any u € (0, )
because ¢ (E(t,0)) =0 & u =0and

lim ¢(E(t,u)) =

u—00
and @ (E(t,u)) is left continuous at U, = +co because

lim ®(E(t,u)) = .

uU—00
Moreover, for each u € [0, ), ®(E(t,w)) is an u-measurable
function of ¢t on 2. Hence, @ is an E-Orlicz function.

Remark 47. The converse of theorem 46 is not correct. That
is, not every E-strong Young function is an E-Orlicz function.
For instance, let the function @: R x [0,0) — R be defined
as

u—|t,0<u<l1

Pltu) = {u+ [t]—2,1<u
withamap E: R X [0,00) — R X [0, ) defined by E(t,u) =
(u,u). Then @ is an E-Orlicz function but it is not an E-strong
Young function because, for p-a.e. t € 2, ®(E(t, 1)) = 0.
Theorem 48. If @ is an E-Orlicz function, then @ is an E-
Young function.
Proof. Assume that ®:0 x[0,0) — R is an E-Orlicz
function with a map E: 2 x [0,0) — 2 X [0,). Then, for
p-ae. t €0, ¢(E(t,w)) is convex of u on [0, ) satisfying
?(E(t,0)) =0,0 < ®(E(t,u)), u € (0,),

lim d>(E(t, u)) = 00,

u—oo
and @(E(t,u)) is left continuous at Uy. We only need to
show that

Jim, ?(E(t,w) = 0.
In other words, we need to prove that

Ve>0,36,>00<u<é, = 0<d(E(t,w)<e
For arbitrary € > 0, consider
ap = inf{u > 0:<D(E(t,u)) > 0}.

If ap >0, then @(E(t,u)) = 0 for all u € (0,a,). Taking
8. =aey >0, then ®(E(t,u)) =0<e for all 0 <u<g,.
That is,

Jim, ?(E(t,w) =0
If ap = 0, then @(E(t,u)) > 0 for all u > 0 and there exists
0 < u, < oo such that 0 < @(E(t,u,)) < oo. That is, for all
€>0,3u, € (0,00) such that 0<®(E(t,u.)) <oo. If
?(E(t,up)) <&, then ¢(E(t,u,)) < oo for u, = u, and if
®(E(t,up)) = &, then for u, = aug, where 0 < a = )
< 1, that

CD(E(t, us)) = <D(E(t, auo)) < atl‘)(E(t, uo)) < ; <e
because @ is E-convex of u on [0,c0). Taking &, = u, > 0,
we get, for 0 < u < &,
0<o(E(t,w) <@(E,5.) =P(E(tu)) <e,

because @(E(t,u)) is increasing of u on [0, ). Furthermore,
for each u € [0, oo),d)(E(t, u)) is an u-measurable function
of t on £. Hence, @ is an E-Young function.

Remark 49. The converse of theorem 48 is not correct. That
is, not every E-Young function is an E-Orlicz function. For
example, let the function @: [0, ) X [0,0) — R be defined
as

1
ot 1) = [—log(u + [t]P + 1),0 <u<l1
+0o, 1<u
with a map E: [0, ) X [0,0) — [0, ) X [0, ) defined by
E(t,u) = (uP,u),p = 1. Then @ is an E-Young function but
it is not an E-Orlicz function because @(E(t,u)) is not left
continuous at Uy = 1, where
lim ?(E(t,w) = —log(3) # +o0 = ?(E(t,1)).

Corollary 50. E-N-function = E-strong Young function = E-
Orlicz function = E-Young function.
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Corollary 51. E-N-function « E-strong Young function ¢ E-
Orlicz function < E-Young function.

V. MAIN RESULTS

In this section, we are going to study a class of Orlicz spaces
equiped by E-luxemburg norms and generated by E-Young
functions and then we establish their inclusion properties.

Lemma 52. Let ¢:02 x[0,0) — R be an increasing E-
Young function with respect to E;, E,: 02 X [0,0) — 02 X
[0, 00) such that, for u-a.e. t € 2, E;(t,x) < E,(t,x). Then,
for p-ae. t € 2, ¢(EL(t,x)) < P(E,(t,x)).

Lemma 53. Let @,,&,:02 %x[0,00) - R be E-Young
functions with respect to E: 2 X [0,00) — 2 X [0,00) such
that, for u-a.e. t € 2,®,(t,x) < @,(t,x). So, for pu-ae.t €,
@, (E(t,x)) < @,(E(t, x)).

A. E-Orlicz Spaces and Weak E-Orlicz Spaces

Let @:2x[0,00) > R be an E-Young function with
respect to a map E: 2 X [0,0) — 2 X [0,0). The E-Orlicz
space generated by @ is defined by

EL:IJ(E)(Q; 2ou) = {f € BS,: ||f||q>(E) < 00}.

floe) = inf{z o[ @ (E @M)) d < 1}
n

and the weak E-Orlicz space generated by @ is
EL(D(E),weak(-Q' 2' H) = {f € BSQ: ”f”cb(E),weak < Oo}r

1Flhoemeae = inf{a > 0:sup (e, w) m(@, £/2,1)
u
< 1},

where BS,, is the set of all u-measurable functions f from 2 to
BS such that (BS, II-llzs) is a Banach space and

m(, f,u) = p{t € 2: 1 £(©) llps> u}.

Example 54. We have seen from example 8-i that @(t,u) =
et™ — 1 is an E-Young function with respect to the map
E(t,u) = (u,u). Then the E-Orlicz space and the weak E-
Orlicz space generated by ®(E(t,u)) = e?* — 1 are equipped
with the norm

lflloE) = inf{/l > O:f (exp (%) -1 ) du

<1

— )

forall f € ELp) (2,2, 1) and
I loeywear = {2 > 0:sup(e?* — Dym(@, £/2,u) <1}
u

forall f € ELgm)wear (12, Z, 1).
If &,(E(t,u)) = uP,p > 1, we get
ELy(Q,2,1) = ELg,5)(, 2, 1) = {f € Xp: If ll,, < 0},
1

i s
! dusl}=(fn Ifl”du>p

£, = inf{/l > 0:f
n
forall f € EL,(2,%,u) and

ELp,weak (_Q, z, /1) = ELtDp,weak (-Q’ 2z, H)
= {f € Xj: ”f”p,weak < oo}'
f lpwear = inf{l > 0:supuP m(Q, f/A,u) < 1}.

Example 55. Let @: C x [0, oo)u—> R be defined as
_ (tin(w), u>1

‘p(t'“)_{o, 0<u<l
with respect to E: C X [0, 0) — C x [0, o) such that
(1,e*), 1<p,
(1,0), 1<up=+om,
(0,0),0<su<1,p=+oo.
Then, for pu-a.e. t € C, that

E(t,u) =

uP, 1<p,
o(E(t,w) = { +00,1 < u,p = +0o,
0,0<u<lp=-+o

is an E-Young function and the obtained spaces are
EL,(2,%,1) and ELy year(2, £, 1) for 1 < p < oo

Theorem 56. If @: 2 x [0,00) — R is an increasing E-Young
function with respect to E;, E,: 2 X [0,0) — 2 % [0, %) such
that, for u-a.e. t € 2, E;(t,x) < E,(t,x). Then
EL(P(EZ)(Q:Z: w < EL¢(E1)(~Q'Zv w
and
ELd>(E2),weak (2,2,u) EL¢(E1),weak 02,2, 0.

Theorem 57. If &, &,:0 x[0,00) >R are E-Young
functions with respect to E: 2 X [0,00) — 2 X [0,0) such
that, for y-a.e. t € 2, @, (E(¢t,x)) < ®,(E(t,x)). Then
EL<1>2(E)(~Q:Z:.U) = ELdbl(E)(Q'Z'H)
and
EL(DZ(E),weak(-QﬁZﬁ w < ELq)l(E),weak(-Q' 2, u).

Theorem 58. If @: 0 x [0,0) — R is an increasing E-Young
function with respect to E;, E,: £2 X [0,00) — 2 X [0, o) such
that, for p-a.e. t € 2, E;(t,x) < E,(t,x). Then

EL<1>(E2) ('Q' 2, .u) c EL¢(E1),weak ('Q’ 2, H)
and if 2 x [0, ) is compact, then

ELo,)weak (2, 2,1) S ELpp) (2,2, ).
Proof. Let f € ELg (g, (2,2, w) and let @ be an increasing E-
Young function. Then, by Lemma 52, we have

?(E,(t,w))m(Q, f/2,u) < ¢(E,(t,w))m(Q, f/2,w)

£
= -[{teﬂ:%>u} ? <E2 (t’ A BS)) a
< j @ (EZ (t%)) du < 1.
0

Since u is arbitrary, we have
sup <I>(E1(t, u)) m(Q,f/A,u) <1
u
and f E ELq)(El),weak('Q' 2, ,Ll) With
If loaywear < If loce,)-
Let f € ELgg,)wear (2,2, 1) and assume that 02 X [0, 00) is
compact. Then
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f @ <E1 (t, M)) du
0 A

= sup CD(El(t, u)) m(2, f/1,u)
u
< sup CD(Ez(t, u)) m(Q,f/1,u) < 1.
u
Thatis, f € ELpg,), (12, 2, 1) With || fllo&,) < If lloce,) weak-

Theorem 59. If &,,&,:02 x[0,00) > R are E-Young
functions with respect to E: 2 X [0,00) — £ X [0,00) such
that, for u-a.e. t € 2, @,(E(¢t,x)) < ®,(E(t,x)). Then
ELp,5)(2,2,1) € ELp, () wear (2,2, 1)
and if 22 x [0, ») is compact, then
ELtbz(E),weak(Q'Z’ :u) < ELd)l(E)(Q:Z: H)
Proof. Let f € ELg, () (2, 2, 1). Then

@, (E(t, w))m(@, f/2,u) < &,(E(t,w))m(Q, f/1,u)

Il £(©) llgs
= ﬁteﬂ:—"f(t;"35>u} P2 <E (t’ A >> au
Il £(t) ||Bs>
< | O|Elt,———||du <1.
< L ( (t P ) u <

Since u is arbitrary, we have
sup <l>1(E(t, u)) m(Q,f/1,u) <1
u

and fe EL<1>(El),weak (-Q; z, ll) with

||f||<1>(E1),weak < ||f||d>(E2)-
Let f € ELg, () weax (12, Z, 1) and assume that 2 x [0, o) is

compact. Then
j @, (E (t, @)) du
0]

= sup @, (E(t,w)) m(Q, f/2,u)
< supCDZ(E(t, u)) m(Q,f/A,u) < 1.
u
Thatis, f € ELpg,) (2,2, 1) With [[fllo, 5y < If |, 5)weak-

B. E-Orlicz-Sobolev Space and Weak E-Orlicz-Sobolev
Space

Let ¢:02x[0,0) - R be an E-Young function with
respect to E: 2 X [0,0) — 0 X [0, ). The E-Orlicz-Sobolev
space EW"L(D(E) (0,2, 1) generated by @(E) is

EW*Lg)(2,%, 1)
={f € ELy) (2, %, 1): D°f
€ EL(D(E)(.Q,Z,[,[),V |(Z| < k} ,

I lleaey = ) 1D Flloge)
la|<k
forall f € EW"’-LG)(E)(!), %, u) and the weak E-Orlicz-Sobolev
space is
EWkL¢(E),weak 0,2, 1)
= {f € EL<1>(E),weak(~Q’ 2z, ‘LL): Daf
€ ELCD(E),weak(-Qv 2, ﬂ);v |(Z| < k},

Z ”Daf”qb(E),weak
|la|<k

fOI’ a“ f E EWkL<D(E),weak(~Q' Z, ,u.).

£l k,®(E)weak =

If &,(E(t,u)) = uP,p > 1, we get the E-Sobolev space
EW*Lg,5)(2, 2, 1) = EW*P (0, 2, )
={f € EL,(0,Z,1): D*f
€ EL,(Q,%,),V |a| < k}
equipped with the norm

S0

Ifllep = D ID<s1,
|a|<k
forall f € EL,(%2, X, n) and the weak E-Sobolev space
EW*Lo, () wear (2, Z, 1) = EW*PWeak(0, X, 1)
= {f € ELp,weak(Q'Z'ﬂ):Daf € ELp,weak(Q'Z'ﬂ)'v ||
<k}

D IDf e

la|sk

forall f € EW* L, year (2,2, ).

”f”k,p,weak =

Theorem 60. If @: 2 X [0,0) — R is an increasing E-Young
function with respect to E;, E,: 2 X [0,0) — 2 % [0, %) such
that, for u-a.e. t € 2, E;(t,x) < E,(t,x). Then
EWqu)(EZ) (.Q, Z, ‘Ll.) c EWkL¢(E1) (.Q, Z, [,l)
and
EWkLnD(Ez),weak (-Q' 2, .u) < EWqub(El),weak (-Q» 2, H)-

Theorem 61. If &,,@,:02x[0,00) > R are E-Young
functions with respect to E: 2 X [0,00) — 2 X [0,) such
that, for p-a.e. t € 2, ®,(E(¢t,x)) < ®,(E(t,x)). Then
EWqu,Z(E)(.Q,Z,‘U.) c EWde,l(E)(.Q, Z,ﬂ)
and
EWkLrbz(E),weak(Q' I, EWkLrDI(E),weak(Q' Z, ).

Theorem 62. If @: 2 x [0,00) — R is an increasing E-Young
function with respect to E;, E;: £2 X [0,00) — (2 X [0, c0) such
that, for p-a.e.t € 2, E;(t,x) < E,(t,x). Then

EWkL(D(EZ) ("Q' z, ,Lt) c EWkL(D(El),weak(‘Ql z, ,Ll)
and if 2 x [0, o) is a compact set, then

EWkLCD(EZ),weak(-QrZr W < EWkl«p(El)(-Q: z, W.

Theorem 63. If &,,&,:02 x[0,00) > R are E-Young
functions with respect to E: 2 X [0,00) — 2 X [0,00) such
that, for p-a.e. t € 2, ,(E(t,x)) < ®,(E(t,x)). Then
EWqu)z(E) 0,2, € EWkLtbl(E),weak(Qi 2, u)
and if 2 x [0, o) is a compact set, then
EWdeJZ(E),weak('Q'E' ‘Ll) S EWkL¢1(E)(Q,E, Il)

C. E-Orlicz-Morrey Space and Weak E-Orlicz-Morrey
Space

Let @:02x[0,00) > R be an E-convex function with
respect to E: 02 X [0,00) — 02 X [0,0) and let ¢:(0,0) —
(0, o) be a function such that ¢(r) is almost decreasing and
¢(r)r™ is almost increasing and let B denote the ball
B(a,r) = {t € N:|t — a| < r}. The E-Orlicz-Morrey space is

ELoe),6 (@2, 1) = {f € Xo: fllozye < ),
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f 1o e,
A>0:

= sup inf 1 ||f(t)||35> ,
! —IBld)(r)chb(E(t,—/1 du <1

and the weak E-Orlicz-Morrey space is
EL¢(E),¢,weak(-Q’Z’ IDES {f € Xp: ”f”tD(E),(j),weak < Oo}'

”f”d>(E),¢,weak = Sl;p inf{/l

<Z>(E(t, u))m(B,f//l,u) < 1}
|Blp(r) )

> 0: sup
u

If &,(E(t,u)) = uP,p > 1, then
ELo, )62 2, 1) = ELp (2,2, 1)
={f € Xa: I llp,g < 0},
1

1 7
Il = su (—fu OlF.d )
Hns =3P\ TG J, IV (llash
ELtDp(E),¢,weak (_Q, Z, .u) = ELp,d),weak (-Q' Z, H)
= {f € Xg: ”f”p,d),weak < Oo}'

uPm(B, f,u)
||f”p,¢,weak = Sgp SUp——7 7~

u |Ble@)

If p(r) =r~™, we get

ELCD(E),(])(-Q:Z: w = ELyr) 0,2, ),

EL¢(E),¢,weak(~Q: Zu) = ELtb(E),weak(-Q:Z: .
If &,(E(t,w)) =uP,p=1 and ¢(r) =r*", we get the
Morrey space
ELg, )¢ (2,2, 1) = EL,2(2, 2, p1) = {f € Xa:lIfllpa < 0},
1

1 ,
s =sup 2 [ I @Ega)

and the weak Morrey space is
EL¢p(E),¢,weak 02w = ELp,A,weak 0,2,
= {f € Xg: ”f”p,/l,weak < oo},

uPm(B, f,u)
”f”p,l,weak = sup sup T
B u

Theorem 64. If @:0 x [0,00) — R is an increasing E-Young
function with respect to E;, E,: 2 X [0,00) — 2 X [0, ) such
that, for p-a.e. t € 2, E;(t,x) < E,(t,x). Then
EL(P(EZ),(;b('Q'Z! ‘Ll) < EL¢(E1),¢('Q'2' .u)
and
ELe @), pwear (2, 2, 1) S ELa g,y pwear (2, 2, 10).

Theorem 65. If &,,&,:02 %x[0,00) >R are E-Young
function with respect to E: 2 X [0,0) — 02 X [0,) such
that, for p-a.e. t € 2, &, (E(t,x)) < ®,(E(t,x)). Then
ELg,(g),6(2, 2, 1) € ELg, (5),¢ (2,2, 11)
and
EL¢2(E),¢,weak (-Q' 2, :u) c EL¢1(E),¢,weak (-Q: 2, #)-

Theorem 66. If @: 2 x [0,0) — R is an increasing E-Young
function with respect to E;, E,: 2 X [0,00) — 2 X [0, ) such
that, for p-a.e. t € 2, E;(t,x) < E,(t,x). Then

EL‘I’(Ez):(P ('Q' 2, “) < EL<1>(E1),¢>,weak (-Q' Z, ll)
and if 2 x [0, o) is a compact set, then

ELg(gy),¢weak (2,2, 1) € ELgg,),6 (2, 2, 1).
Proof. Let f € ELg(g,),4(2,2, 1) and let @ be an increasing
E-Young function. By Lemma 52, we have
<D(E1 (¢, u))m(B,f/l,u) - <I>(E2 (t, u))m(B,f/A,u)
|Blp(r) B |Blp(r)

1 FOlls
S|B|qb(r)f3(l’<'32(t’ 7 ))d"SL

Since u is arbitrary, then
c;D(E1 (t, u))m(B,f//l ,U) <

su =
9 BIp(r)
and f € ELg(g,), ¢ weax (12, Z, 1) With

”f”q)(El),dJ,weak < ”f"zD(Ez),dr
Let f € ELg(g,) ¢ wear (2,2, 1) and 22 X [0, o) be a compact
set. Then

i I Ollss\)
|B|¢(r)L‘p<El(t' 7 ))d" -

@(E,(t,w))m(B, f/2A,u)

—n ( |B|¢>(r)>
®(E,(t,u))m(B, f/A,u)
= sup BIp(r) =1

SO, f E EL¢(E1)'¢(.Q, Z, H) With
||f||d>(E1) < ”f”d)(Ez),weak-

Theorem 67. If &,,&,:02 x[0,00) > R are E-Young
functions with respect to E: 2 X [0,00) — 2 X [0,00) such
that, for p-a.e. t € 2, &, (E(t, x)) < @,(E(t,x)). Then

EL(PZ(E),(#('Q'Z' ,Ll) < EL¢1(E),¢,Weak (Q,E, H)
and if 2 x [0, ) is compact set, then

ELg,E),¢wear (2,2, 1) € ELg (562, 2, ).
Proof. Let f € ELg,(g)¢(2,2,1). Then

@, (E(t, u))m(B,f/A, u) - ?, (E(t, u))m(B,f/A ,U)
|Bl$(r) B |Blop(r)

1 1F O llas
S|B|c/)(r)f3‘l’2(’E(t' 2 ))d"“'

Since u is arbitrary, we have
@, (E(t,w))m(B, f/1,u) -

su =
w0 Bl (r)
and f € ELg, (g),¢wear (2, Z, ) With

||f“¢1(E),¢,weak < ||f||¢2(E),¢-
Let f € ELg,(5)pweax 2, 2, 1) and 2 x [0,00) be a compact
set. Then

i FOllss))
|B|¢(r)L¢1<E<t’ 2 ))d“_

@, (E(t,w)m(B, f/2,w)

o 1Blp()
®,(E(t,w))m(B, f/1,u)
= sup Blp(r) =

SO, f E EL¢1(E)’¢(.Q,Z,H) With
I lle, &) < If lloy ) weak-
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Let @:[0,00) x [0,0) — R be an E-convex function with
respect to E:(0,) X [0,00) — (0,0) X [0,00) and let w:
[0,00) — [0, ) be a weight function and W (t) = [ w(s)ds.
The E-Orlicz-Lorentz space is:

Apom) ={f Eog((o,oo)i 1 llwo) < o,

1f o) = inf{a > 0: f @(ECt f*(0)/D))W (©)du < 1,
0
and the weak E-Orlicz-Lorentz space is

ApoE) weak = {f € X(0,00): lf 0By wear < °°}:
I llwoE) wear = Inf{A > 0: B(E(L, f*(£)/D))W(t) < 1},
() = sup{w: p(lf| 2 w) = t}
forall f € A, o).
If w(t) =1 fort € (0,), then
Aw,q)(E)(Q' Jw = ELqi'(E)(Q' 2, u),
Aw,tP(E),weak(-Q; Iw= EL(D(E),weak(Q:Z: .
If @(E(t,u)) = uP for 1 < p < oo, we get the Lorentz space
Am,d>(E) (Q:Z: .u) = EL(u,p (.Q, 2, ﬂ):
and the weak Lorentz space
Aw,tP(E),weak (0,2,u) = ELw,p,weak (2,2, ).
And if w(t) =1,t € (0,0), and ®(E(t,u)) =uP,1<p<
oo, then
Apom (2,2, 1) = EL,(Q, 2, 1),
Aw,qb(E),weak(-Q:Z: .u) = ELp,weak(-Q: z, ,u)-

Theorem 68. If @: 2 X [0,0) — R is an increasing E-Young
function with respect to E;, E;: 2 X [0,00) — 2 X [0, o) such
that, for u-a.e. t € 2, E;(t,x) < E,(t,x). Then
Aw,q)(Ez)(Q'Z' W < Aw,tb(El)(Q'Z: w
and
Aw,dh(Ez),weak ,2,p) Aa),(b(El),weak 0,2, 0.

Theorem 69. If &,,&,:02 x[0,00) > R are E-Young
functions with respect to E: 2 X [0,00) — £ X [0,00) such
that, for u-a.e. t € 2, @, (E(¢t,x)) < ®,(E(t,x)). Then
Ap o,y 2, 1) € Ay o, (52,2, 1)
and
Aw,dhz(E),weak (!2: Z, )u) c Aa),<b1(E),weak (-Q' Z, /'4)-

VI. CONCLUSION

We have shown that the non N-functions, non Young
functions, non strong Young functions and non Orlicz
functions can be transferred using the E-convex theory to E-
N-functions, E-Young functions, E-strong Young functions
and E-Orlicz functions respectively. We also have shown that
the Orlicz spaces can be generated by non-Young functions
but E-Young functions with an appropriate map E to extend
and generalize studying the classical Orlicz theory. Moreover,
we have considered the inclusion properties of E-Orlicz
spaces based on effects of the map E.
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