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A Study on Z-Soft Fuzzy Rough Sets in
BCI-Algebras

Kuanyun Zhu, Jingru Wang* and Yongwei Yang

Abstract—In this paper, the notion of Z-soft fuzzy rough
BCI-algebras (ideals) of BCI-algebras is introduced, which is
an extended notion of soft rough fuzzy BC'[-algebras (ideals) of
BCI-algebras. We first apply Z-soft fuzzy rough sets to BCI-
algebras. In addition, we study roughness in B(C'[-algebras
with respects to a Z-soft fuzzy approximation space. Moreover,
some new Z-soft fuzzy rough operations over BC'I-algebras are
explored. In particular, Z-lower and Z-upper soft fuzzy rough
BC(CI-algebras (ideals) over B(C'I-algebras are investigated.

Index Terms—B('I-algebra; Pseudo fuzzy soft set; Z-soft
fuzzy rough set; Z-soft fuzzy rough BC'[-algebra (ideal).

I. INTRODUCTION

T is well known that many our traditional tools for

modeling, reasoning and computing are crisp, determin-
istic and precise in character. However, in order to solve
the complicated problems in biology, engineering, medical
science and many other fields that contain uncertainties,
we cannot successfully use traditional mathematical tools,
because of various types of uncertainties existing in these
problems. There have been a great amount of research and
applications in the literature concerning some special tools
such as fuzzy set theory [29], intuitionistic fuzzy set theory
[7], rough set theory [22] and so on. However, as pointed out
in [21] that all of these theories have their advantage as well
as inherent limitations in dealing with uncertainties. A major
problem shared with these theories is their incompatibility
with the parameterization tools.

In 1999, Molodtsov [21] put forward the concept of soft
set as a new mathematical tool for dealing with uncertainties.
As reviewed in [21], a wide range of applications of soft sets
have been developed in many different areas, including the
smoothness of functions, game theory, operations researches,
Riemann integration, probability theory and so on. In recent
years, this theory has potential applications, such as, see [2],
(6], [81, [91, [13], [201, [30], [31], [32].

Rough set theory was introduced by Pawlak [22] for deal-
ing with some inexact and uncertain information systems. It
is well known that rough set theory has been successfully
applied to expert systems, signal analysis, machine learning,
intelligent systems, decision analysis and many other fields.
In general, the Pawlak’s rough set theory is established by
an equivalence relation. However, in the real world, the
equivalence relation is very restrictive in some concrete and
useful applications. For this reason, some researchers put
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forward some more general models, see [5], [23], [25],
[26], [27], [34]. At the same time, it invoked an issue
concerning possible relations between rough set theory and
related algebraic structure. It is worth noting that Yao [28]
gave some constructive and algebraic methods on rough sets
and Davvaz [10] investigated the relationships between rough
sets and rings. Recently, Ali et al. [4] studied roughness in
hemirings.

As far as known, in the field of logic, the research of ¢-
norm based on logical systems has become increasingly more
important. It is well known that BC K and BC'I-algebras are
two classes of algebras of logic which were introduced by
Imai and Iseki [11], [12]. We know that these two classes
of logical algebras have been studied by many researchers,
see [15], [17], [18]. Most of the algebras associated with
the ¢-norm based on logic, such as MT L-algebras, BL-
algebras and MV -algebras which are extensions of BC K-
algebras. This shows that BC'K / BCI-algebras are consider-
ably general structures, which means that it is an important
topic on these two kinds of logical algebras. In particular,
Ma and Zhan [20] put forward rough soft BCI-algebras
by means of an ideal of the BCI-algebras. In 2017, Zhan
and Zhu [33] applied Z-soft rough fuzzy sets to hemirings
and studied Z-soft rough fuzzy ideals of hemirings and
considered their application in decision making. Ma et al.
[19] applied Z-soft fuzzy rough ideals to hemirings. Zhu and
Hu [35] investigated soft rough fuzzy lattices (ideals, filters)
over lattices. In the same year, Zhu and Hu [36] applied
Z-soft rough fuzzy sets to BCI-algebras. Moreover, they
studied roughness in BC'I-algebras with respects to a Z-soft
approximation space and explored some new Z-soft rough
fuzzy operations over BC'I-algebras. In particular, they also
investigated Z-lower and Z-upper soft rough fuzzy BCI-
algebras (ideals). In 2019, Zhu [37] considered soft fuzzy
rough rings (ideals) of rings and their application in decision
making.

The aim of this paper is to provide a framework by
combining soft sets, rough sets, fuzzy sets and BC'I-algebras
all together. We propose the concept of Z-soft fuzzy rough
B(C'I-algebras (ideals) by applying Z-soft fuzzy rough sets.
It is worth noting that the notion of Z-soft fuzzy rough BC'I-
algebras (ideals) is an extended notion of soft rough fuzzy
BC(C-algebras (ideals) of B(C'I-algebras, which have been
studied in [36]. Thus, the conclusions obtained in this paper
are the generalizations of [36].

The rest of this paper is organized as follows: In Section II,
we recall some fundamental concepts and results on BCI-
algebras, soft sets, fuzzy sets and rough sets. In Section III,
we study some new operations on Z-soft fuzzy rough sets
over BC'I-algebras. In Section IV, we investigate some char-
acterizations of Z-soft fuzzy rough BC'I-algebras (ideals).
Finally, our researches are concluded in Section V.
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II. PRELIMINARIES

In this section, we will review some basis notions about
BC(C'T-algebras, soft sets, fuzzy sets and rough sets.

Recalled that a BCT-algebras [12] is an algebra (X, ,0)
of type (2,0) satisfying the following axioms:

(D) ((x*xy)*(x*x2))*(zxy) =0,

@) (z+ (2 1)) +y =0,

) zxx =0,

@) z+xy=0and y*xz =0 imply z =y,
for all x,y,z € X.

In a BC-algebra X, we can define a partial order < by
putting x < y if and only if x *x y = 0. In this paper, unless
otherwise stated, X is always a B(CI-algebra.

A non-empty subset S of X is called a subalgebra of X
if xxy € S whenever x,y € S. A non-empty subset I of X
is called an ideal of X, denoted by I < X, if it satisfies: (1)
0Oel; @Qzxyclandyeclimply z € forall z,y € X.

Definition 2.1: [29] Let U be a set. A fuzzy set over U
is a function p : U — [0, 1].

Definition 2.2: [14] (i) A fuzzy set p over X is called a
fuzzy BCI-algebra of X if, for all z,y € X, it satisfies:

p(z *y) > p(x) A p(y).

(i1) A fuzzy set v over X is called a fuzzy ideal of X if,
for all x,y € X, it satisfies:

(FD) p(0) > p(z);

(F2) p(z) > plx = y) A p(y).

Remark 2.3: [36] Let u be a fuzzy set over X. Then py =
{z € X|p(z) > t}, t €[0,1]. A fuzzy set u of X is a fuzzy
BC(C'T-algebra (ideal) of X if and only if every non-empty
set p; is a BCT-algebra (ideal) of X for all ¢ € [0, 1].

Let U be an initial universe set and I be a set of
parameters. Let P(U) denote the power set over U and F'(U)
denote the all fuzzy sets over U. Then we recall the concepts
of soft sets, fuzzy soft sets and pseudo fuzzy soft sets as
follows.

Definition 2.4: [21] A pair & = (F, A) is called a soft
set over U, where A C Eand F : A — P(U) is a set-valued
mapping.

In other words, a soft set over U is a parameterized family
of subsets of U. For any parameter z € A, F(z) can be
considered as the set of x-approximate elements of the soft
set (F, A). _

Definition 2.5: [1] A pair (F, A) is called a fuzzy soft set
over U, where AC E and I : A — F(U) is a mapping.

Definition 2.6: [14] Let (F', A) be a fuzzy soft set over
X. Then (F, A) is called a fuzzy soft BCI-algebra (ideal)
over X if F(x) is a fuzzy BCI-algebra (ideal) of X for all
x €A

Definition 2.7: [22] Let R be an equivalence relation on
the universe U and (U, R) be a Pawlak approximation space.
A subset X C U is called definable if R(X) = R(X); in
the opposite case, i.e., if R(X) — R(X) # 0, X is said to
be a rough set, where the two operators are defined as:

R(X) ={z € Ul[z]r C X},
R(X) = {z € Ul[z]p N X # 0}.

Definition 2.8: [24] A pair (F~1 A) is called a pseudo
soft set over U, where AC E and F~!: U — P(A).

Definition 2.9: [24] A pair (F~1, A) is called a pseudo
fuzzy soft set over U, where A C E and F~1 : U — F(A).

In [19], based on the concept of pseudo fuzzy soft set, Ma
et al. defined a new kind of soft fuzzy rough approximation
operators as follows.

Definition 2.10: [19] Let (F~1, A) be a pseudo fuzzy soft
set over U. We call the triple (U, A, F~!) the soft fuzzy
approximation space. For any p € F(U), the Z-lower and
Z-upper soft fuzzy rough approximations of p are denoted
by pp-1 and -1, respectively, which are fuzzy sets over
U given by
nr—1(x) = NMu(2)|z € U, F7H(z)(e) = F~H(z)(e),

Ve € A},
(@) = V{u(:)|z € U, F-1(z)(e) = P (@)(e),
Ve € A}

forallz € U.

The operators pp-1 and frp—1 are called the Z-lower and
Z-upper soft fuzzy rough approximation operators of fuzzy
set u, respectively. In particular, if pp-1 = gp—1, p is said
to be Z-soft fuzzy definable; otherwise, p is called a Z-soft
fuzzy rough set.

III. Z-SOFT FUZZY ROUGH SETS OVER BCI-ALGEBRAS

In this section, we study some new operations of Z-soft
fuzzy rough sets over BC'I-algebras. In addition, we give
some examples to illustrate it. Firstly, we propose the concept
of Z-soft fuzzy rough sets over BC'[-algebras.

Definition 3.1: Let (F~1, A) be a pseudo fuzzy soft set
over a BCI-algebra X. We call the triple (X, A, F~!) the
soft fuzzy approximation space. For any u € F(X), the Z-
lower and Z-upper soft fuzzy rough approximations of y are
denoted by pp-1 and -1, respectively, which are fuzzy
sets over X given by
pp- (@) = Mu()|z € X, F71(z)(e) = F~\(x)(e),

Ve € A},
fir=i(x) = V{u(2)|z € X, F1(2)(e) = F~H(z)(e),
Ve € A}

for all z € X.

The operators pp-1 and frp—1 are called the Z-lower and
Z-upper soft fuzzy rough approximation operators of fuzzy
set u, respectively. In particular, if pp-1 = fip—1, p is said
to be Z-soft fuzzy definable; otherwise, y is called a Z-soft
fuzzy rough set over X.

Now, in order to illustrate the roughness in BC'I-algebra
X with respect to a soft fuzzy approximation space over
BCI-algebras, firstly, we introduce two special kinds of
pseudo fuzzy soft sets over BC'I-algebras.

Definition 3.2: Let & = (F~1, A) be a pseudo fuzzy soft
set over a BC'I-algebra X. Then G is said to be a C-pseudo
fuzzy soft set over X if Ve € A, F~1(u)(e) = F~1(v)(e)
and F~Y(m)(e) = F~1(n)(e) imply F~1(u x m)(e) =
F~1(vx*n)(e), for all u,v,m,n € X.

Example 3.3: Let X = {0,a,b,c} be a BCI-algebra in
Table 2.

Table 2 BC1I-algebra X

* 0 a b c
0 0 a b ¢
a a 0 ¢ b
b b ¢ 0 a
c ¢ b a 0
Define a pseudo fuzzy soft set & = (F~ !, A) over X which

is given by Table 3.
Table 3 Pseudo fuzzy soft set &

Volume 50, Issue 3: September 2020



TAENG International Journal of Applied Mathematics, 50:3, [JAM 50 3 14

0 a b c

eqz 01 01 01 0.2
ez 02 02 02 01
e3s 04 04 04 04

Then the mapping F~! : X — F(A) over a soft fuzzy

approximation space (X, A, F~!) is given by F~1(0) =
Fla) = Fio) = {9,220} pi) -
°1 2’ €3

{%127 %, %}. Then we can check that & is not a C-soft
set over X. In fact, Ve € A, F~1(0)(e) = F~!(a)(e) and
F~Y(c)(e) = F~1(c)(e) but F=H(0xc)(e) = F~*(c)(e) #
F=1(b)(e) = F~Y(a*c)(e).

Example 3.4: We consider the BC'I-algebra X in Exam-
ple 3.3. & = (F~ 1 A) is a pseudo fuzzy soft set over X
which is given by Table 4.

Table 4 Pseudo fuzzy soft set G
0 a b c

eg 01 01 04 04
es 02 02 01 0.1
es 03 03 02 02

Then the mapping F~! : X — F(A) over a soft fuzzy

approximation space (X, A, F~!) is given by F~1(0) =
Fle) = {922,020 pip) = Pl =
04 01 02

it e } Then it is easy to check that & is a C-pseudo
fuzzy soft set over X.

The following definition is from Zadeh’s expansion prin-
ciple.

Definition 3.5: Let i and v be two fuzzy sets of a BCI-
algebra X. Define p x v of u and v as follows:

V' ula) Av(b)
r=ax*b
0 otherwise,

a,be X, st.x=axb,

() () = {

for all z € X.

Proposition 3.6: Let & = (F~1, A) be a C-pseudo fuzzy
soft set over a BCT-algebra X and (X, A, F~') be a soft
fuzzy approximation space. If p and v are any two fuzzy
sets of X, then

T * 7T C (0 V)
Proof. Putting © = a * b,a,b € X. Then

(77 + 75 ) (@)
V. ii(a) ATE(D)

VOVl € X, F1(0)(e) = F(a)(e). Ve € 4}

MV Id)|d € X, F-1(d)(e) = F-1(b)(e), Ve € A}.

Since & = (F~
we have

V b\/{u(C)lc €X,F (e
TAV(d)d e X, F(d

1 A) is a C-pseudo fuzzy soft set over X,

(e)

—

=V \/{M()A ()lF_l(C)(e) F~'(a)(e),
o F1(d)(e) = F~1(b)(e), Ve € A}
< :\/ bV{u(C) Av(d)|F~cxd)(e) = F~ (axb)(e)
= F1(z)(e),Ve € A}

= V{n(e) A p(
< V{( = )W) F~H(y)(e) = F~H(x)(e), Ve € A}
= (n*v)p-1 ().

It follows that (ip—1 * vp—1)(z) < (p*v)p-1(x), ie.,
Brp—1 *Vp—1 C (p*v)p-1.
O

The following example shows that the containment in
Proposition 3.6 is proper.

Example 3.7: Let X = {0,a,b,c} be a BCI-algebra in
Table 5.

Table 5 BC'I-algebra X
* a b ¢

o o R O
SR OO
o oo O
o o8 O
SO0 0O

Cc

Define a pseudo fuzzy soft set G = (F~!, A) over X which

is given by Table 6.

Table 6 Pseudo fuzzy soft set &
0 a b c

eqc 01 01 01 04
e2 02 02 02 02
e3s 04 04 04 0.1
es 03 03 03 0.3

Then the mapping F~! : X — F(A) over a soft fuzzy
approximation space (X, A, F~1) is given by F~1(0) =
F~Ya)=F1(b) = { &1 02 0403

04 02 0.1 03

Fl(e) = 1%, &, <+ e r- Then we can check that & is
a C-pseudo fuzzy soft set over X.

61’62’63763 ’

If we take pu = {04 03} and v = {@}, then
MF T={%4 04 04 T(E and 7p—1 = {22} So T *
s = (8,80} and Gy — (45050, 0)

S (u*v)p-1.

Definition 3.8: Let & = (F~! A) be a C-pseudo fuzzy
soft set over a BCI-algebra X. Then & is called a C'C-
pseudo fuzzy soft set over X if Ve € A, a € X and
F~(a)(e) = F~1(m x n)(e), there exist u,v € X such
that F~1(m)(e) = F~1(u)(e) and F~1(n)(e) = F~1(v)(e)
satisfying a = u * v.

Thus, fp—1 * UVp—1

Example 3.9: (i) We consider the BC'I-algebra in Exam-
ple 3.7. The pair & = (F~! A) is a pseudo fuzzy soft
set over X which is given by Table 6. Then we can check
that G is a C-pseudo fuzzy soft set over X. Nevertheless,
G is not a CC-pseudo fuzzy soft set over X. In fact,
for Ve € A, F~'(a)(e) = F~(c * c)(e), we can only
take F~1(c)(e) = F~1(c)(e) and F~1(c)(e) = F~1(c)(e),
however, a # c * c.

(ii) The pair & = (F~', A) in Example 3.3 is a CC-
pseudo fuzzy soft set over X.

If we strength the condition, we can obtain the following
result.

Proposition 3.10: Let & = (F~1, A) be a CC-pseudo
fuzzy soft set over a BCI-algebra X and (X, A, F~!) be
a soft fuzzy approximation space. If y and v are any two
fuzzy sets of X, then

fp—1 *Vp-1 = (L *x V) p-1
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Proof. It follows from Proposition 3.6 that we only need to
show (pu*v)p—1 C ip—1 * Up-1.

)i ()
= V{(u*v)(y)|F~(y)(e) = F~'(x)(e), Ve € A}
b) xb)(e)

=V{V la)ny [F~Ha
y=ax*
Ve € A}.
Since & = (F~1, A) is a CC-pseudo fuzzy soft set over X,

there exist ¢,d € X such that F~!(a)(e) = F~(c)(e) and
F=1(b)(e) = F~1(d)(e), Ve € A satisfying z = c*d. So we
have

ViV b#(a) Av(D)|F~Haxb)(e) = F~'(z)(e),
’ Ve € A}
=V b{\/u(a)AV(b)l Ha)(e) = F~1(c)(e),
L(b)(e) = F~l(d)(e), Ve € A
=V bV{M(a)\F Ha)(e) = F~l(c)(e), Ve € A}
AV AO)IF H(b)(e) = F~1(d)(e), Ve € A}
= V{u@)|F~(a )(e) = F~ He)(e), Ve €
ANV (B)[F~(b)(e) = F~1(d)(e), VeEA}

S O =C)
<V mrla) AT

r=a'*b’

= (Ap—1 *7p-1)(v).

Thus, (u*v)p-1 C ip-1 * Vp-1. O

Next, we consider Z-lower soft fuzzy rough approxima-
tions over BC'I-algebras.

Proposition 3.11: Let & = (F~! A) be a CC-pseudo
fuzzy soft set over a BCI-algebra X and (X, A, F~!) be
a soft fuzzy approximation space. If 1 and v are any two
fuzzy sets of X, then

pp—1 % vp—1 C (L V) p—1

Proof. Let x = axb,a,b € X. Then

(pp—1 * vp-1)(z)
=Y ) A
=V Mule)lee X, F7Hc)(e) = F~H(a)(e), Ve € A}
A /\{I/( )ld € X, F~Y(d)(e) = F~1(b)(e),Ve € A}.
Since & = (F~1, A) is a CC-soft set over X, we have

V /\{H(C)|C € X,F7(c)(e) = F~'(a)(e), Ve € A}
A /\{u( )d € X, F~(d)(e) = F~1(b)(e), Ve € A}
=V /\{N( ) Av(d)|F~He)(e) = F~H(a)(e),

F- (d)( ) =F~*(b)(e), Ve € A}
< :\/ MMule) Av(d)|F~H(exd)(e) = F~
= F~Y(z)(e),Ve € A}
= M=) ®)IF~(y)(e) = F1(z)(e), Ve € A}
= (pxv)p-1(z).

(axb)(e)

Thus, (,uF vkvp-1)(z) <
(pxv)p—r
a

The following example shows that Proposition 3.11 is not
true if & = (F~1, A) is not a CC-pseudo fuzzy soft set over
X.

(wxv)p-1(x),ie., pp—r4vp-1 C

Example 3.12: Let X = {0,a,b,c,d} be a BCI-algebra
in Table 7.

Table 7 BC1I-algebra X
x 0 a b ¢ d
0 0 O c c
a a 0 a c c
b b b 0 ¢ c
c ¢ ¢ ¢ 0 O
d d ¢ d a 0
Define a pseudo fuzzy soft set & = (F~!, A) over X which

is given by Table 8.

Table 8 Pseudo fuzzy soft set &
0 a b c d

eq 01 0.1 01 0.1 06
ea 05 0.1 06 06 0.5
es 04 04 04 04 0.1
eq 01 03 01 0.1 0.6
Then the mapping F~! : X — F(A) over soft fuzzy

H0) =

approximation space (X, A, F~!) is given by F~
{m 0.5 0.4 g} F~(a) _ 0.1 0.1 0.4 0.3

e;’ ex’ ez’ ey e1’ €2 e3 ! eq
F7ib) =
Fld) = {;'G’M’M’O'G}'

e1’ ex? ez ? ey
that & is not a C'C-pseudo fuzzy soft set over X.

If we take pn = {%2 %2} and v = {%% %21 then
/LF 1 f{02}andup 1 —{ 5} SO,uF 1*VF 1 —{02}
and (p*v)p—1 = {%}. This means that pp—1 % vp-1 &
(L*v)p-1.

The following example shows that the containment in
Proposition 3.11 is proper.

Example 3.13: Consider the BCT-algebra X and the
pseudo fuzzy soft set & = (F~! A) in Example 3.3.
Then we know that & is a CC-pseudo fuzzy soft set
over X. If we take p = {%2 03 04} and v =

F*l(c) — 0.1 0.6 04 0.1 ,

61’62763’64

Then we can check

)
{03 0.2 03 then pp-1 = {T,a% and vp-1 =
{%>072} SO pp-1 * vp—1 = {%2, %24 On the other
hand, (p*v)p1 = {%, %2, G2, %2}, This means that

pr ¥ vp1 G (pxv)poi.

IV. CHARACTERIZATIONS OF Z-SOFT FUZZY ROUGH
BCI-ALGEBRAS (IDEALS) OF BC'I-ALGEBRAS

In this section, by means of the concepts of C-pseudo
fuzzy soft sets, C'C-pseudo fuzzy soft sets and ZC-pseudo
fuzzy soft sets, we give some Characterizations of Z-soft
fuzzy rough BC'I-algebras (ideals) of BC'I-algebras. Firstly,
we introduce the notion of Z-soft fuzzy rough BCI-algebras
(ideals) of BCI-algebras.

Definition 4.1: Let X be a BCI-algebra. For any fuzzy
set 1 € F(X),

(1) p is called a Z-lower (upper) soft fuzzy rough BCI-
algebra (ideal) with respect to X if pup—1 (GF-1) is a fuzzy
BC(C-algebra (ideal) of X; -

(2) p is called a Z-soft fuzzy rough BCI-algebra (ideal)
with respect to X if pp—1 and fip—1 are fuzzy BCI-algebras
(ideals) of X.

Example 4.2: Let X = {0,a,b,c,d} be a BCI-algebra
in Table 9.

Table 9 BC1I-algebra X
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*x 0 a b ¢ d
0 0 0 0 ¢ O
a a 0 a 0 O
b b b 0 0 b
c ¢ b a 0 b
d d a d a 0
Define a pseudo fuzzy soft set & = (F~ ', A) over X which

is given by Table 10.
Table 10 Pseudo fuzzy soft set G
0 a b c d
eqz 01 05 04 05 04
es 05 04 05 04 0.5
es 04 03 07 03 0.7
Then the mapping F~ ' : X — F(A) over a soft fuzzy
approximation space (X, A, F~1) is given by F~1(0) =
{u 0.5 M}’ Fla) = Fl(c) = {05 04 @}’

e1? ex’ es e1’ ez’ e3
F~1(b) F~1(d) = {%,%’;’,%}. It follows from
Definition 4.1 that for a fuzzy set u = {0—, 03 04 051,
o1 = {7252, 08} and s = {02,000 .

It is easy to check that pp-1 and Gp-1 are fuzzy BCI-
algebras of X. In other words, p is a Z-soft fuzzy rough
B(C1T-algebra of X.

Example 4.3: Let X = {0,a,b,c} be a BCI-algebra in
Table 11.

Table 11 BC1T-algebra X
*x 0 a b ¢
0 0 0 ¢ b
a a 0 ¢ b
b b b 0 ¢
c ¢ ¢ b 0
Define a pseudo fuzzy soft set & = (F~!, A) over X which

is given by Table 12.
Table 12 Soft set &
0

a b c
eq7 0.1 0.1 04 04
es 04 04 04 04
es 01 0.1 03 0.3

Then the mapping F~ ! : X — F(A) over a soft fuzzy
approximation space (X, A, F~!) is given by F~1(0) =
Fla) = {2,000 Flp) = Pl =
{u’ 04 03

e;1? ex? es

— {05702 0.3

et S 1 o e = (5203 03 03)
It is easy to check that pup-1 and -1 are fuzzy ideals of
X. In other words, y is a Z-soft fuzzy rough ideal of X.

Proposition 4.4: Suppose that G = (F~1, A) is a pseudo
fuzzy soft set over a BCI-algebra X, (X, A, F~1) is a soft
fuzzy approximation space and p and v are Z-lower soft
fuzzy rough BCI-algebras (ideals) of X. Then pNv is a
Z-lower soft fuzzy rough BCI-algebra (ideal) of X.
Proof. It follows from Definition 4.1 that pi -1 and vp—1 are
fuzzy BC'I-algebras (ideals) of X. So pp-1Nvp-1 is a fuzzy
BCT-algebra (ideal) of X. It is clear that (uNv)p_, =
pp-1 Nvp-1,ie., (WNV)p_: is also a fuzzy BCI-algebra
(ideal) of X. Hence, pNv is a Z-lower soft fuzzy rough
BC-algebra (ideal) of X. O

In general, pNv is not a Z-upper soft fuzzy rough BC'I-
algebra (ideal) of X if  and v are Z-upper soft fuzzy rough
BC'I-algebras (ideals) of X. Actually, we have the following
example.

}. It follows from Definition 4.1 that for a fuzzy

Example 4.5: Consider the BC'I-algebra X and the pseu-
do fuzzy soft set & = (F~! A) in Example 4.3. Let

{02 0.3 andl/*{o4 0‘)} Then

0.2 0.2 0.3 0.3 __ 04 04 0.5 0.5
Fl_{O’a’b’c and Vg1 = (o 0 e

It is easy to check that fip—1 and fip—1 are fuzzy BCI-
algebras. That is, p and v are Z-upper soft fuzzy rough BC'I-
algebras of X. However, (uNv), = {%2,%3} is not a
fuzzy BC'I-algebra of X.

Proposition 4.6: Let & = (F~1, A) be a C-pseudo fuzzy
soft set over a BCT-algebra X and (X, A, F~!) be a soft
fuzzy approximation space. If y is a fuzzy BCI-algebra of
X, then p is a Z-upper soft fuzzy rough BC'I-algebra of X.
Proof. Since & = (F~1 A) is a C-pseudo fuzzy soft set
over X and p is a fuzzy BCI-algebra of X,

(@) AT (y)

= Vi{u(@)|F~(a)(e) = F~'(z)(e), Ve € A}
ANVA®)FH(b)(e) = F(y)(e), Ve € A}
< VA{u(a) A pd)|[F~Haxb)(e) = F~H(z * y)(e),
Ve e A}
<V{u(axd)|F~ (axb) = F Yz xy)}
=Tnr-i(x*y),

for any =,y € X, which implies that -1 is a fuzzy BCI-
algebra of X. Thus, u is a Z-upper soft fuzzy rough BC'I-
algebra of X. O

Proposition 4.7: Let & = (F~! A) be a CC-pseudo
fuzzy soft set over a BCI-algebra X and (X, A, F~1) be a
soft fuzzy approximation space. If p is a fuzzy BC'I-algebra
of X, then p is a Z-lower soft fuzzy rough BC-algebra of
X.
Proof. Since & = (F71, A) is a C-pseudo fuzzy soft set
over X and p is a fuzzy BCI-algebra of X,

=1 (2) A pr-1(y)

= Nu(@)|F T()(e) = F4(x)(e). Ve € 4}
NALO)IF L (b)(e) = FL()(e), Ve < 4}

— Miala) A p(®)| F~(a x b)(e) = F~L( x y)(e), Ve € A}

< AMlaxb)[F~ (axb)(e) = F~}(a * y)(e.Ve € A)}

= g (2 ),

for any z,y € X, which implies that pr-1 is a fuzzy BCI-
algebra of X. Thus, u is a Z-lower soft fuzzy rough BC'I-
algebra of X. O

The above two propositions show that any Z-soft fuzzy
rough BCI-algebra is a generalization of a fuzzy BCI-
algebra of X.

Definition 4.8: Let & = (F~! A) be a C-pseudo fuzzy
soft set over a BC'I-algebra X, where F~! : X — F(A).
Then & is called a ZC-pseudo fuzzy soft set over X if [
is a subalgebra of X and Ve € A,a,b € X, F~'(a)(e) =
F~1(b)(e) if and only if there exist i1,io € I such that
a * il =bx* ig.

Theorem 4.9: Let G = (F~1, A) be a ZC-pseudo fuzzy
soft set over an associative BCT-algebra X, (X, A, F~!) be
a soft fuzzy approximation space. If p is a fuzzy ideal of X
and p(x *y) > p(x) A p(y) for any z,y € X, then p is a
Z-upper soft fuzzy rough ideal of X.

Proof. It follows from Proposition 4.6 that fip—1(x * y) >

Tr-1(x) Nfip-i(y) for any x,y € X. Further, fiz-1(0) =
Po(@ « x) = pp-i(x) A fip-1(z) = pp-i(z) for al-

I € X. This shows that (F1) holds. Now we prove
(F2) holds. Assume that there exist x,y € X such that
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Ir—i(z) < fp=i(x *y) A p-1(y), choose t € [0,1] such
that Tp—1 () < t < Gp—1(x*y)Afip-1(y). Since u C ip-1,
we have u(x) C ip—1(z). Then

Br=1(xxy) Afp-1(y)
= \/{u(a)lF’l(G)(e) = F~!(z xy)(e), Ve € A}
AN F~H(b )(e) = F~ Hy)(e), Ve € A}
= V{u(a) A p(b )|F Ha)(e) = F~ Yz +y)(e),
F=1(b)(e) = F~1(y)(e),Ve € A}.

Since p is a fuzzy BCI-algebra of X, it follows from Re-
mark 2.3 that i, is a subalgebra of X. Because F~1(a)(e) =
F~(z % y)(e), F 1(b)(e) = Fl(y)(e),Ye € A and
& = (F71,A) is a ZC-soft set over X, there exist
11,19,13,14 € py such that axi; = (zxy)xig, bxis = y*iyg.
Since [(zxy)*ia]*iy = [(z*y)*ia]*ig, and X is an associative
BC1I-algebra, we have [(z % y) x 4] x93 = [(T * y) % ia] * ig,
that is

[ % (y % ig)] % 60 = [(@ % y) * o] * ia,
[ % (b # ig)] * in = (a % 41) * i,
[(2 % b) * i3] * ia = (a % 61) * i,
(z % b) * (i * in) = a * (i1 *i4).

It follows from Definition 4.8 that F~'(z * b)(e) =
F~1(a)(e),Ve € A, where i3 iy € pig,i1 * ig € . Thus

Ar—1(r*y) Aip-1(y)

*V{u( ) A ()l “Ha)(e) = F~ (z xy)(e),
F=1(b)(e) = F(y)(e),Ve € A}

= V{u(a) A ()l( #b) * (i3 % i2) = ax (i1 *44)}

= V{u(a) A p(b)|[F~H(z * ) (e) = F~'(a)(e),Ve € A}

> t.

This means that there exist ag,bgp € X such that p(ag) A
u(bo) > t satisfying F~1(x*bg)(e) = F~1(ag)(e), Ve € A.
So there exist i5,%6 € ¢ such that (x * by) * i5 = ag * ig
and p(ao) A p(bg) > t. That is x % (bg * i5) = ap * i and
u(ap) A p(bg) > t. By the hypothesis, p is a fuzzy ideal of
X and then

() > plag xig) A p(bg * is)
pao) A pic) A p(bo) A pu(is)
t.

VIV E

This is a contradiction.
Hence, ip—1(z) > grp-1(z*xy) Aip-1(y) for all z,y € X.
This implies that tz—1 is a fuzzy ideal of X, that is, pu is a
Z-upper soft fuzzy rough ideal of X. O
Remark 4.10: Let G = (F, A) be a CC-pseudo fuzzy soft
set over a BCI-algebra X. If for all a € X and m,n € X,
F~Y(a)(e) = F~Y(mx*n)(e),Ve € A if and only if for each
F~1(m)(e) = F~1(u)(e) and F~*(n)(e) = F~1(v)(e), we
have u *x v = a, u,v € X.
Theorem 4.11: Let & = (F~!, A) be a CC-pseudo fuzzy
soft set over X and (X, A, F~!) be a soft fuzzy approx-
imation space. If p is a fuzzy ideal of X and pu(z xy) >
w(x) Au(y) for any z,y € X, then p is a Z-lower soft fuzzy
rough ideal of X.
Proof. It follows from Proposition 4.7 that pp—1(z * y) >
wp-1(x) A up-1(y) for any x,y € X. Further, up-1(0) =
pp—1(zxx) > pp () App-1(x) = pp(z) forallz € X.

This shows that (F1) holds. Now we prove (F2) holds. For
all z,y € X,

NF*l(x *y) A s 1(y)

Since & = (F’1 A) is a CC-pseudo fuzzy soft set over
X, it follows from Remark 4.10 that a = c * d for all
F=H(x)(e) = F~X(c)(e), F~H(y)(e) = F~*(d)(e), Ve € A,
where ¢, d € X. Thus

pr-1 (T *y) A pp-1(y)

= Npu(a) A p(b)|F~H(z)(e) = F~H(c)(e),

F=1(y)(e) = F71(d)(e) = F71(b)(e),Ve € A,a = c* d}
= NMu(exd) Ap®)[F~(z)(e) = F~1(c)(e),

F=1(b)(e) = F71(d)(e),Ve € A;a = c*d}

= AMule s DI (z)(e) = F(c)(e), Ve € A}

AN @) F~(b)(e) = F~1(d)(e), Ve € A}

= NMule+d)[F~H(z)(e) = F~(c)(e), Ve € A}

Since pp-1 C p and p is a fuzzy ideal of X, we have

MNMu(ex d)|[F~(z)(e) = F~(c)(e), Ve € A} A pp-1 (d)

< Mule#d) A p(d)|[F~ (@) (e) = FH(c)(e), Ve € A}
< /\{u((C)gF‘l(C)(e) = F~(z)(e), Ve € A}
= Up-1{(T).

Thus, pp-1(x) > pp-1(z*xy) A pp-1(y) for all z,y € X.
This implies that pp—: is a fuzzy ideal of X, that is, p is a
Z-lower soft fuzzy rough ideal of X. O

V. CONCLUSIONS

In this paper, we propose the concept of Z-soft fuzzy
rough sets over BC[-algebras. In addition, we study the
roughness in BC'I-algebras with respect to soft fuzzy ap-
proximation spaces. Meanwhile, we explore some new Z-
soft fuzzy rough operations over BC'I-algebras. In particular,
we investigate Z-lower and Z-upper soft fuzzy rough BCI-
algebras (ideals) over BC'I-algebras.

As an extension of this work, the following topics may be
considered:

(1) Constructing Z-soft fuzzy rough sets to other algebras,
such as hyperrings, B L-algebras, F()-algebras and so on;
(2) Investigating decision making methods based on Z-soft
fuzzy rough sets;

(3) Establishing Z-soft fuzzy rough sets to some areas of ap-
plications, such as information sciences, intelligent systems
and so on.

REFERENCES

[1] S. Abdullah, W.S. Shammakh, T. Mahmood, M. Shahzad, “Fuzzy soft
set over a fuzzy topological space”, Int. J. Mach. Learn. Cyber., vol. 7,
pp. 491-499, 2016.

[2] H. Aktag, N. Cagman, “Soft sets and soft groups’
no. 13, pp. 2726-2735, 2007.

[3] K. Atanassov, “Intuitionistic fuzzy sets”,
87-96, 1986.

[4] M.I. Ali, M. Shabir, S. Tanveer, “Roughness in hemirings”,
Comput. Applic., vol. 21, pp. S171-S180, 2012.

[S] M.L Ali, B. Davvaz, M. Shabir, “Some properties of generalized rough
sets”, Inf. Sci., vol. 224, pp. 170-179, 2013.

’, Inf. Sci., vol. 177,
Fuzzy Set Syst., vol. 20, pp.

Neural

Volume 50, Issue 3: September 2020



TAENG International Journal of Applied Mathematics, 50:3, [JAM 50 3 14

[6] M.I. Ali, F. Feng, X.Y. Liu, WK. Min, M. Shabir, “On some new
operations in soft set theory”, J. Comput. Math. Appl., vol. 57, no. 9,
pp- 1547-1553, 2009.

[7] K. Atanassov, “Intuitionistic fuzzy sets”, Fuzzy Set Syst., vol. 20, pp.
87-96, 1986.

[8] N. Cagman, S. Enginoglu, “Soft set theory and uni-int decision mak-
ing”, Eur. J. Oper. Res., vol. 207, no. 2, pp. 848-855, 2010.

[9] D. Chen, E.C.C. Tsang, D.S. Yeung, X. Wang, “The parameterization
reduction of soft sets and its applications”, Comput. Math. Appl., vol.
49, pp. 757-763, 2005.

[10] B. Davvaz, “Roughness in rings”, Inf. Sci., vol. 164, no. 1, pp. 147-
163, 2004.

[11] Y. Imai, K. Iseki, “On axiom system of propositional calculus”, Proc.
Japn Acad., vol. 42, pp. 19-22, 1966.

[12] K. Iseki, S. Tanaka, “An introduction to the theory of BC K -algebras”,
Math. Japon., vol. 23, pp. 1-26, 1978.

[13] Y. Jiang, Y. Tang, Q. Chen, “Extending soft sets with description
logics”, Comput. Math. Appl., vol. 59, pp. 2087-2096, 2010.

[14] Y.B. Jun, KJ. Lee, C.H. Park, “Fuzzy soft set theory applied to
BCK/BC1I-algebras”, Comput. Math. Appl., vol. 59, pp. 3180-3192,
2010.

[15] Y.L. Liu, Y.L. Liu, J. Meng, X.H. Zhang, Z.C. Yue, “a-ideals and a-
ideals in BC'I-algebras”, SEA Bull. Math., vol. 24, pp. 243-253, 2000.

[16] X. Ma, J. Zhan, “Applications of rough soft sets in BC K -algebras
and decision making”, J. Intell. Fuzzy Syst., vol. 29, pp. 1079-1085,
2015.

[17] X. Ma, J. Zhan, B. Davvaz, Y.B. Jun, “Some kinds of (€ e, V ¢)-
interval-valued fuzzy ideals of BC K-algebras”, Inf. Sci., vol. 178, pp.
3738-3754, 2008.

[18] X. Ma, J. Zhan, Y.B. Jun, “Some kinds of (e, €4V g5)-fuzzy ideals of
BC K-algebras”, Comput. Math. Appl., vol. 61 pp. 1005-1015, 2011.

[19] X. Ma, J. Zhan, M.I. Ali, “Applications of a kind of novel Z-soft
fuzzy rough ideals to hemirings”, J. Intell. Fuzzy Syst., vol. 32, no. 3,
pp. 2071-2082, 2017.

[20] X. Ma, Q. Liu, J. Zhan, “A survey of decision making methods based
on certain hybrid soft set models”, Artif. Intell. Rev., vol. 47, no. 4, pp.
507-530, 2017.

[21] D. Molodtsov, “Soft set theory-first results”, Comput. Math. Appl., vol.
37, no. 4-5, pp. 19-31, 1999.

[22] Z. Pawlak, “Rough sets”, Int. J. Inf. Comp. Sci., vol. 115, pp. 341-356,
1982.

[23] B. Sun, W. Ma, H. Zhao, “An approach to emergency decision making
based on decision-theoretic rough set over two universes”, Soft Comput.,
vol. 20, no. 9, pp. 3617-3628, 2016.

[24] B. Sun, W. Ma, “Soft fuzzy rough sets and its application in decision
making”, Artif. Intell. Rev., vol. 41, no. 1, pp. 67-80, 2014.

[25] S.P. Tiwari, A.K. Srivastava, “Fuzzy rough sets, fuzzy preorders and
fuzzy topologies”, Fuzzy Set Syst., vol. 210, pp. 63-68, 2013.

[26] W.Z. Wu, J.S. Mi, W.X. Zhang, “Generalized fuzzy rough sets”, Inf.
Sci., vol. 151, pp. 263-282, 2003.

[27] Y.Y. Yao, X. Deng, “Quantitative rough sets based on subsethood
measures”, Inf. Sci., vol. 267, pp. 306-322, 2014.

[28] Y.Y. Yao, “Constructive and algebraic methods of theory of rough
sets”, Inf. Sci., vol. 109, pp. 21-47, 1998.

[29] L.A. Zadeh, “Fuzzy sets”, Inf. Control, vol. 8, pp. 338-353, 1965.

[30] J. Zhan, Q. Liu, T. Herawan, “A novel soft rough set: soft rough
hemirings and its multicriteria group decision making”, Appl. Soft
Comput., vol. 54, pp. 393-402, 2017.

[31] J. Zhan, M.I. Ali, N. Mehmood, “On a novel uncertain soft set model:
Z-soft fuzzy rough set model and corresponding decision making
methods”, Appl. Soft Comput., vol. 56, pp. 446-457, 2017.

[32] J. Zhan, J.C.R. Alcantud, “A survey of parameter reduction of soft
sets and corresponding algorithms”, Artif. Intell. Rev., vol. 52, no. 3,
pp. 1839-1872, 2019.

[33] J. Zhan, K. Zhu, “A novel soft rough fuzzy sets: Z-soft rough fuzy
ideals of hemirings and corresponding decision making”, Soft Comput.,
vol. 21, no. 8, pp. 1923-1936, 2017.

[34] W. Zhu, “Relationships between generalized rough sets based on
binary relation and covering”, Inf. Sci., vol. 179, no. 3, pp. 210-225,
2009.

[35] K.Y. Zhu, B.Q. Hu, “A new study on soft fuzzy lattices (ideals, filters)
over lattices, J. Intell. Fuzzy Syst., vol. 33, no. 4, pp. 2391-2402, 2017.

[36] K.Y. Zhu, B.Q. Hu, “A novel Z-soft rough fuzzy BC-algebras
(ideals) of BC'I-algebras”, Soft Comput., vol. 22, pp. 3649-3662, 2017.

[37] K.Y. Zhu, “Novel soft fuzzy rough rings (ideals) of rings and their
application in decision making”, Soft Comput., vol. 23, pp. 3167-3189,
2019.

Volume 50, Issue 3: September 2020





