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A Class of Polynomial Spline Curve with Free
Parameters that Naturally Interpolates the Data
Points

Juncheng Li, and Chengzhi Liu

Abstract—In this paper, we present a class of polynomial
spline curve that can naturally interpolate the given data points.
The proposed curve is C¢ and can be adjusted by two free
parameters when the data points are kept unchanged. In
addition, we give three selection schemes of the free parameters
for constructing the curve with approximate shortest arc length,
the curve with approximate smallest strain energy and the curve
with approximate shortest arc length and smallest strain energy.

Index Terms—Arc length, free parameter, interpolating
spline, polynomial spline, strain energy

I. INTRODUCTION

N geometric modeling, the shape of curves/surfaces often

needs to be adjusted freely. In order to achieve this goal, the
parametric curves/surfaces with free parameters have been
widely concerned. Some examples are the curves/surfaces
with free parameters that similar to the Bézier curves/surfaces
(see [1-4]), the curves/surfaces with free parameters that
similar to the B-spline curves/surfaces (see [5-8]), the
trigonometric curves/surfaces with free parameters that
similar to the Bézier curves/surfaces or the B-spline
curves/surfaces (see [9-13]). Due to the free parameters, those
curves/surfaces have better performance than the classical
Bézier curves/surfaces or B-spline curves/surfaces.

As we know, the construction of interpolating curves is a
basic problem in CAD and related fields. When we use Bézier
curve or B-spline curve to construct interpolating curves, the
general way is to reverse a linear equations system to get the
control points. In order to construct curves that can naturally
interpolate the data points, the interpolation splines with free
parameters are presented in [14, 15]. However, the splines
presented in [14, 15] are trigonometric polynomials. It would
not convenient to use the non-polynomial splines in CAD
systems. In addition, the splines presented in [14, 15] can only
achieve C® continuity. Higher-order continuity may be
required in some applications. Therefore, it is necessary to
construct the polynomial splines with free parameters that can
achieve higher-order continuity and naturally interpolate the
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data points. The main purpose of this paper is to present a
class of polynomial spline curve with two free parameters that
can achieve C’ continuity and naturally interpolate the data
points, and give some schemes for selecting the free
parameters of the curve.

The rest of this paper is organized as follows. In Section II,
the new curve is presented and some properties of the curve
are given. In Section III, three selection schemes of the free
parameters are discussed. A short conclusion is given in
Section IV.

II. THE INTERPOLATING SPLINE CURVE WITH TWO FREE
PARAMETERS

A. The Basis Functions
Definition 1. For 0<t<1, a,BeR, the basis functions
are expressed by

JoO) = ay(D)ax + by (1) B,

J (@O =aa+b@)f +¢(0),

L) ==a,(O)a + b, () f + (1= ¢, (1)),
SO =~ (e = (b () + (1) + b)),

(1

where

ay(t) =—t +20t* —45¢° +36¢° —10¢,

a()=15¢* =397 +34¢° —10¢,

by(t) =1 —10t* + 206’ —15¢° +4¢7,

b(t)=-21" +25t" — 54 +43t° —127,

b,(t) =1 —20¢* + 48 —411° + 121,

¢ (t) =1-35¢" +84¢ —70¢° + 20¢.

By simple calculation, we can easily get that the proposed

basis functions have the following properties,
(A) The sum of the basis functions is 1, that is

SO+ [0+ L+ f()=1.

(B) The basis functions have symmetry, that is
fid=0)=f,_,(t) (i=0,1,2,3).

(C) The basis functions satisfy that

{fo(m—o, £0)=1 £,(0)=0, £(0)=0, @
£M=0, =0, £D)=1 f£1)=0.
{fo’(O)——a, £0)=0, f£O)=a, f0)=0, 3)
=0, fih=-a, D=0, fDH=a
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{J%"(O)—Zﬂ, RO=4p £O=25. FO=0.

=0, =28 fI0)=-45 £ =25
{fom(O)—f{m(O)—fzm(O)—ﬂ"(O)—O, -
AW =10 = £ 1) = £ (1) =0,

B. The Interpolating Spline Curve
Definition 2. Given data points ¢, (i=0,1,---,n;n>3), the

interpolating spline curve is expressed by
3
Ri(t):Zf/(t)qH/ (i=0,1-,n-3), (6)
j=0

where f,(t) (j=0,1,2,3) are the basis functions expressed in

Eq. (1).

From the properties of the basis functions, we can get that
the proposed curve has the following properties,

(A) Since the basis functions have symmetry, we have

R(-69,.9.,9.9)
= [i0q,.; + [,(0q,., + [, + fy(Dg,
= Ri(t;qisqi+l’qi+2’qi+3) M (7)

Eq. (7) shows that both ¢, and ¢, , (i =0,1,---,n) define the

same curves in different parameterizations. That means the
curve has symmetry.
(B) From Eq. (2) and Eq. (6), we have

{R‘(O) :qi+l’ (8)

R(1)=gq,,,

where i=0,1,---,n—3. Eq. (8) shows that the curve naturally
interpolates the given data points except ¢, and ¢, .
(C) By Eq. (3) and Eq. (6), we have

{R,.'«)) = (g, —4): )

R['(l) =a(q,; —4..)

By Eq. (4) and Eq. (6), we have

{Ri" 0)= 2ﬂ(qi —24,,,+4,,,), (1 0)

R[” =284, — 24, +4,.5)-

By Eq. (5) and Eq. (6), we have

(1)

R"(0)=0,
R"(1)=0.

From Egs. (9)-(11), we have

Eq. (12) shows that the curve achieves C* continuity.

(D) Since Eq. (6) contains two free parameters « and £,
shape of the curve can be modified by the two free
parameters.

Because the curve naturally interpolates the given data
points except ¢, and ¢, , we would get the open curve that
can naturally interpolate all the data points if two auxiliary
points ¢, and g¢,,, are added to the data points g,
(i=0,1,--
would only influence the first and the last segments of the
curve. Thus the open curve would be uniquely determined by
the two free parameters when all the data points including the
two auxiliary points are fixed, see Fig. 1 as an illustration.

-,n). Not hard to find that the two auxiliary points

4 4
3 3
2 2
1 ] 1 .
0 0
-1 =i
0 05 1 1.5 0 05 1 1.5
(@) (a,8)=(03,0.5) (®) (a.)=(0.5,0.5)
4 4
3 3
. .
2 2
1 . 1 .
0 0
= -1
0 05 1 1.5 0 0.5 1 1.5

©) (a,8)=(0.5,1.2) (d) (,=(0.7,12)
Fig. 1. The open curves with different free parameters

If three auxiliary points ¢ , =g¢,, ¢,,, =9, and q,,, =¢, are
added to the data points ¢, (i =0,1,---,n), we would get the
closed curve that can naturally interpolate all the data points.
The closed curve could be uniquely determined by the two

free parameters when all the data points including the three
auxiliary points are fixed, see Fig. 2 as an illustration.

RO(1) =R, “(0), k=0,1,2,3.

©) (@,p=(1.0,15)
(12)
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As we know, the B-spline and the NURBS are basic spline
models in most CAD systems. Compared with the B-spline
and the NURBS, the proposed spline has the following
advantages,

(A) When using the B-spline or the NURBS to construct C°
interpolating curve, we often need to reverse an equation
system. However, we can naturally get the C’ interpolating
curve by using the proposed spline without solving the
equation system.

(B) The shape of the B-spline would be unique if the
control points are fixed. Although the shape of the NURBS
can be modified by changing the weights, the rational

structure of the NURBS leads to a large amount of calculation.

However, we can easily modify the shape of the proposed
spline by changing the two free parameters even if all the data
points are fixed. Moreover the proposed spline is polynomial,
so its structure is simpler than the NURBS.

Compared with the interpolating spline presented in [14,
15], the proposed spline has the following advantages,

(A) The proposed spline is polynomial, while the splines
presented in [14, 15] are trigonometric. Hence the proposed
spline is more suitable for CAD systems.

(B) The proposed spline achieves C’ continuity, while the
splines presented in [14, 15] can only achieve C* continuity.
Hence the proposed spline is more suitable for applications
requiring higher-order continuity.

III. PARAMETERS SELECTION SCHEMES OF THE CURVE

As shown in Fig. 1 and Fig. 2, we can change the shape of
the proposed curve by the two free parameters. Alternatively,
we can concretely select the two parameters according to
some goals. Here, we present the selection schemes of the free
parameters for constructing the curve with approximate
shortest arc length, the curve with approximate smallest strain
energy and the curve with approximate shortest arc length and
smallest strain energy.

(A) Parameters selection scheme for constructing the curve
with approximate shortest arc length.

Generally, the arc length of the curve r(r) (a <t <b) canbe

described by

L=[r . (13)

In order to facilitate the calculation, the arc length (13) can
be expressed as the following approximate form (see [16]),

5,00) = [ b ar. (14)

Then the arc length of the proposed open curve can be
approximately expressed by

Laf)=3 [ (R@) dr (15)
By Eq. (1), we can rewrite (6) as follows,
R()=A0a+B(0)+C(1), (16)

where
A,(1) = a,(0)q; + a,(1)q,,, — a) (g, — a,(D)q,.5 »
B,(t) =b,(t)q; + b ()q,., + b, ()q;., — (B () + b (1) + b, (0))g,..5 »
C() =g, +(1=¢ ()., -
By taking Eq. (16) into Eq. (15), we have
L(a,B) = Aa’ + LB + 200+ 24,0 + 248+ A, , (17)

where
h=S[(A40ya, 4=3 [ (Boya,
h= T A© BOW 4= [[(40-CoXr,

i= 3 J)(B@-CoXe, 2= [[(Clo)dr.

In order to get the approximate shortest arc length, it must
have

oLe.p) _,
oa ’
1
oLe.p) _, (%)
op '
From Eq. (17), we can rewrite Eq. (18) as follows,
{ﬂja+ﬂ3ﬂ+ﬂ4=0, (19)
Lo+ L,p+ 2 =0.
By solving Eq. (19), we have
a= AAs — ﬂ'z’}t ,
Ao = s 20)
B= Ay = A4s
=25

where 44, — A7 #0.

It should be noted that Eq. (19) would have no solution if
A4, —27=0. In this case, we could modify the auxiliary

points to make 44, — 4} =0 hold.

Given all the points shown in Fig. 1, the open curve with
approximate shortest arc length is illustrated in Fig. 3.

35;

3t

25 .

ol

1.5

it .

0.5}

ot

-05 : T R
02 0 02 04 06 08 1 12 1.4

Fig. 3. The open curve with approximate shortest arc length
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Similarly, given all the points shown in Fig. 2, the closed s — I,
curve with approximate shortest arc length is illustrated in Fig. 4. “= iy — 1 25)
_ My~ s
6 Hhpty, = 4
4 where g, — 15 #0.

It should be noted that Eq. (24) would have no solution if
i, — 15 =0. In this case, we could modify the auxiliary

points to make gz, — £ #0 hold.

Given all the points shown in Fig. 1, the open curve with
approximate smallest strain energy is illustrated in Fig. 5.

35¢
Fig. 4. The closed curve with approximate shortest arc length
3l
(B) Parameters selection scheme for constructing the curve 2.5 .
with approximate smallest strain energy. )

In general, the fairness of a curve can be approximately
measured by its strain energy (see [17]). The smaller strain 1.5
energy the curve has, the fairer the curve is. The strain energy

1r [ ]
of the curve r(r) (a <t<b) can be approximately described
0.5}
by E :jb(r"(t))zdt (see [18]). Then the strain energy of the
a 0 L
proposed open curve can be approximately expressed by
32 0 02 04 06 08 1 12 14
E(a,p)= f J' ]( R"(t))z dr. 21 Fig. 5. The open curve with approximate smallest strain energy
0 1
i=—1
Similarly, given all the points shown in Fig. 2, the closed
By taking Eq. (16) into Eq. (21), we have curve with approximate smallest strain energy is illustrated in
Fig. 6.

E(a,p)= :Ulaz + /‘zﬂz +2paf +2p0 + 2B+ pg (22)

where

= E (410 By, =3 (410 oY

=3 [\(BIO-Cloie, s, = 3 [)(Clo) .

In order to get the approximate smallest strain energy, it
must have

Fig. 6. The closed curve with approximate smallest strain energy

E@.p) _,
Oa , (23) (C) Parameters selection scheme for constructing the curve
9E(a.p) _ 0. with approximate shortest arc length and smallest strain energy.
op If we need to construct the curve with shortest arc length
and smallest strain energy, the objective functional could be
From Eq. (22), we can rewrite Eq. (23) as follows, described by
{,ula + B+ u, =0, (24) M(a,8)=L(a,B)+ E(a, ) . (26)
e+ inf + ps = 0.
In order to get the approximate shortest arc length and
By solving Eq. (24), we have smallest strain energy, it must have
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M@p)_,
o ’

27

M@p)_, .
op '

From Eq. (17) and Eq. (22), we can rewrite Eq. (27) as
follows,

{(/11+;u1)a+(/l3+;u3)ﬂ+(/14+,u4):0, (28)
(A +w)a+ (A + 1) B+ (A + 145) = 0.
By solving Eq. (28), we have
a= (ﬂs + /'13)(}“5 + /us) 7(/12 + }12)(24 +/—‘4)
(/11 +/u1)(ﬂz +/—‘z)7(ﬂ3 +/u3)2 (29)

_ (B ) (A + ) = (A + 1) (s + 145)
(/11 + M)(ﬂz +/—lz) 7(13 + /43)2

B

where (/11 +:U1)(j7 + ;uz) _(ja + ;us)z #0.
It should be noted that Eq. (28) would have no solution if
(4 + 1) (A, + 1) — (A, + 1) =0 . In this case, we could modify

the auxiliary points to make (4 + )4, + 14,) — (A4 + 1)* 20
hold.

Given all the points shown in Fig. 1, the open curve with
approximate shortest arc length and smallest strain energy is
illustrated in Fig. 7.

35
3t
251 .
2 |-
1.5F

1r L]

05 . . . . \ . . .
-0.2 0 02 04 08 08 1 12 1.4

Fig. 7. The open curve with approximate shortest arc length and smallest
strain energy

Similarly, given all the points shown in Fig. 2, the closed
curve with approximate shortest arc length and smallest strain
energy is illustrated in Fig. 8.

Fig. 8. The closed curve with approximate shortest arc length and smallest
strain energy

IV. CONCLUSION

In this paper, we present a class of polynomial spline curve
with two free parameters that can naturally interpolate the
data points. The proposed curve can achieve C° continuity
and be modified by the two free parameters. Furthermore, we
give the selection schemes of the free parameters for
constructing the curve with approximate shortest arc length,
the curve with approximate smallest strain energy and the
curve with approximate shortest arc length and smallest strain
energy. Since the construction of interpolation curve is a basic
problem in CAD and related fields, the proposed spline and
the selection schemes of the free parameters may be helpful.
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