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The Lattices of Monadic Filters in Monadic
BL-algebras

Juntao Wang, Member, IAENG, Mei Wang

Abstract—In this paper, we focus on lattice structures of the
set of monadic filters (monadic filters, stable monadic filters,
involutory monadic filters) of monadic BL-algebras and prove
that

(a) the classes of all monadic filters in monadic BL-algebras
forms a complete Heyting algebras with respect to inclusion;

(b) the class of all stable monadic filters relative a monadic
filter /' in monadic BL-algebras is a complete Boolean algebra
with respect to inclusion;

(c) the class of all involutory monadic filters relative a
monadic filter F' in monadic BL-algebras is a complete Boolean
algebra with respect to inclusion.

These results also provide the solid foundation to study the
variety of monadic BL-algebras.

Index Terms—monadic BL-algebras, filters, Heyting algebras,
Boolean algebras.

I. INTRODUCTION

ONADIC algebra, in the sense of Halmos [1], is a
Boolean algebra equipped with a closure operator 3,
which abstracts algebraic properties of the standard existen-
tial quantifier “for some”. The name “monadic” comes from
the connection with predicate logics for languages having
one placed predicates and a single quantifier. After then,
monadic MV-algebras, the algebraic counterpart of monadic
Lukasiewicz predicate logic, were introduced and studied
in [2]. Subsequently, monadic BL-algebras, monadic NM-
algebras, monadic bounded hoops and monadic BCI-algebras
were introduced and investigated in [3], [4], [5], [6].
Nowadays filters are tools of extreme importance in many
areas of classical mathematics. For example, in topology they
enhance the concept of convergence and, in measure theory,
prime theory can be interpreted as basic components of
probability measures and in fuzzy mathematics, filters have
been conceived in various manners. Hajek [8] introduced the
notion of filters in BL-algebras and proved the completeness
of Basic Logic, BL. Broumand Saeid [7], [12], [14], [15]
proposed some types of filters in BL-algebras and gave
some characterization of them. Bugneag [11], [16] studied
the lattice of filters of BL-algebras and obtained some
interesting results. Monadic filters also play an important role
in studying monadic logical algebras. Note that the notion of
monadic filters in monadic BL-algebras is not the same as
that of filters in BL-algebras. So, it is interesting to study the
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lattice of monadic filters of monadic BL-algebras and obtain
some generalized result. These results also can provide the
solid foundation to study the variety of monadic BL-algebras.

The paper is organized as follows: In Section 2, we review
some result on monadic BL-algebras and obtain some new
results. In Section 3, we study the lattice structure of some
types of monadic filters in monadic BL-algebras.

II. MONADIC BL-ALGEBRAS

Adapting for the propositional case the axiomatization of
S5(BL), D. Castafio et al [6] also proposed a simplified set
of axioms for the above calculus, called S5'(BL), whose
axiom schemata are all the ones for logic BL together with
the following axiom schemata:

S1) Oa = a,

(82) O(a = 0OB) = (0a = 0p),

($3) O(0a = B) = (Da = Op),

(84) O(0a U B) = (Ca L 0p)

(S5) Ola&a) = (Oa&da)
and closed under Modus Ponens (a, a = /) and Neces-
sitation Rules (a/Oc).

In order to show that S5'(BL) is complete, we apply a
general result from Abstract Algebraic Logic (shortly AAL).
We start from by showing that S5(BL) is an implicative
logic in the sense of Rasiowa [10], which is a logic if
there is a binary (either primitive or definable by a formula)
connective = of its language such that the following hold:

R)Fa=q,

MP) o, = B+ B,

Ma=p=>yFa=7,

(Cong) @ = B,8 = a b el

0(717"' a’yi767"' 7’771)3
W) ak = a.

y Vi Oy vt 7771) =

Most of these properties hold for BL. In order to show
that S5'(BL) is an implicative logic, we only prove that two
new connectives [J and ¢ and = are compatible.

Proposition 2.1: The following formulas are provable in
S5'(BL):

1) F0O1,

2) FOo = (Oa&Oa),

3) a= g+ Oa= 08,

4) Qa,a = g+ 0B,

5) Do, 0O(a = p) - 0Op,

6) Do = g F Qo= 08,

7 FOe= )= 0Oo=08),
8) F Qa=00a,

9) a= Qa,
10) F O1,
11) o= B8F Qa= 0p,
12) -« F ﬁQOé,
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13) Qa,a = B+ Op.

Proposition 2.1(3),(11) show that (Cong) is satisfies for
O and ¢. Thus S5(BL) is an implicative logic and hence
is algebraizable in the sense of Blok and Pigozzi [4]. This
gives us immediately the completeness with respect to its
associated class of algebras, which will be called monadic
BL-algebras [6].

Definition 2.2: A monadic BL-algebra is a pair (L,V,3),
where is L a BL-algebra, V: L — L and 3 : L — L are
two unary operations on L such that the following conditions
hold, for any z,y € L,

D) V(z) <z,

2) V(x — Vy) = dax — Vy,

3) V(Vz — y) = Vo — Vy,

4) Y(Jx Vy) =3z VVy,

5) Az z) =Tz 06 .

Algebraizability implies completeness of S5(BL) with
respect to the variety of monadic BL-algebras.

Theorem 2.3: Let T be a theory and « be a formula over
S5'(BL). Then the following statements are equivalent: (1)

) Thka,

2) for each monadic BL-algebra (L,¥,3) and for every

model e of T, e(a) =1,

3) [a]r = [1]r in S5'(BL).

In S5'(BL), the usual form of the deduction theorem does
not hold. Indeed,

o F Oa, but ¥ o = Oa,
see the following example.

Example 2.4: Let L3 be a three-element G-algebra. If we
define V and 3 on L3 in the following way:

0, =0 0, =0
Ve =<0, xz% Jr =<1, m:%.
1 r=1 17 =1

)

Then (L3,V,3) is a monadic G-algebra. Also, for any
model e in this algebra, if e(a) = 1, then e(Va) = 1. But for
e(a) = 3 we have e(Va) = 0, and hence e(a = Va) = 0.

However, S5'(BL) enjoys the same form of deduction
theorem holding for logics with the A operator in [8].

Theorem 2.5: T ,a - B if and only if T F Oa = S.
Proof: We prove by induction on every formula o;; (1 <
1 < n) of the given derivation of § from T'U « that T +
o = a.

If a; = «, then the result follows due to (S1). If a; €
T or is an instance of an axiom, then the result follows
using Modus Ponens and the derivability of the schema o; =
(Oa = «;).

If a; comes by application of modus ponens on previous
formulas in the derivation, then the result follows, because
from Oa = o and Ja = (ap = «;) we may derive
(Oa&Oa) = (ar&(ar = ;) and hence also Do = ay,
using transitivity of = applied to Proposition 2.1(2) and
(ap&(ar = ;) = .

If o; = Oay, comes using Necessitation Rules from oy,
then from Ua = aj, we may derive Do = oy using
Proposition 2.1(7).

Conversely, to the derivation given by the hypothesis add
a step with a. In the next step put Oa, which follows from
the previous formula using Necessitation Rule. Then derive
B using Modus Ponens. ]

III. MONADIC FILTERS IN MONADIC BL-ALGEBRAS

Algebraizability also gives us the notion of filters in
monadic BL-algebras, which will have natural interpretation
as the sets of all provable formulas in the logic S5’'(BL). In
this section, we focus on lattice structures of the set of all
monadic filters in monadic BL-algebras.

Given a monadic BL-algebra (L, V, 3), a filter F' is called
a monadic filter of (L,V,3) if it closed under V. For any
nonempty subset X of L, we denote by (X)y the monadic
filter of (L, V, 3) generated by X, that is, (X )y is the smallest
monadic filter of (L,V, 3) containing X. Indeed,

(X)v ={x € Llx > Vx10V220- - OVay,x; € X,n > 1}
In particular, (a)y = {« € L|z > (Va)",n > 1}. Also, if F
is a monadic filter of (L,V,3) and = ¢ F, then we put

FvVz):=(FU{z}hy={y e Llx > fo V)", f € F}.

We denote the set of all monadic filters of (L,V,3) by
MFIL,V,d] and easily prove that M F'[L,V, ] is a complete
lattice with respect to inclusion.

The following example shows that monadic filters exist in
monadic BL-algebras. Also, it indicates that the concept of
monadic filters in monadic BL-algebras is not the same as
that of filters in BL-algebras.

Example 3.1: Let L = {0,a,b,c,1}, where 0 < a <
b,c < 1. Define operations ® and — are as follows:

10 a b ¢ 1 - 10 a b ¢ 1

0O 0 0 0 O oO|1 1 1 1 1
a |0 a a a a a |0 1 ¢ 1 1
b0 a b a 1 b |0 a 1 ¢ 1
c|0 a a ¢ 1 c |0 b b 1 1
1{0 a b ¢ 1 110 a b ¢ 1

Table 1. The operations ® and — of Example 3.1
Then (L,A,V,®,—,0,1) is a BL-algebra. Define V and 3
are as follows:

01, £=0,a,b 0, =0
Ve=<¢, x=c¢ dr=4q¢, x=a,c.
1; z=1 1, x:b,l

Then (L, V,3) is a monadic BL-algebra. It is easily checked
that monadic filters of (L,V,3) are {c,1}, {1} and L.
However, {a,b,c, 1} is a filter of L, but not a monadic filter
of (L,V,3), since Va =Vb =0 ¢ {a,b,c,1}.

Theorem 3.2: Let (L,¥,3) be a monadic BL-algebra.
Define operations A,V,+— on MF[L,V,d] are as follows:
for all Fy,Fy, € MF[L,V,7],

Fi AN Fy = F) N Fy,

Fi VvV F, = <F1 UF2>v,

Fi— F,={xe€LVxV fi € F, for any f; € F}}.

Then (M F[L,V,3],A,V,—,1,L) is a complete Heyting
algebra.
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Proof: Let {F;};cr be a family of monadic filters of
(L,¥,3). Then easily obtain that the infimum and supermum
are

{F;}ier = NicrFyy VierFi = Uierr,.

Hence (MF[L,V,3],A,V,1,L) is a complete lattice under
the inclusion order C.
Then we define

Fy— Fy = {JJ S L|Vx\/f1 e Fy for any f1 S Fl}
for any Fy, Fy € MF[L,V,d], and shall prove that
Fl /\FQ < F3 if and Ol’lly if F2 < F1 — F3

for all F, Fy, F3 € MF[L,V,3].

We show that Fy — F» is a monadic filter of (L,V,3).
Clearly 1 € Fy — Fy. If © € F; — F5 and = < y, then
for any f; € F3 such that Vz V f; € F5. Since Vz V f1 <
VyV f1 € F5, we have y € Fy — Fb. If x,y € Fy — Fb,
then for any f; € Fi, VoV f1,Vy V f1 € F», and hence
Yz ®y)V f1 € F5. So x @y € Fy; — F,. Obviously, if
r € [N — I, then Vo € Iy — F5. Thus F; — Fy is a
monadic filter of (L,V,3).

Then we will prove that Fi A F» < F3 if and only if I} <
Fy — F3. Assume that '} A Fp < F3. Let f; € Fi. Then
Vfi € F1, and for any fo € Fy, we have fo VVf1 > Vf1,
f2 \/Vfl > fz, and hence f2 \/Vfl € Fi N Fy < F3. Thus
f1 € F» — F3. Conversely, assume that F; < Fy — F3. Let
x € Iy N\ Fy, then x € Fy — Fj5. For any y € F5, we have
Ve Vy € F3. Taking y = x € F», we have x VVe = x € F3.
Thus F1 SFQF—)Fg. |

Corollary 3.3: Let (L,V,3) be a monadic BL-algebra.
Then (MF[L,¥,3],C) is a pseudocomplemented lattice.
Moreover, for any F' € M F[L,V, 3], the pseudocomplement-
ed of F'is

F—1={zeL|VzV f=1forany f € F}.

Let (L, V¥, 3) be a monadic BL-algebra and F' be a monadic

filter of (L,V,3). Given a nonempty subset X of L, we put

X+ ={a€ LVaVax€F,forany v € X},

which is called a monadic co-annihilator of X with respect
to F. Clearly, 1 € X#". In particular, it is easy to prove
that X f;v is a monadic filter and ' C X j,:v, which will
generalized the related results in [13].

Then we give some properties of monadic co-annihilators
in monadic BL-algebras.

Proposition 3.4: Let (L,V,3) be a monadic BL-algebra,
F and G be monadic filters of (L,V,3). Given nonempty
sets X,Y of L, we have:

1) F C G implies XI#V - Xév,

2) X CY implies YFlv C XI%V,

3) (X)) = Xg"

4) if F C G, then GNGE' = F,

5) (Xp")p" NXp" =F,

6) X#" =L if and only if X C F,

7 (VierXi)F" = Nier(X) 5"

Proof: (1) If F C G and a € X", then VaVz € F
for any z € X, and hence Va V = € G for any = € X, that
is, a € X£". Thus, Xz C X2V.

(2) If X CY and a € Y2V, then Va Vy € F for any
y € Y, and hence Va V z € G for any = € X, that is,
a € X#7. Thus, Y2V C X#7.

(3) If z € X, then Va V x € F for any a € X3, which
implies z € (X£)%", and hence X C (X#")%". Applying
(2), we have ((X£")£")5" € X£". On the other hand,
taking X = X" in X C ((Xz")5")5", we obtain X" C
(XEY)EY)EY. Thus ((XEY)EY)EY = XAY.

(4) If 2 € GNGEY, then x € G and z € G Tt follows
that VaVa € F for any a € G. In particular, taking + = a in
VYaVx € F, we have Vx Vo = x € F, that is, x € F, which
implies G N Gf;v C F. On the other hand, since F' C G, we
have F = FNG =G#"NG. Thus, GNGE = F.

(5) Since X" is a monadic filter of (L,V,3) and F C
X#Y, we can obtain (X#")£" N X# = F by (4).

(6) If X£" = L and a € X C L, then a € X£", and
hence VaVa =a € F. Thus X C F. Conversely, if X C F
and x € L, we have x € Xﬁ:v. Therefore, X C F.

(7) Tt follows from (2) that (U;erX;)5" C (X;)E" for
any ¢ € I. We deduce that (UieIXi)#v = ﬂieI(Xi)#v.
Conversely, let a € N;er(X;)E", we have a € (X;)#" for
any ¢ € I. Hence Va Vx € F for any z; € X and 7 € I,
which implies @ € (U;erX;)5". Therefore, (UiesX;)5" =
ﬁieI(X,-)fv. |

We will study the lattice structures of two special types
of monadic filters in monadic BL-algebras via monadic co-
annihilators.

Theorem 3.5: Let (L,V,3) be a monadic BL-algebra and
F' be a monadic filter of (L, V,3). Given a nonempty set X
of L, we have

(X)y = F = Xz"
in the Heyting algebra (M F[L,¥,3|,A,V,—,1,L).

Proof: If a € (X)y — F, then (a)y C (X)y — F,
and hence (a)y N (X)y C F. For any * € X, we have
VaVa € (VaVa)y C (a)yyN(X)y C F for any z € X,
and hence Va V z € F, which implies a € X fgv. Thus,
(X)y s F C XAY.

Conversely, if a € X7, then Ya V z € F, which implies
a € (X)y — F. Thus X3V C (X)y — F. Therefore,
(X)y > F = X£V. m

Corollary 3.6: Let (L,V,3) be a monadic BL-algebra and
F be a monadic filter of (L, V,3). Given a monadic filter G
of L, we have

Gw— F=Gg"
in the Heyting algebra (M F[L,V,3],A,V,—,1,L).

In what follows, using monadic co-annihilators, we in-
troduce stable monadic filters relative a nonempty set X in
monadic BL-algebras.

Definition 3.7: Let (L,V,3) be a monadic BL-algebra
and F' be a monadic filter of (L,V,3). Then F is called
a stable monadic filter relative X if XIJ,:v = F, that
is, (X)v — F = F in the complete Heyting algebra
(MF[L,Y,3|,\,V,—,1,L).

We will denote the set of all stable monadic filters relative
X of (L,V,3) by SxMF[L,v 7|

Example 3.8: Let (L,V,3) be a monadic BL-algebra and
F = {c, 1} be a moandic filter in Example 3.1. If X = {a},
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then X#" = {¢,1} = F, that is, F is stable monadic filter
relative X.

Theorem 3.9: Let (L,V,3) be a monadic BL-algebra and
X be a nonempty set of L. Then a stable filter F' is stable
relative X if and only if has a form (X)y — F in the
complete Heyting algebra (M F[L,V,3],A,V,+—,1,L).

Proof: If ' is a stable state filter relative X of (L, V, 3),
then follows from Definition 3.7 that F' = (X)y — F for a
nonempty set X of L.

Conversely, if G = (X)y — F, then (X)y — G =
X}y = (Xh = F) = (X) A (X)) o F = (X)y >
F = G. Thus, G is a stable filter relative X of (L,V,3). &

Applying Theorem 3.9, we have
SxMF[LV] ={(X)y— F|F € MF[L,V]}.

The next result shows that (Sx M F[L,V,d],
complete Heyting algebra.

Theorem 3.10: Let (L,V,3) be a monadic BL-algebra
and X be a nonempty set of L. Define A and U on
SxMF[L,V, ] are as follows: for any (X )y — F1, (X )y —
F,

C) forms a

(X)v = 1) A((X)y = Fo) = (X)y = (1A Fp) =
(X)v = (F1 N Fy),
(X)v = F1) U ((X)y = F2) = (X)y = (F1V Fy) =

<X>V — <F1 U Fz}v.
Then (Sx MF[L,V, 3], \,U,—) is a complete Heyting alge-
bra.
Proof: 1f {<X>V — Fi}ie[ - SxMF[L,V, 3], then
Nier{{(X)v = Fitier = (X)v = Nier Fi.

Thus (Sx M F[L,¥,3],C) is a complete lattice.
Next, we show that (X)y — (Fy V F3) is the supremum
of {{X)y — Fy,(X)y — Fy}. Notice that

<X>v — F1 - <X>v — (F1 \/FQ),
<X>v g F2 - <X>v g (F1 \/Fg)

Conversely, if (X)y — F is any stable monadic filter relative
X of (L,V¥,3) and

<X>V — Fl, <X>v — Fy C <X>v — F,
then <X>v/\(<X>v — F; C Fand <X>v/\(<X>v — 5 CF,

which implies (X)y A F1 C F and (X)y A F5 C F. Since
Heyting algebra is a distributive lattice, we have

(X)v A (F1V ) = ((X)v AF1) V ((X)v A F2) CF,

and hence (X)y — (F1 V Fy) = (X)v = ((X)v A (FL V
F)) € (X)y — F. Thus, ({(X)y — F}) U ((X)y —
Fy) = (X)y — (F1 V Fy) is the supremum of {(X)y —
Fh <X>V — FQ}

Finally, we prove that

FANGCKifandonlyif FCG— K

for any F\G,K € SxMF[L,V,3. If F,G, K €
SxMPF[L,V,d], then there exists F, F», F3 such that F' =

<X>v — Fl, G = <X>v — Fg, K = <X>v — F3.
Clearly, G — K € SxMF[L,¥,3|. Indeed, G — K =
(X)v = ) = (X)v = F) = (< > A ((X)y =
Fy) — F3). Since Fy — F3 € MF[L,¥,3], we have
G — K € SxMF[L,¥,3]. Also, FAG C K if and

only if (X)y > Fi) A (X)y = F) C (X)y > F
if and only if (X)y — (Fa A F3) C (X)y — F3 if and
only if (X)yv A ((X)y — Fy A Fy) C Fj if and only if
<X>V/\(F1 /\FQ) Q Fg if and Only if <X>v/\F1 g F2 — F3
if and only if (X)y A ((X)y — Fy) C F» — F3 if and
only if (X)yv — Fy C (X)y — (Fy — F3) if and only if
FCGw~ K forany F,G,K € SxMF[L,V¥, 7. ]

By using monadic co-annihilators, we introduced involu-
tory monadic filters in monadic BL-algebras.

Definition 3.11: Let (L,V,3) be a monadic BL-algebra
and F' be a monadic filter of (L,V,d). A monadic filter G

of (L,V,3) is called an involutory monadic filter relative F
it (GL) LY = G.

We will denote the set of all stable monadic filters relative
X of (L,V,3) by IrMFI[L,V,d].

Example 3.12: Let (L,V,3) be a monadic BL-algebra
and F = {c,1} be a monadic filter in Example 3.1. If
F = {¢,1} and G = {1}, then (G£")&" = G, that is,
G is stable monadic filter relative F.

Proposition 3.13: Let (L,V,3) be a monadic BL-algebra
and F' be a monadic filter of (L,V,3). For any G, H €
IrMF[L,¥,3], we have that G N H C F if and only if
H C G§".

Proof: In the Heyting algebra (M F[L,VY,3],A,V, =),
GNH C Fifand only if H C G — F for all G,H €
MF[L,V,3]. From Corollary 3.6, we have G — F = G".
Thus, GNH C F if and only if H C va forall F,G,H €

MF[L,VY, 3. n
Theorem 3.14: Let (L,V,3) be a monadic BL-
algebra and F be a monadic filter of (L,V,3). Then

(IFMF|L,¥,3],C) is a complete Boolean algebra,
where VieiGi = (Uie/G)E))E = (Mier(Go)E)E"
Nie1Gi = NierGy, Gifv is the complement of G, for all
G; and G € IpMF[L,V,3] and F, L are the bottom and
top elements in I M F[L,V, 3|, respectively.

Proof: Assume that {G;|i € I} C Ip M F[L,¥,3]. Then
we have G; = ((G;)£")%". It follows from Proposition

3.4(7) that
Nie1Gi = Nicr((G))F)E" = Uier(Gi)F)F = Nie1Gi.
Hence N;c;G; is an involutory monadic filter relative F'. It

is easy to check that N;c;G; is the infimum of {G;|i € I}
in IpMF[L,Y,3]. Clearly, (Uic;G;)+")#" is an involu-
tory monadic filter relative F' of (L,V,3). Since G; C
UierGi € (UierGi)7")5" for any i € I, we obtain
that (U;erG;)%")5" is the upper bound of {G;|i € I} in
IrMF[L,Y,d]. Thus (IpMF[L,¥,3],C) is a lattice.

Next, let G be any involutory monadic filter relative F' and
G; C G for all i € I. Then G C (G;)%’ for all i € I.
Hence Gi7" C Nies(Gy) %Y. Tt follows that

(UierG)FNF" = (Mier(Go)F)F C GEY)E =G.

Hence (U;esGi)3")%" is the supremum of {G;|i € I}
in IpMF[L,V,3]. Thus (IrpMF|[L,¥,3],C) is a complete
lattice.

Moreover, by Propositions 3.4(4) and (6), we have Fj:v =
L and LY = F. Hence we can obtain that (F#")3" = F
and (LLV)lv = L, which implies F,L € IrMF[L,V,d].
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For all G € IpMF[L,V,3], we have F = (G£")5' N
G+" = G NG C G by Proposition 3.4(5). Thus, F
and L are the bottom and top elements in Ip M F[L,V,d],
respectively. Also, by Proposition 3.4(4), we can obtain
GNGE = F. For any G € IpMF[L,V,3|, we have that
GV GE = ((GUGE)RE = (G N GE)E Y =
(GF'NG)EY) = F£¥ = L, that is, G&" is the complement
of G. Thus, (IpMF[L,V,3],C) is a complemented lattice.
Finally, we shall prove that (IpMF[L,V,3],C) is also
a distributive lattice. For any G1,G2,Gs € IpM F[L,V, 3],
let G = (Gl n Gz) V (Gl n G3) Then Gl n G2 - G and
G1NG3 C G. Tt follows that G1NGaNGEY C GNGE = F
and G1 NG3NGE C GNGE = F, that is, Go N (G1 N
GIL;V) Q F and G3 n (Gl n G#v) g F'. Then (Gg \Y Gg) Q
(G1 N GE")EY C F. From Proposition 3.13, we obtain that
G2 C (G1NGFY) C F, thatis, (G1N(G2VG3))NGEY C F.
Thus, Glﬂ(Gz\/Gg) - (G#V)#V =G = (Gl ﬂGg)\/(Glﬁ
Gg). Conversely, G mGg) V (Gl n Gg) CcCGin (GQ V G3) is
obvious. Hence, we obtain G1NG2)V(G1NG3) = G1N(GaV
G3), that is, (Ip M F[L,¥,3],Q) is a distributive lattice.
Therefore, (IpMF[L,¥,3],C) is a complete Boolean
algebra. [ |

IV. CONCLUSION

Motivated by previous research on monadic BL-algebras,
we discussed the lattice structure of monadic filters in
monadic BL-algebras. Since the above topics are of current
interest, we suggest further directions of research:

1) Introducing and studying polyadic BL-algebras, name-
ly generalizations of monadic BL-algebras given by
polyadic structures.

2) Focusing on varieties of monadic BL-algebras. In
particular, we can investigate locally finite, finitely
approximated and splitting varieties of monadic BL-
algebras as well as varieties with the disjunction and
existence properties.

REFERENCES

[1] R. P. Halmos, “Algebraic logic, I. Monadic boolean algebras”, Com-
position Mathematica, vol. 12, pp. 217-249, 1954-1956.

[2] A. Di Nola, R. Grigolia, “On monadic MV-algebras”, Annals of Pure
and Applied Logic, vol. 128, no. 1-3, pp. 125-139, 2004.

[3] J. T. Wang, P. F. He, Y. H, She, “ Monadic NM-algebras”, Logic
Journal of the IGPL, vol. 27, no. 6, pp. 812-835, 2019.

[4] J. T. Wang, X. L. Xin, P. F. He, “Monadic bounded hoops”, Soft
Computing, vol. 22, pp. 1749-1762, 2018.

[51 X. L. Xin, Y. L. Fu, Y. Y. Lai, J. T. Wang, “Monadic pseudo BCI-
algebras and corresponding logics”, Soft Computing, vol. 23, pp. 1499-
1510, 2019.

[6] D. Castafio, C. Cimadamore, J. P. D. Verela, L. Rueda, “Monadic BL-
algebras: The equivalent algebraic semantics of Hdjek’s monadic fuzzy
logic”, Fuzzy Sets and Systems, vol. 320, pp. 40-59, 2017.

[71 A. Borumand Saeid, M. Somayeh, “Some results in BL-algebras”,
Mathematical Logic Quarterly, vol. 55, no. 6, pp.649-658, 2009.

[8]1 P. Hajek, Metamathematics of Fuzzy Logic, Kluwer Academic Pub-
lishers, Dordrecht, 1998.

[91 W.J.Blok, D. Pigozzi, Algebraizable logics, Memoirs of the American
Mathematical Society, vol 77, no. 396, 1989.

[10] H. Rasiowa, An algebraic approach to non-classical logic, North
Holland, Amsterdam, 1974.

[11] D. Bugneag, D. Piciu, “On the lattice of deductive systems of a BL-
algebra”, Central European Journal of Mathematics, vol. 1, pp.221-
237, 2003.

[12] M. Haveshki, A. Borumand Saeid, E. Eslami, “Some types of filters
in BL algebras”, Soft Computing, vol. 10, pp. 657-664, 2006.

[13] E. Turunen, “BL-algebras of basic fuzzy logic”, Mathware Soft Com-
puting, vol. 6, pp. 49-61, 1999.

[14] K. Y. Zhu, J. R. Wang, Y. W. Yang, “On generalized derivations
in residuated lattices ”, TAENG International Journal of Applied
Mathematics, vol. 50, no. 2, pp. 330-335, 2020.

[15] K.Y. Zhu, J. R. Wang, Y. W. Yang, “A new approach to rough lattices
and rough fuzzy lattices based on fuzzy ideals ”, JAENG International
Journal of Applied Mathematics, vol. 49, no. 4, pp. 408-414, 2019.

[16] H. H. Jiang, D. Qiu, Y. M. Xing, “Solving multi-objective fuzzy matrix
games via fuzzy relation approach ”, IAENG International Journal of
Applied Mathematics, vol. 49, no. 4, pp. 339-343, 2019.

Volume 50, Issue 3: September 2020





