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A Class of Bivariate Rational Interpolation
Surfaces with C* Continuity

Xiangbin Qin and Yuanpeng Zhu*

Abstract—Based on two new kinds of Hermite-type interpo-
lation basis functions, a class of piecewise bivariate rational
interpolation surface scheme with bi-cubic denominator and
four parameters is constructed in a rectangular domain. The
given interpolation surface is proved to be bounded and its error
formula is provided. The conditions for the resulting interpo-
lation surface to be C? continuous in the whole rectangular
domain are developed. Several numerical examples are given
and the numerical results show that the given scheme is effective
and practical.

Index Terms—Hermite-type interpolation basis, Interpolation
surface, Bounded property, Error estimate, C* continuity

I. INTRODUCTION

Odeling smooth interpolation surfaces to given data
in rectangular grid is an essential issue in industrial
design and scientific data visualization. Generally speaking,
for most applications, C! smoothness is sufficient, and there
are many schemes to tackle this problem, see for example
the classical Coos surface schemes [1], the bi-cubic blending
rational interpolation schemes [2], [3], [4], the bivariate
rational interpolation schemes [5], [6], [7], [8], [9], [10], and
the bivariate rational Hermite interpolation schemes [11]. In
some practical applications, curvature continuity is needed
sometimes and this leads to the need for C? smoothness.
By using the classical Coons surface scheme, it is a
more difficult task to construct C? interpolation surfaces
for 3D data defined over rectangular grid. For example, to
generate a C? bi-quintic Coons surface, it needs to provide
the second and higher mixed partial derivatives at the data
points in advance. In practical applications, however, the
second and higher mixed partial derivatives are hard to
estimate and control, and there may also exist compatibility
problem in generating the classical C? bi-quintic Coons
surface, see [12]. In [13], by taking the Boolean sum of two
rational cubic/quadratic Hermite-type blending functions and
solving two linear systems of equations with respect to the
first partial derivative values on a rectangular grid, a kind
of C? rational bi-cubic spline interpolants was proposed.
In [14], a class of rational bi-quintic interpolation splines
with two parameters was constructed. For generating inter-
polation surfaces, the given interpolant only use the values
of the interpolated function and can be C? continuous for
equally spaced knots. And the shape of the generated C?
rational interpolation surfaces can be modified conveniently
by using the parameters for the unchanged interpolating
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data. Later, in [15], Fan and his colleagues showed that
in the applications of image interpolation, the C? rational
interpolants have lower time complexity and can preserve
image details well. In [16], a new kind of C? piecewise
bivariate rational interpolation scheme with two parameters
was constructed. In [17], a class of C? bi-quintic partially
blended rational quartic/cubic interpolation surfaces were
constructed. Recently, in [18], Yuan and Ma construct a kind
of C? truncated interpolation basis functions over tensor
product meshes and they showed that the new bases have
some merits in Isogeometric analysis.

The purpose of this paper is to present a class of piecewise
bivariate rational interpolation surface scheme with bi-cubic
denominator and four parameters over rectangular domain.
The given interpolation surface can be C? continuous in
the whole rectangular domain without using the second or
higher mixed partial derivatives at the knots. The values of
the generated interpolation surface are bounded and stable
no matter what the four parameters might be. It improves
on the existing schemes in some ways: (1) The classical
C? bi-quintic Coons surface has to estimate the second or
higher mixed partial derivatives at the knots in advance, while
the new given C? rational interpolation spline surface is
based on the interpolated function only; (2) Compared with
the rational interpolation spline surface with two parameters
developed in [14] and [16], the new given C? rational
interpolation spline surface provides four parameters, which
is more flexible in adjusting the shape of surface; (3) For
special values of the four parameters, the new given C?
rational interpolation spline surface includes the C? ratio-
nal interpolation spline surface given in [14] as a special
case. (4) Compared with the C? bi-quintic partially blended
rational quartic/cubic interpolation spline surface with 20
terms in each sub-rectangular domain [x;, 1] X [Y;, ¥j+1]
developed in [17], the new givenC? rational interpolation
spline surface only has 12 terms in each sub-rectangular
domain [x;, x;41] X [y;,¥;+1] and thus it has a more concise
expression and lower computation cost. The rest of this paper
is organized as follows. In section II, the construction of the
new C? piecewise bivariate rational interpolation surface is
described. Section III discusses the properties of the inter-
polation surface in detail, including C? continuity property,
bounded property, and error formula. In section IV, several
numerical examples are given to prove the effectiveness and
practicability of the new developed schemes. Conclusion is
given in the section V.

II. NEW PIECEWISE BIVARIATE RATIONAL
INTERPOLATION SURFACES

In this section, we firstly construct a class of C? z-
direction interpolation curve with two parameters based on a
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new kind of Hermite-type interpolation basis functions. And
then by using another new kind of Hermite-type interpola-
tion basis functions, we construct a class of C? piecewise
bivariate rational interpolation surface scheme with bi-cubic
denominator and four parameters in a rectangular domain.
Let {(z;,y:, Fij),t=1,2,...,n;j=1,2,...,m} be a
given set of data points defined over the rectangular domain

R = [z1,Zn] X [y1,Ym], Where 7 1 21 < @2 < ... < @y
is the partition of [x1,z,] and 7, : y1 < Y2 < ... < Y,
is the partition of [y, ym]. Df; and D} ; are known as the

first partial derivatives at the grid point (x;, y;). Denote hY =
Tip1—xi, B = yj1—yj, Rij = [2i, 2i41] X [y, y541], and
for any (x,y) € R; j, lett = (v — z;)/hY, s =(y — yj)/hg,
and

A = B = Fiyo gy Fign —Fi
,j ’ iJ Y :
ne o 0
Foreach y = y;, j =1,2,...,m, and = € [z;,2,11], a

kind of x-direction interpolation curve with two local free

parameters o ; and 37, is constructed as follows

Pri(z) =

)

H()(t CVZJ,B )sz +H1(
+ Hy(t; a2, B )hE D2,
+ Hs(t;af ;, B ;) hi

a5 ]7 57, ]) i+1,j
Dii1js M
where the four new Hermite-type interpolation basis func-

tions Hy(t; o, ), k =0,1,2,3 are defined as

(1-)°+(af ;+2) A—t)*t+ (207 ;+87 ;) 1—)*t*+(1—1)*°
- (1=t)%+af ; (1—t)"t+B7 ;(1—t)t2+¢3 ’
1(t;af 5, BY5)
t° +(8¢ +2)(1 )t +(af 4287 ) (1-1)2 2+ (1)t
- (1-t)>+a? ;(1- t)2t+6f;j(1—t)t2+t3 )
Hg(t;()é Jvﬁ )
(1— t)4t+a ;(1=1)%¢?
= a- t)>+a?  (1- t)2t+/3T (1—t)t2+t3
( 1_77/3 )
—[(- t)t4+ﬂ“” (1-1)%¢%]
= 0%+ a? (1- t)2t+/3ﬁ (1—t)t2+¢3?
with 04”,5” >
For the four bas1s functions Hy(¢; o ;, 87 ;). k = 0,1,2,3,
by directly computing, we get
HO(O azgaﬁ )_1 HO( 1]7B )
Hi (0;07 5, 875) = -2,
HO(l Oézjaﬂ ) 07 HO( 7_j7ﬂf7_j)
" xT —
B A =2
H}/(O;az;j? 1$j) =0, Hi( ,j?ﬁi,j)
Hi (05041',]" zgj) =2, )
H}/(l;aaja ij) =1, Hi(1 zﬁjaﬁix,j)
HY (l;az’,ja ”) =-2,
HQ(O;aijv ZIJ) =0, H2( z_jvﬂ )
Hé’((),osz zm,j) = _27 ,

. x x — xr
H%/(Lal;j? 106]) =0, Hy( z,j?ﬁi,j)
Hy(1; Qi s i,j) =0,

H3(0§04f,ja Zx‘j) =0, Hé( z,jvﬂiz,j)
H§/(07a1xj7 13:,]) = 07 ,
Hs(1; 07 5, 87;) = 0, H3(1;07 5, 57 5)

it follows that

P* ( ) F; 5, P;*]’a(cxj) = Dgij,
P* //( +) ( —Dj )
( H—l) z-El NE P;F,j/(m)i_ﬂ) = Dfﬂ,ja
* 2 Df .j_Af,j
P Mxi,) = HT

Thus, we can see that if the first partial derivative values

D7 ;,i=2,3,...,n—1 are chosen as follows
hi (A + hiAT
Df; = ———4 =L, &)
7 hi_y +hi
then for ¢ = 2,3,...,n — 1, we have
PX:J(.CL‘) P*( 7):F2]7
x /! * /7 — x
P () = Py (a) = Diy,
A — A7 )
*//Jr_*//,_( i—1,7
Pi,j (xi)_Pi,j (z;) = h””1+h”” )

which implies that the resulting interpolation function P;";(x)
defined by (1) is C? continuous in [z, x,]. At the end
knots x1 and z,,, the derivative values are computed by the
following formulas

B
= A1, — g (83— A1)
x x
'_An 1J+ hZ 2+hf i (An 1,5 An 2])
3)
Remark 1: It is interesting to note that for o ; = 5/, the

four Hermite-type interpolation basis functions Hy (t; o, 3),
k = 0,1,2,3 will return to the four interpolation basis
functions w; ;(t),i,7 = 0,1 given in [14]. And when
aj ; = Bi; — +oo, the four Hermite-type interpolation basis
functions Hy(t; v, ), k = 0,1,2,3 will give approximation
to the four standard cubic Hermite interpolation basis func-
tions.

For any (z,y) € R;;, ¢ = 1,2,...,n -1, j =
1,2,...,m — 1, we now use the x-direction interpolant
P ;(x) given in (1) to construct a new kind of piecewise
bivariate rational interpolation surfaces P; ;(z) as follows

P j(z,y) = Vo(s; o 5, B ;) Pry(x)
+Vi(s;af ;, BY5)P *g+1< z)
+Va(s iy, 7 ;)i 615 (z)
+ Vs(ss a5, B )5 61 (o), @)

where the four new Hermite-type interpolation basis func-
tions Vi(s;af ;, 87;), k = 0,1,2,3 are defined as

Vo(si oy 5, B7 ;)
_ (-s)° 4 (a¥ y S+2)(1—s)*t+(207 ,+87 ,4+1)(1—5)°s”

(1— s)3+a ne 5)25+ﬁﬁj(175)52+s3 )
( S5 Qy ’jaﬁ )
_ +(Bj’]+2)(1 s)s +( ;287 4+1)(1-5)%s®
(1— s)“Jra’ (1—s)? s+6;{j(175)52+s3 ’
Va(s;af ;. B75)
B (1—8)4S+(a?=j+1)(1—5)382
- (175)3+a1z’7j(175)25+Bﬁj(175)52+537

Visial, 87 )
— [(1—s)s4+(ﬂgj+1)(1—s)2s3]
5)25+ﬁ:{j(1fs)52+s3 ’

- (175)3+a§’7j(17
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with o T BY
given by

;.; = 0, and the functions ¢ia(x),l=7,j+1 are III. PROPERTIES OF THE INTERPOLATION SURFACES

In this section, we shall discuss the properties of the inter-
. —(1— 144 DY polation surfaces in detail, including the bounded property,
Gial) = (1 - 0)° (1+4¢ +9¢%) DY, lation surfaces in detail, including the bounded
’ the error formula and the C* continuous property.
+1% (6 — 8t +3t*) DY, | .

From (1) and (4), after some manipulations, we can also

rewrite the interpolation surfaces P; ;(z) as the following
form We denote

A. Bounded property

- M = max{|Fy,|,k=14,i+1,1=74j+1},
417

Pij(w,y) =D [Ari(t,s) Fr Qi = max {7 [ D[,k =i i+ 1,0=jj+1},
k=i i=j @2 = max {hzj } .
ki (1 5) 1 Dy b (68 i Dy ]+ ) By directly computing, we can obtain the following prop-
where erties of the basis functions
A; i (t,s Hy (t;af ;, 3a.7Y.7
,j( ) O( z]ﬁ ) ( 1,3 Bzyj) . A%](t 8)+AZ]+1(t S)+Az+13(t 3)+Az+13+1(t 5)
Aijr1 (ts) = Ho (607 141, 87 01) Vi (8503 . BY ) =1,
Ai-‘rl:j (ta S) Hl (t Oél],ﬁl ]) VO (3 Oélj, /BZ]) s B (] (t S; + Bz 1 (t 5) Bi+1,j (t, S) — Bi+1,j+1 (t, 5)
Ait1j1 (t,s) = Hy (07 511, 87 1 (s507,875) . b
»J ( ,J+1 J+1) ( y,J »J) C; J( ) 1j+1 (t s) + Ci+1,j (t,s) _ Cz‘+1,j+1 (t,s)
B; ; (t,s) = Ho (t Oéz_]vﬁz J) Vo (5 a”., ﬂi:j) ) _ (1+¢—1002 41567 — 6t°) [1-3s+452 =253 4 a¥ (1—5) 548 ,(1-5)%57]
Bij1(t,s) = Hy (t Q@ J-’rl’ﬁz J-‘rl) 1 (8; O‘z,jv ﬁzy,g) ] (1—s)?+af ;(1-s)?s+8Y ;(1—s)s>+5> :
Biy1,(t,s) = H3 (t ai s By ) (S,azjaﬁij), Thus, for the given data, from the expression of the
Bis1j41(t,s) = Hs (08 41,85 541) Vi (s5 al . /@iy,j) , interpolation surface P; ;(x,y) given in (5), we have
3
Ci,j (t,S) = (1 ) (1+4t+9t2)‘/2 (5304{]'75{]') 5 |Pi’j ({E,y)‘
o 3 2 . i+1j+1 i+1j+1
Cugpr (b:s) = (1= (L4 4+ 9) Va (w03 B) s <M 3053 At (8, 9)] 4 Q1 30 3 1B (1,9)
Ciyrj(t,s) =17 (6 — 8t +3t°) Va (5509 ;, 87 ;) , b=ii=g =i i=j
Cipr41 (t,s) =t° (6 — 8t 4 3t%) V3 (s;0 ;, 87,) . +Q2 Z > Cra(t,5)]
=i l=j
We call the terms A, Bx; and Cyy, kK = i,1 + 1, itlj+l
P, * ’ =M 1—t)t C (t
l = j,7+1, as the basis functions of the interpolation surface + @il Jt+ Qs kzz zg |Crr (¢, 5)]
defined by (5). Before further discussion, we want to give < M +0.25Q,

the following end-point properties of the four basis functions

Vi(s;af 5, 87;), k = 0,1,2,3, which is quite useful for
discussing the C? continuous property of the interpolation  Since
surface P; ;(x,y)

s(1—3s+4s%—2s%
+Q2 (1 + ¢ —10t% + 15¢* — 6t°) s(1-fsrist—2s) 1_;+332 )

max (1+ ¢ — 10t* 4 15¢t* — 6t°) = 1.14675,

%(Oaaf]aﬁij) = 17 ‘/H(O;aijvﬁij) :07 tG[O,l]
V()N(0§afjaﬂf ) =0, 8(1—35—1—452—283) 05

’ & ma =0.
‘/0(1,0&?7],63?])_0, VH( zjvﬁ ) SE[O?%] 1—3S+382 ’
Vi(0;08 ), B2, ) _ 07 /(0,08 , B2;) = we can conclude the following t eorem.
V(00 ;, BF) = 0, Theorem 1: For any nonnegative f.ree . parametgrs
Y af]], 5 J) _ 17 Vi(lad,,87,) =0, of Jf ,BF j]’a of 5 By o thjt:g valuesbof tl:ie c1lreliult1ng interpolation
V(10 B2,) = 0, surface P; j(z,y) on R; ; are bounded by
Va(0;a7 5, B7;) = 0, Vo (0035, B75) = 1Py, )| < M +0.25Q, + 0.573375Q5.

Vo' (0;05 5, 87 5) =0,
Va(ls07 5, B75) = 0, V(104 5, 875) =

V(1 Oéfjaﬁi% ) =0, B. Error formula
. "E7 "E7 —_ /
g{/(o(;azggﬂﬁz:g) 07 VES( 1_776 ) dFFOI' any ( )8§ Ri,ja let F;;’j = F(l‘i,yj),Df’j =
3 ( 70%,]‘,51‘,]) 0, ) 7(5“%) Dy 7%“%), and denote
Vy'(1;08 5, B5) =0, Hap T,y H aF IF (z,y) ’
max
Remark 2: 1t is interesting to note that for of ; = 57 (z.y)€Ri

and of ; = B}, the given interpolation surface P; ;(,y) 8F OF (z,y) max 8F OF (z,y)
will return to the interpolation surface given in [14]. (x Y)ER; ;
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For any (z,y) € R;;, by using the Taylor formula of
F(z,y) at the points (z,y;), k=14,i+1,1=7,7+1, we
have

|F'(z,y) — F (zk, 1)

= (z — ) aF(gk,m) +( ) AF (0k,m)

Y=U) 5y

where 6, and 7; are between z and xy, y and y;, respectively.
It follows that

max |F (,y) — F (xk,m)|
(z,y)€ER; ;
il )

Thus for any (z,y) € R; j, we have

|F' (2, y) — Pij (2, y)]
i+1 541
Z lZ [k (t,5) (F (z,y) — F (z,01))
=i l=j
+ B (t,5) h G 4 Cry (8, )h?%f/yl)}
i1 41
< max |F(z,y) — F(zk,y)] Z > Aga(t,s)
(Ivy)ele —i l_]
i+1j+1
+hi ang,y)H > > Bru(ts)
k=i i=j
i+1 41
+hY |25 15275 Cra (1 9)
k=i i=j
< 1.25h¢ || 25522 | + 1573375k || 22522 .

Summarize the above analysis, we have the following
theorem.

Theorem 2: Let F(z,y) € C'(R) be the interpolated
function with P; ;(x,y) is compared. Then for any (z,y) €
R; ;, the following error formula holds

|F (2,y) — Pij (2, y)]
< 1.25h7 || 25822 | 4 1573375k || 2500

From Theorems 1 and 2, we can see that the generated
interpolation surface is stable for the parameters.

C. C? continuity property

For any (z,y) € R, ,, from the interpolation surface
P; j(x,y) given in (4), direct computation gives that

Pij(z.yf) =Pl (@), Pij(2.y51) = Pl (@),
Piyj(x;rvy):VO(Sagaﬁ )Flj"i‘vl(sajvﬁ DFi i+
+ Va(s; o 5, B )RS DY

+V3(S aZJ’B )hy y7j+1’

Vo(s; auaﬁ ) F, i+1,5

+ Vi(s; az]76 ), i+1,5+1

+ Va(s; a”,ﬁ )hyD;"HJ
+Va(s;af ;. 67)hj

Pi,j (xi_Jrlv )

i+1,j+1>

Thus we have P, (z,y) = Pij(z,y;),Pijlal,y) =
Py (2, y).

Furthermore,
0P (x,yy) _ dPy; ()
Ox dr
P (w.y71) _ APy, (@)
0z dx ’
8Pi’j (.%'j7y) Y Y N
T:%(S'aij,ﬁ. .)D, .
+‘/1(S a1]7ﬁ ) zx]—i-l
Dy
+ ‘/2( 'I J?ﬁ ) 1’/,
Dy
i+l
+ Va(s;af 5, B ;)R he
8Pi,j (xi_+17y) Y Y )
Er: = Vo(s; a3, B75) Divr
+Vi(siag;, 075) D
Di\y
oY RY \pY it
+ V2(5a 0‘@]‘751'7]‘) ij
DY, ..
+1,5+1
+ ‘/3( 1 J7 B ) j lfli:pja
K2
P + i3 (T, - » zﬂ»’
thus we have 8P1,]8(m,yj) _ 95 a(z v; ) and o8, 6(17/ v) =
oP; j(x;, . = -
% if iy =hi, oy ;= af; and B, ;= B

Similarly, we have

By = ¢ij (z), oy = ¢ij+1(z),
P ; (zf,y)  dVo(s;af;,BY;) F,
oy B ds hY
dVl(s a”,ﬁ ) F Fijn
ds hy
ds
dVs(s; a”,ﬂ”) y
Ta P
8‘Pivj (x;+17y) dVb(S ay ]75 ) H—lj
Oy ds hy
+d‘/1(s azwﬁ ) 1,+1j+1
ds h?
dS i+1,7
dVs(s;ad ., 87 )
+ #Dz&-l,]-&-la
i (207 1,5 (Y, FICE
it follows that apl’]a(y’yﬂ ) _ 2P a(u v;) and 22 6(1,1' v) _
OP;, PN
# if af_ U—aljandﬁl u-ﬂzj.

From the above analysis, we can see that the interpolation
surface P; j(z,y) is C'' continuous in whole rectangular do-
main R if h? =constant, o ;j =constant and B ;j =constant
foreachje{1,2,..., —1}andallz_12 ,n—1,
no matter what the parameters «;; and ;; mlght be. In
the following, we shall further discuss the C’2 continuous
property of the interpolation surface.

For any (z,y) € R; ;, straightforward computation gives
P ;(z,y) d 9*P; j (x.y)
Oxdy Jyox

the mixed partial derivatives an as
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follows

0*P;; (x,y) 1 dVo (s;af;,8Y;) dPy; (x)

oxdy hy ds dx
idvl (53 ai{jﬁf’,j) dP};4 (2)
h? ds dz
dvs (S;aﬁj,ﬁf’,j) do; ; ()
ds dx
N dVs (s;af 1, BY;) di i1 (@)
ds dx
_ by (z,y)
- oyox

Thus we have

azpm, (%yj) _ do; (z) _ 82Pi,j (x,yj)
oxdy dx Oyox ’
azP“(x _*) do: 32P"(CC -7)
1, 7y]+1 _ ¢1-,J+1 (.T) — J 7yj+1
D20y da 9yde
O*Pij (xf,y)  dVols;ai;, BY;) DY,
Oxdy N ds hay
s dVi(s;af ;. BY ) DF oy
ds h]'y
+ dVa(s; oy, B75) Dy

]
ds h¥
N dVa(s; i, B75) Dy j1a
ds h¥
_ PPy (ahy)
Oyox ’
82Pm» (l‘;_l, y) _ dVO(S§ O‘i‘{ja 6{2) D?Jrl,j
Oxdy ds hy
dVi(s;af ;, 81 ) Dy i
ds hy
N dVa(s;af ;, 81 ) DYy
ds h¥
N dVa(s;af ;, 81 5) Divy i
ds h¥
_ Py (ei,y)
Oyox '

62Pin(I7y:—) 82P,L-,j(w7yi_)

These imply that 520y = 920y =
P (zyl) &Py (zy;) nd > Pi; (=] )
Oyox - Oyox a 0xdy
a2 — a2 a2 —
9] P,;ﬁj(a:i ,y) 0 P”(a:f,y) 0 P,;ﬁj(a:i ,y) ifRE . = B
v Ox0y y - % ; Oyox i—1 — %o
iy ;= aj; and iy ;=B
9%P; i (z,y) . . . . .
For ——52—=, since the z-direction interpolation curve

Py (z) is C? continuous if the first partial derivative values

D7;,i=2,3,...,n—1 are given by (2) and

Py (xf) Py (v7y,)
dx? B dx?

=0, I=4,7+1,

we have
82Pi,j(:1:,y;r) o d2P:j(ac)
) Ox2 7 - gIZ bl
2 Pid(“”‘ryjﬂ) _ AP ()
Ox2 - dz? ’
62Pi,j (:vj,y)
Ox2

2(A7 ,—A7 1
= VO (S,Oéi!jyﬁlyj) ( h%771+hf1 J)
2(A7 1 —AT
+W (S;Oéiy,jaﬁiy,]) ( ,J}‘L?71+h?1,J+1)’
82P,;1j(1;+1,y)
Ox2

2(ay ,._A%',)
_ .Y Yy it1, i,
= Vo (s; s 5”) W
.Y Y Q(Af+1,'+1—Af, +1)
+Vi (Saai,ja@',j) h§+hf+1 =
. 62Pi jlx, + 82Pi (zys
it follows that w = # and
?Pi(=fy o°P; j (=7 ) .
i1 =iy
2 ..
Finally, for %W, we have
2 + 2 _
Py ; (m,yj) _ P j (m’yj+1) _0
6y2 ’ 8y2 )
2
agpi-,j (xjvy) - d=Vo (Svazﬁﬂz‘{j) FiJ
y? B ds? )2
Y (h¥)
2 Y py
d*Va (s,0} . BY)) Fijia
ds* ()’
d*Va (5,045, B7;) Di;
ds? hg
2
d*Vs (s,af ;. 875) DY i
ds? hi’ ’
- 2 Yy py
anivj (Ii+l7y) _ d ‘/0 (Saai7ja6i7j) FH‘Lj
oy? B ds? ¥\ 2
Y ()
o ,
d*Vi (s, 05, BY5) Fiiajn
T wy
J
2
d*Va (s,af ;. BY5) DYy
ds? hg
2 Yy py Yy
d*Vs (s,0} ;. BY;) DYy i
ds? hg ’
. 8%P; ;i (x,yf 0%P; i (z,y:
it follows that # ]g v ) and
*P; j(=f y %P j(z7y) . ‘
ZroLia) o ZESEO) i ar, — ol and
zyqj = By i Summarizing the above discussion, we

can conclude the following theorem.

Theorem 3: If the knots are equally spaced for variable
x, that is hY =constant, and the first partial derivative
values Dy ;, ¢ = 2,3,...,n — 1 are given by (2), then a
sufficient condition for the interpolation surface P, ;(x,y)
to be C? continuous in the whole rectangular domain R
is that o ; =constant and 3]; =constant for each j €
{1,2,...,m—1}and all i = 1,2,...,n—1, no matter what
the parameters o ; and j3;; might be.

For generating the interpolation surface P; ;(x,y), we also
need to provide the first partial derivative values D;’{ b=

1,2,...,n, 7 =1,2,...,m in advance. In this paper, they
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are computed by the following formula

y
Dg,l = }A;Jl; ﬁ#}g”(A?’z - Ai‘{l) ’
DY, = L=l T sl R =23, m =1, ©
DZm = Asz}y
W (Azm—l - A?,m—Q) )
where ¢t = 1,2,...,n.

IV. NUMERICAL EXAMPLES

In this section, we shall give two numerical examples
to show that the proposed C? interpolation surface scheme
can give a good approximation to the interpolated function.
And for the unchanged interpolating data, the shape of the
interpolation surface can be modified by changing the four
parameters according to the control need. In the following
figures, the interpolating data points have been marked with
solid black dots.

Example 1: Let the interpolated function be F(x,y) =
22 4+ % (z,y) € [0,1] x [0,1], and x; = 0.2(i — 1),y; =
0.2(j —1),4,7 = 1,2,...,6. The parameters are chosen as
a;f ; =10+ 10i + 207, 57, = 20 + 20i + 10j7a"i{j =10+
205,8¢; = 20 + 10j,4,j = 1,2,...,6. Fig. 1 shows the
resulting interpolation surface P(z,y) defined by (4) and the
error surface F'(x,y) — P(x,y). From the results, we can see
that the interpolation surface gives a good approximation to
the interpolated function.

(A) Interpolation surface P(x,y).

-3

(B) Error surface F{x,y)-P{x.y).

Fig. 1. Interpolation surface and the error surface.

Example 2: Fig. 3 shows the C? interpolation surfaces
with different parameters for the 3D data set given in Tab. 1.
It can be seen that the interpolation surface can be modified
conveniently by selecting suitable parameters according to
needs of practical design.

Example 3: Fig. 3 shows the comparison between the
C? interpolation surfaces generated by the new developed
method and the one given in [16] for the 3D data set given
in Tab. II. Our method provides four parameters, which is
more flexible in adjusting the shape of surface than the the
one given in [16] with two parameters.

TABLE I
THE 3D DATA SET GIVEN IN [14].

y/x 0 0.5 1 1.5
0 3 2 4 3

0.5 2 1 3 2
1 3 3 1 3
1.5 2 4 2 3

TABLE II
THE 3D DATA SET GIVEN IN [16].

y/x 0 1 2 3 4 5 6
0 0 1 3 4 3 1 0
1 1 2 4 5 4 2 1
3 3 4 5 8 5 4 3
5 1 2 4 5 4 2 1
6 0 1 3 4 3 1 0

V. CONCLUSION

As stated above, the developed interpolation surface is C?
continuous and include the interpolation scheme given in [14]
as a special case. The shape of the interpolation surface can
be modified conveniently by using the parameters under the
unchanged interpolating data. And the interpolation surface
is bounded and stable for the four parameters. There are
still some problems worthy of further study, such as the
convexity control of the new constructed C? interpolation
spline surface. These will be our future work.
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