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Nonuniform Samplingn Multiply Generated
Shift-invariant Subspaces of Mixed Lebesgue
Spaces

Nan Xing

Abstract—This work is devoted to the nonuniform sam- of data packets in the transmission. In recent years, there
pling problem in shift-invariant subspaces of mixed Lebesgue are results concerning nonuniform sampling problem [7], [8],
spaces. We first define what multiply generated shift-invariant [9], [10], [11], [12], [13]. Uniform and nonuniform sampling

subspaces in mixed Lebesgue spaces”: (RdH) are. Then roblems also have been generalized to more general shift-
we proposed a fast reconstruction algorithm which allows to P S v g 1z g !

exactly reconstruct the signalsf in the multiply generated shift-  invariant spaces [14], [15], [16], [17], [18], [19] of the form
invariant subspaces when the sampling seiX' = {(z;,yx) :
k,j € J} is sufficiently dense. V(g) = {

Index Terms—Mixed Lebesgue spaces; Nonuniform sam-
pling; Shift-invariant subspace.

> elk)pla — k) {c(k) ke Z} € 62(2)} :

keZ

For the sampling problem in shift-invariant subspaces
of mixed Lebesgue spaces, Torres and Ward studied uni-
form sampling problem for band-limited functions in mixed

IXED Lebesgue spaces generalize Lebesgue spageshesgue spaces [20], [21]. Li, Liu and Zhang discussed

It was arised due to considering functions that depefile nonuniform sampling problem in principal shift-invariant
on independent quantities with different properties[1], [2kpaces of mixed Lebesgue spaces [22]. In this paper, we
[4], [3]. For instance, a function which relies on time andjiscuss nonuniform sampling problem in multiply generated
spacial variables may attribute mixed Lebesgue spaces. ERfft-invariant subspaces of mixed Lebesgue spaces. We first
a function coming from mixed Lebesgue spaces, one cggfine what multiply generated shift-invariant subspaces in
discuss the integrability of each variable separately. This dgixed Lebesgue spacds¢ (Rd+1) are. Then we proposed
distinct from Lebesgue spaces which mainly ask the sargefast reconstruction algorithm which allows to exactly
level of control over all the variables of a function. The ﬂeXreconstruct the Signalﬁin mu|t|p|y generated shift-invariant
ibility makes these mixed Lebesgue spaces to have a crugghspaces when the sampling $et= {(xj,y) : k,j € J}
role to play in the study of time based partial differentigk sufficiently dense.
equations. In this context, we study nonuniform sampling The paper is organized as follows. In Section 2, we
problem in shift-invariant subspaces of mixed Lebesgyfesent the main concepts of mixed Lebesgue spaces and give
spaces. some valuable preliminary results. In section 3, we define

The sampling theorems are one of the most powerfighat multiply generated shift-invariant subspaces in mixed
tools in signal processing and image processing. In 194_89besgue spaceds’ (Rd“) are and prove some properties
Shannon formally proposed sampling theorem [5], [6]. Shagf the functions in these shift-invariant subspaces. Section 4
non sampling theorem shows that for afiyc L*(R) with  proposes a fast reconstruction algorithm. Finally, concluding

I. INTRODUCTION

suppf C [-T,T], remarks are presented in section 5.
n \ sinw(2Tz —n)
f@)=2_1 (ﬁ) 2T
nez m(2Tz —n) II. DEFINITIONS AND PRELIMINARY RESULTS
_ Z f (i) sinc(2Tz — n) We review a few definitions, notations and results of
= 2T ’ LP9(R4*1) which will be used throughout this paper.

_ _ Definition 2.1 For 1 < p,q < +oo. LP4 = LP9(RH)
yvhe;e the series converges uniformly on compact sets &¥thsists of all measurable functiofis= f(x,y) defined on
in L*(R), and R x R® satisfying

ﬂ@=4ﬂ@5%mm, cen

y2
q
mm{/Ume@dx
However, in many realistic situations, the sampling set is only R \JRd4
a nonuniform sampling set. For instance, the transmissionT
through the internet from satellites only can be viewed as a
nonuniform sampling problem, because there exists the loss

1
P

< +00.

he correspondingequence spaces are defined by

P = pa(Zd+l) = {c: Il

p
/pq
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Next, we introduce mixed Wiener amalgam space$c;(ki,kz) : ki € Z,ky € Z} € (P4 derivesc; € (>. This
W (LP7)(R4*1) for controling the local behavior of func- combines® = (¢, ¢, - - -, ¢r)" € W (L)) gives

tion. r
initi i : Doim1 Dez 2okgeza € (k1 k2) @i (x — K1,y — ko)
Definition 2.2 For1 < p, ¢ < oo, if a measurable function = 1€ 2€241d J
=0 < S leslloe Yhyez Ynpeze 165 = kiy — k)|

satisfies
f ) < Y- ||Cj|\oo||¢j1UXV(L1=1> 2
pP,q = n su xT r . r s
|[lelw<L Eapy e|z( Pacio) e < (5o llesllZ) / (5= osliZzn))
sup, alfle+n,y+1 q} - 1/2
1ezd SUPye0,1] = (ijl ||c]||go) 2]l L1y < oo (ae.).

< 00,
) ] The following theorem gives that the multiply generated
then we say thaf belongs to the mixed Wiener amalganyitt-invariant space is well-defined b4

spaceW (LP?) = W (LP9)(R4*1). Theorem 3.1 Assume thatl < p,q < oo and ® =
Let Wy (LP9) (1 < p,q < oo0) denote the space of all (1, ¢2,--,0)T € WL, Then for any C =
continuous functions i (L?:9). (c1,¢2,+,¢)T € (70 the function
For 1 < p < oo, if a function f satisfies .
) = cj(ki, k)i (- — k1, — k
||f‘ {/V(Lp) = Z eSSsupr[O,l]d+l|f(x + k)|p < 00, f ;kgz k;d j( ' 2)¢J( ' 2)
kezd+!

) belongs toL?-? and
then we say thaff belongs to the Wiener amalgam space

W (LP) = W (LP)(R). [fllzea < (ICllepayem 1@l 11y -
For p = oo, if a measurable functiof satisfies In order to prove Theorem 3.1, we need the following
. proposition.
1w (o) = i €88 SUPge(o,1)4+1|f (2 + k)| < oo, Proposition 3.2 [22] Assume thatl < p,q < oo and

¢ € W(LYY). Then for anyc € ¢4, the function f =

then we say thaf belongs toW (L>) = W(L>)(R¥™Y). S, 5 uc(ky, ka)¢(- — ki, — k2) belongs toLP
Obviously, W (LP) C W (LPP). and

Let W, (L?) (1 < p < o) denote the space of all contin- 1fllzea < llellera Bl iy -
uous functions iV (LP).

Let B be a Banach spac¢B)("”) denotesr copiesB x

-xBof B. If C = (c1,ca,---,¢,)T € (B)"™, then we
define the norm of” by

Now, we give proof of Theorem 3.1.
[Proof of Theorem 3.1] Since|| - || .».« is @ norm, we have

D2, D lkuk)

J=1k1€Z krez4

_ 2
1C] By = E:l llejlls . ¢ (= ki, — ko)
iz

[z =

1/2

Lpsa
For any sequencec * (1 < p < +oc) and f € W(L'), < DD D ik k)
define the semi-discrete convolution ©fand f by j=1keZ kyeza
(cxsa f)(x)= > clk)f(z—k). ¢ (= ki, — ko) @
kezd+1 Lpa
. ) . . From Proposition 3.2, forany < j <r
The following is mixed Lebesgue spaces version of
Holder's inequality. 13 ki ez Xnpeza ik k2)o (- — ki, —ka)|| .,
proposition 2.3 [21, Theorem 1.1.3] Assume that < < lejlleva ||¢J'”W(L1,1)-
p,p',q,q <oosatisfyl + L =1andl+ L =1. Then _ 2
PP a1 Therefore, from (1) and (2), we obain
gl < N fllzrallgll oo r
1fllzra <D lesllena 1l g
I1l. THE SHIFFINVARIANT SUBSPACES IN LP»4 =t 1/2 12
For @ = (61,2, -, ¢,)T € W(LM)™, the multiply < (S e e
generated shift-invariant space in the mixed Legesgue spaces - ; el ; 1930l 22y
LP1 is given by <

IC | ep.aym 1@l 11y -
r In order to obtain the main result in this section, we need
Vog@) =4 > > cjka, k2)di(- — ki — k2) 10 introduce the following two propositions.
J=1ki1€Z kyezd Proposition 3.3[24, Theorem 3.3] Assume that €
¢j={cj(k1, ko) : k1 € Z,ky € Z%} € »7} . W (L'1). Then¢ satisfies

It is easy to see that the three sum pointwisely converges Z (Z(g + 27k)
almost everywhere. In fact, for any < j < r, ¢; = ke Zd+1

2
’>Q ¢ € R+,
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if and only if there exists a function g
Dbz Dkpezd A(k1, k2)p(- — k1, - — k2) such that
<¢ ( - a) ag> = 50,04'

Hered = {d(ky, ko) : k1 € Z,ky € Z} € 1.
Proposition 3.4 [22, Lemma 3.3] The functiory in
Proposition 3.3 belongs t&/(L'1).

HereG = (g1, 92, -, g-)T € W(L"Y)("). Therewith

HC”(ZP,LI)(T) S Hf”Lp,q ”GHW(LLI)(T) ) (3)
namely |[|Cllpayn = [[fllzra. Hence, we get
Clgnayor & Fllna

Next, we prove|| f||zr.a = || fllw(Lr.a)-
From the proof of [22, Theorem 3.4]||f|Lra =

Now, we give the main result in this section which| ||y (1».) is @ well known fact.

shows the norm equivalence ¢C/|p.a)x, || fllLr« and
Ilfllw(Leay. As usual, for quantitesY andY, X ~ Y
denotes that there exist constaatsandc, such thate; X <
Y < X, and X < Y denotes that there exist constant
such thatX < cY.

Theorem 3.5For 1 < p,q < oo. Assume thatd =

(1,02, -+, ¢.)T € W(L")") satisfies
A<[@,9)(6), ¢eRM,
where A > 0 and [, -

1<j<r,1<5'<r

(Zkezdﬂ ffA)j &+ 21?7T)$j/(§ + 2k7r))
Then for any C (c1,¢0,+,¢)T € ()™ and

= 22:1 D ke 2okpezd Ci(k1,k2)d;(- — k1, - — ko), one
has

1Cler.ayerr = | fllzea = | fllw(zra)-

Proof: Firstly, we prove||C|| .oy ~ || fllLr.a-
From Theorem 3.1, we get

[fllzea = Cgrayen-

Thus we only need to obtaiffC'| ¢r.ay = || fl|zs.a. Since
for any ¢ € R4, A < [®, ®|(¢), we get

—~ 2
> “’5-7‘(“2”’0 >0, £eRML 1< <

keZzd+1

From Proposition 3.3 and Proposition 3.4, for eggh(1 <
j <), there is a functiory; € W (L'!) such that

(¢ (- — ), 95) = 60,0
Therefore, for anyl < j <r, k; € Z andk, € Z¢

itk = [ [ f(es); @y Ra)dady,

AN
LetB:(bl,b2,-~,br)T€(61041) Wlth%+i 1 and

++ & = L Thus we have v
Z;:1 Zklez,kgezd cj(k1, k2)bj (K1, k2)’
D i1 2okr e zikpeza Uj (ks k2)

Jpa f(@,9)g; (€ — K1,y — k’2)d$dy’

fR fRd f('ra Z/) 22:1 Zklez,kzezd

bj(k1,ka)g; (v — k1,y — k2)dxdy

(¢, B)|

From Proposition 2.3 and Theorem 3.1, we have

|<CvB>| Z;:1 Zklez,kzeZ‘i bj(klakQ)

<Nl zoa

gj (x —k1,y — k2)

p’q’

S ||fHLP,[I ||BH(ZP’JI’)(T)

[c] -
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Conversely, by Proposition 3.2,C|(¢r.ay = | fl[Lr.a
and the triangle inequality of norm

Ifllw(zema)
HZT‘_1 Zklez Zl@ezd Cj(k17 k2)

¢;(-— k1, — k2)
Zklez

7'7]{32)

’W(Lzﬁq)

< E;‘lzl Ekzezd cj(klvk2)

¢i(-— k1

W (LP-a)

= Z;=1 Y krez 2okpeza Ci(k1, k2)

¢i(-— ki, —k2)
r Lr.a
<X llegllenalldjllw zrny

r 5 1/2 - 5 1/2
< (i leslz) (S ol inn)
< ”CH(ZM)(T) H(bHW(Ll,l)(r)
= ”CH(ZPQ)U) = ||fHLp,q.

Therefore, we havé{f||Lr.a ~ || f|lw(Lr.q). This completes
the proof. ™

IV. NONUNIFORM SAMPLING IN SHIFFINVARIANT
SUBSPACES

In this section, we mainly discuss nonuniform sampling in
multiply generated shift-invariant spaces. The main result of
this section is a fast reconstruction algorithm which allows to
exactly reconstruct the signajsin multiply generated shift-
invariant subspaces when the sampling Xet= {(z;, yx) :

k,j € J} is sufficiently dense.

Before giving the main result of this section, we first give
some definitions.

In order to separate sampling points, we give the following
definition.

Definition 4.1 If a set X = {(ax,y;) : k,j € J} C
Ra+1 SatiSﬁeSinf(k,j);ﬁ(k/7j/) |(£Ck,yj) — (xk/,yj/)| =6 >
0 andinfyp |zr — 21| = 62 > 0, then we say that the
set X is strongly-separated. Heléxy,y;) — (zr,y;7)| =
V(@k — )2 + (y; — y;7)? and J is a countable index set.

A bounded uniform partition of unit{(; .}, ke associ-
ated to a strongly-separated sampling &et= {(z;,yx) :

Jj,k € J} is a set of functions satisfying

1) 0<Bjp <L Vj kel

2) suppfBjr C By(w),yk),

3) Zje] >kes Bik = 1.

Here B, (x;,yx) is the open ball with centefz;,y;) and
radius~.

If fe Wy(LP?), we define

Qxf =2 fljun)Bjx

jeJ ked
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for the quasi-interpolant of the sequeneg, = f(x;, yk)-
In order to describe the structure of the sampling Xet
we give the following definition.
Definition 4.2 If a setX = {(z;,yx) :
R,y; € R} satisfies

k,j € Jyzp, €

R = U kB, (z,y) for everyy > o,

then we have the séf is yo-dense inR?+1. Here B, (z;, yi)
is the open ball with centefz;, i) and radiusy, andJ is
a countable index set.

The following is the main result of this section. It gives a

fast iterative algorithm to reconstrugt e V,, ,(®) from its
samples{ f(z;,yx) : 4,k € J}.

Theorem 4.3 Assume that® = (¢, ¢o, -+, ¢,)7 €
Wo (L") and P is a bounded projection froni?¢ onto
Vp.q(®). Then there is a density > 0(y = v(p,¢, P))

such that anyf € V, ,(®) can be reconstructed from its

samples{f(z;,yx) : (zj,yx) € X} on any~-dense set

X = {(zj,yx) : j,k € J} by the following iterative
algorithm:
{ fl = PQX.f (4)
fn+1 = PQX(f*fn) +fn

The iteratesf,, converges tgf in LP-9 norms and uniformly.
Furthermore, the convergence is geometric, namely,

If = fallLra < Ma™

for somea = a(y) <1 and M < oco.

Before proving Theorem 4.3, we introduce some useful

results.

Let f be a continuous function. The oscillation (or

modulus of continuity) of f is given by osg(f)(x)
Sup‘y|§6|f(x + y) - f(l')‘ Let F (f17f27"'afT)T

be a continuous vector function. The oscillation (or mod-

ulus of continuity) of F is given by osg(F)(x)
(05G(f1),08G(f2), -, 08G(f))".

Proposition 4.4 [22, Lemma 4.3] If¢p € Wy(LY), then
0sG(¢) € Wo(L1).

The following is the vector version of Proposition 4.4.

Lemma 4.5If ® = (¢1, o, -, )T € Wo(LH)), then
0sG(P) € Wo(LY)™,

Proof: In view of proposition 4.4, for any < j < r,
we have osg(¢;) € Wy(L'). Therefore
) 1/2

N/ Joax. 105G ()l wo(r1) < o0

108G (@)l vy (21

— (Z 105G (6,13, 21

j=1

IN

Namely,we have osg(®) € Wo(L')™. [ |
Proposition 4.6 [22, Lemma 4.4] Ifp € Wy(L'), then
hmgﬁo ||OSQ;( )”W(Ll) =0.

Proof: According to proposition 4.6, forany < j < r,
we obtainlims_. [|0SG(¢;)[lw (1) = 0. So,

lims_.o HOSQS(@) HWO(LI)("')

lim > 1056 (6) 13 L)
Jj=1
1/2

) 2
}13%21 105G () 13y (2.1
=

Z;lf% 1056 (95) 1, (2.1
=1

. 1/2
> 0) =0.
j=1

In orderto prove Theorem 4.3, we need the following two

lemmas.

Lemma 4.8 Assume that® = (¢1,¢2, -, 0,.)T €
Wo(LY)") and f € V,,(®). Then the oscillation (or
modulus of continuity) osq f) belongs toL?-?. Moreover
for all € > 0, there exists), > 0 such that

losG(f)llLra < €|l fllLra

uniformly for all 0 < 6 < §g and f € V, 4(®).

Proof: Letting f = >27_; > pczar ¢i(k)o;(- — k) €
VP4(d), then

0sG(f)()

sup |f(z +y) — f(z)|

ly|<é

r

< Z sup Z lej (k
j=1 ly|<o kczd+1
| @i +y—k)— ¢z — k)
< YD ek)
Jj=1keZzd+!
sup |y\<5\¢j($—k+y)—¢j($—k)|

)|0sGs(¢;)(x — k)

> Y ot

j=1keZzd+!
T

> llejl #5a 05G(¢)] ().

Jj=1

Here|c;| = {|¢;(k)| : k € Z%*1}. In view of Theorem 3.1,
Theorem 3.5 and Lemma 4.5, there exisfs> 0 such that

D lejl #5a 056(65)

losG(f)llLre <
J=1 Lp.a
< ICHpay 105G (Pl L1y
= [[Cll(er.ayn [105G(®) [l (£1.1)
< M| fllzrall0sG(®)[lw(prrym- (5)
Here C' = (c1,co,---,¢.)T and|C] = (|e1], |ea|, -, e )T

The following lemma is a generalization of Propositiofsy Lemma 4.7, for any > 0, there existsj, > 0 such that

4.6.
Lemma 4.71f ® = (¢1,p2,---, )" € Wo(LH)("), then
lims o [|0SG(®) |y (1) = 0.

|osG (@ )||W(L1)<»~> < M’ V0<d<dg.

This combines (5) yield${osG (f)|| .« < €||f||Lra- [
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Lemma 4.9Let ® = (¢, da,---,0,)T € Wo (L") and [10] R. Venkataramani, Y. Bresler, “Sampling theorems for uniform and

P be any bounded projection fro#9 ontoV, q(q))_ Then periodic_nonuniform MIMO sampling of multiband signalsEEE
. ’ . Trans. Signal Process., vol. 51(12), pp. 3152-3163, 2003.
there isyo = yo(p, ¢, P) such that the operatdi— PQx is @ [11] ¢ Heil
contraction onV,, ,(®) for every strongly-separateg-dense 2006.
set X with v < Yo. [12] W Sun, X_. Zhou, “Sampling theorem for multiwavelet subspaces,”
Proof: Let V(@ h Chinese Sci. Bull.vol. 44(14), pp. 1283-1286, 1999.
roof: Let f € p,q( )’ we have [13] X. Zhou, W. Sun, “On the sampling theorem for wavelet subspaces,”
J. Fourier Anal. Appl. vol. 5(4), pp. 347-354, 1999.

Harmonic Analysis and Applications, Birkhauser, Boston,

||f - PQXfHLM = ||Pf - PQXfHLM [14] A. Aldroubi, H. Feichtinger, “Exact iterative reconstruction algorithm
< ||P|| Hf -Q f|| for multivariate irregularly sampled functions in spline-like spaces: The
= op XJNLea LP theory,” Proc. Amer. Math. Sogvol. 126(9), pp. 2677-2686, 1998.
< ||P||OpHOSCYf||Lp»q [15] A. Aldroubi, K. Grochenig, “Beurling-Landau-type theorems for
nonuniform sampling in shift-invariant spaced,”Fourier Anal. Appl.
< €llPllopll fllLrea, vol. 6(1), pp. 91-101, 2000.

) ) . [16] A. Aldroubi, K. Grochenig, “Nonuniform sampling and reconstruction
where the last inequality holds according to Lemma 4.8. We 'in shift-invariant spacesSIAM Rev. vol. 43(4), pp. 585-562, 2001.

can choose ay such that for anyy < 7o e||P|| < 1. [17]1 A. Aldroubi, M. Unser, “Sampling procedure in function spaces and
’ P asymptotic equivalence with Shannon’s sampling thedtyiner. Funct.

Therefore, we get a contraction. _ o [ | _ Anal. Optim, vol. 15(1), pp. 1-21, 1994.
We are now ready to prove the main result in this sectiofLs] P.P. Vaidyanathan, B. Vrcelj, “Biorthogonal partners and applications,”
Proof of Theorem 4.3: For convenience, lat, = f — IEEE Trans. Signal Process., vol. 49, pp. 1013-1027, 2001.
be th f . . n=f [19] Q. Zhang, W. Sun, “Invariance of shift invariant spaces¢i. China
fn be the error after, iterations. From (4), Seri., vol. A 55(7), pp. 1395-1401, 2012.
[20] R. Torres, E. Ward, Leibniz's Rule, , “Sampling and wavelets on mixed
En+1 = = fn+1 Lebesgue spaces). Fourier Anal. Appl., vol. 21(5), pp. 1053-1076,
_ . _ . 2015
= f-ra PQX(f f") [21] E. Ward, New estimates in harmonic analysis for mixed Lebesgue
([ — PQX)@n_ spaces, Ph.D. Thesis, University of Kansas, 2010.

[22] R. Li, B. Liu, R. Liu, Q. Zhang, “Nonuniform sampling in principal

From Lemma 4.9, we can choose a smalkatisfies that shift-invariant subspaces of mixed Lebesgue spdge§(RI+1)" J.
Math. Anal. Appl., vol. 453(2), pp. 928-941, 2017.

HI - PQX”OP = a < 1. Then we obtain [23] z. P. BAI, Y. F. LI, “ Study on the Length of the Near -Fire Source
" Area in Long and Narrow Spacengineering Lettersvol. 28, no.1,
llentillzra < allenl|Lra < a™|leol|Lra- pp100-104, 2020.

[24] R.Q. Jia, C.A. Micchelli, “ Using the refinement equation for the
Where |le,,||r.e — 0, whenn — oo. This completes the = construction of pre-wavelets Il: Powers of two. P.J. Laurent, A. Le
proof. n Mhaut, L.L. Schumaker (Eds.)Curves and Surfaces, Academic Press,
New York, pp. 209-246, 1991.
[25] Jinjie Wen, Zhengxu Zhao, Yang Guo, and Qian Zhong, “Research into
V. CONCLUSION Net Assessment of System Lifecycle for Teleoperation of Deep Space
Mission,” IAENG International Journal of Computer Scienc®l. 47,
In this paper, we discuss nonuniform sampling problem no.1, pp1-10, 2020.

in shift-invariant subspaces of mixed Lebesgue spaces. We
first define that multiply generated shift-invariant subspaces
in mixed Lebesgue spacég? (R%*!). Then we proposed

a fast reconstruction algorithm. When the sampling set
X = {(zj,yx) : k,j € J} is sufficiently dense, this fast
reconstruction algorithm allows to exactly reconstruct the
signalsf in the multiply generated shift-invariant subspaces.
Studying nonuniform sampling problem in multiply gen-
erated vector shift-invariant subspaces of mixed Lebesgue
spaces is the goal of future work.
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