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Differences Inequalities of General L,-Mixed
Brightness Integrals

Jinsheng Guo*

Abstract—Lutwak introduced the mixed brightness for con-
vex bodies. After, Li and Zhu put forward mixed-brightness
integrals. Recently, Yan and Wang defined the general L,-
mixed brightness integrals. In this article, we establish the
Brunn-Minkowski, new cycle and Aleksandrov-Fenchel type
inequalities for the differences of general L,-mixed Brightness
integrals.

Index Terms—general L,-mixed brightness integrals, Brunn-
Minkowski type inequality, new cycle type inequality,
Aleksandrov-Fenchel type inequality.

I. INTRODUCTION

ET K™ denote the set of convex bodies (compact,

convex subsets with non-empty interiors) in Euclidean
space R". For the set of convex bodies containing the origin
in their interiors and the set of origin-symmetric convex
bodies in R™, we write K7 and K, respectively. Let S" 1
denote the unit sphere and V(M) denote the n-dimensional
volume of the body M. For the centered unit ball B, write
V(B) = wp.

The projection bodies were introduced by Minkowski at
the turn of the previous century. For each M € K", the
projection body, IIM, of M is an origin-symmetric convex
body whose support function is defined by (see [3], [18])

B(TIM, ) = % /

Sn—1

|u - v|dS(M,v),

for all w € S™~!. Here S(M,-) denotes the surface area
measure of M.

Lutwak first introduced the notion of the mixed brightness
of convex bodies in [15]. After, associated with the notion of
the projection bodies and the mixed brightness, Li and Zhu
[12] introduced the notion of mixed brightness integrals and
given the L,-mixed brightness integrals, moreover, they also
established analogous to the Fenchel-Aleksandrov inequality
and isoperimetric inequality of the mixed brightness integrals
for the mixed volumes. For the mixed brightness integrals,
Zhao [24] established the greatest upper bound for the prod-
uct of the mixed brightness integrals of a convex body and its
polar dual. After, Zhou, Wang and Feng [27] obtained some
Brunn-Minkowski type inequalities for the mixed brightness
integrals. Recently, Li et al. firstly introduced the notion
of mixed complex brightness integrals [10] and dual mixed
complex brightness integrals [11], they extended the classical
concepts of mixed brightness integrals in real vector space
to complex cases.
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In 2005, Ludwig ([13]) combined with a function ¢, :
R — [0,400) by ¢.(t) = |t| + 7t,7 € [-1,1], introduced
general L,,-projection bodies as follows: For M € K[}, p > 1
and 7 € [—1, 1], the general L,-projection body oM € Ky
is defined by

hP (I M, u) = ozmp(r)/
S'rLfl

or(u-v)PdS,(M,v),

where
20, p

1+7)P+(1—1)P°
The normalization is chosen such that H;B = B. Obviously,
HSM =1I,M.

Recently, using the general L,-projection bodies, Yan
and Wang [22] defined the general L,-mixed brightness
integrals as follows: For M;,...,M,, € K, p > 1 and
T € [-1,1], the general L,-mixed brightness integrals,

Oén’p (T) = (

DS)(Mj, ..., M,), of M, ..., M, is defined by
D{(M, ..., My,)
1

= /S_ 5 (M, u) -+ 657 (My,u)dS(u),  (1.1)
where 61(,7)(M, u) = $h(II7M,u) denotes the half general
L,,-brightness of M € K} in the direction u. Convex bodies
M, ..., M, are said to have similar general L,-brightness
if there exist constants Aq,... A, > 0 such that, for all u €

Snfl’
MO (My,u) = X8 (My,w) = - - = X087 (M, ).

Obviously, for 7 = 0 and p = 1, (1.1) is just the mixed
brightness integrals D (M, ..., M,).
Let My =---=M, ; = M, MrL—i+1 =--=M, =

n—it 7

N G = 0,1,...,n) in (L.1), we write D\)(M,N) =
Dl(,T)(M,...,M,N,...,N).More general, if allow i is any
S—— —

real, for ]\4_,]\] € Kl p>1,and 7 € [—1,1], the general
L,-mixed brightness integrals, Dz()Ti)(M’ N), of M and N is
defined by

T 1 T n—i (T i
D, (M,N) = /S 8 (M, u)" 1657 (N, u). (1.2)
For N = B in (1.2), we wiite D\7)(M, B) = L D{7) (1)
and notice that 65 (B, u) = $h(I7B,u) = &, for all u €
S™~1, which together with (1.2) yields

D)(M) = ! / 8 (M, w)""'dS(u),  (1.3)
S'n,—l

Dyt T 9i.p

where Dgi)(M ) is called the i-th general L,-mixed bright-
ness integrals of M.
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For N = M in (1.2), write D\7)(M, M) = Dy (M),
which is called the general L, bnghtness integrals of M.
Clearly,

1 T n
)= [ s arwras),

From (1.2) and (1.4), we easily obtain

D (M (1.4)

DM, N) = D{(M), DS) (M, N) = D{O(N). (1.5)

For general L,-mixed brightness integrals, Yan and Wang
[22] also established the following cycle, Brunn-Minkowski
and Aleksandrov-Fenchel type inequalities.

Theorem 1.A. If M,N € KJ,, p > 1, 7 € [-1,1], and
i € R, then for v <n —p,

D(T)()\OM¥pMON)n i <)\D(T)(M)n 7+MD(T)(N)7L 1;
(1.6)

fori>mn—pandi+#n,

D7) (Ao M F,poN)#5 > ADST) (M) 77 +uD{7) (N) 77,
(1.7)

in each case, equality holds if and only if M and N have

similar general Ly-brightness. For i = n—p, equality always

holds in (1.6) and (1.7).

Theorem 1.B. If M\N € K2, p > 1, 7 € [-1,1], and

1,7,k € R such that i < j < k, then

DY) (M, N)*=* < D) (M, N)*I DI (M, NY ™, (1.8)

with equality if and only if M and N have similar general
L,-brightness.

Theorem 1.C. If M, ...,
1 <m <n, then

M,eKlp>171e[-1,1 and

D{(My, ..., My,)™ (1.9)
S HDZ()T)(M17 RN} Mn,m, Mn7i+1) R M’I’L*Z‘*Fl))

i=1
with equality if and only if My_pmi1,...,
similar general L-brightness.

The general L,-mixed brightness integrals belong to a
new and rapidly evolving asymmetric L,, Brunn-Minkowski
theory that has its origins in the work of Ludwig et al.
(see [14], [5], [6], [4]). For the further recent research of
asymmetric L, Brunn-Minkowski theory, also see ([2], [9],
[19], [20], [21], [23D).

In 2004, Leng [8] defined the volume differences function
of convex bodies D and K, where D C K, by

M, are all of

Meanwhile, Leng [8] established the following Brunn-
Minkowski type inequality for volume difference functions.
Theorem 1.D. If K, L and D are compact domains, D C K,
D' C L, D' is a homothetic copy of D, then

(V(K+L)—V(D+ D))=

> (V(K) - V(D))* + (V(L) - V(D")7,

equality holds if and only if K and L are homothetic and
(V(K), V(D)) = p(V(L),V(D'")), where u is a constant.
Here “+7 is Minkowski sum.

Since these seminal paper, inequalities for differences of
geometric functionals have become the focus of increased
attention (see [16], [25], [26]).

The aim of this paper is to establish the new differences
inequalities for general L,-mixed brightness integrals. First,
we establish the following Brunn Minkowski type inequality
for differences of general L,-mixed brightness integrals.
Theorem 1.1. Let M, N, K LeKr,ieR, 7e[-1,]1]
and 857 (K, ) < 85 (M, ), 857 (L) < 65 (N,-), M and
N have similar general L-brightness, if p > 1 and i < n—p,
then

(D) (M F, N) - DS)(M F, N)|75 (1.10)

> (D7) (M) — ) (k)7 + (D) (N) — D) (L)]75

Pt

if i >n—pandi#n, then

ID$) (M ¥, N) — DS (M 5, N)|7 (111)
< D) () - o8 (k)75 + D7) (V) - DY) (L))75,

in each case, with equality if and only if K and L have
similar general L,-brightness and there exists constant \
such that (D) (M), D7) (K)) = A(D{)(N), D7) (L)).
Next, we give the following new cycle type inequalities
for the differences of general L,-mixed brightness integrals.
Theorem 1.2. Let M,N,K,L € K", 7 € [-1,1] and
5K, < 857, 65(L, ) < 65 (N,-), M and N
p ’ p ’ p ’ p ’
have similar general L,-brightness, if p > 1, i, j,k € R and
0<i<j<k, then

(D7) (M, N) = D) (K, L))" (112)

> [D{7)(M.N)-D\) (), L)|*9 D) (M,N)-D) (K, L),

with equality if and only if K and L have similar gen-
eral L,-brightness and there exists constant )\ such that
(DS (M, N), D7) (K, L)) = A(DS)(M, N), DS)(K, L)).
Finally, we also establish the following Aleksandrov-
Fenchel type inequalities for differences of general L,-mixed
brightness integrals.
Theorem 1.3. Lerp > 1, 7 € [-1,1], M;,N; € K (i =
1,...on), if 85 (Vi) < 657 (M 1,.) (i =1,...,n) and
the bodies M,,_y,11,..., M, are all of similar general L,-
brightness, then for every 1 <m < n,

[DS)(My, ..., My) — CS) (N, ... N)I™ (1.13)
m
> H[DZ(;T) (Mla ceey Mn—'rru Mn—i-l—lv ceey Mn—i—i—l)
=1
7DZ()T)(N17 e aNn—m7Nn—i+1a .o ;Nn—i+1)]a

with equality if and only if Np_p41,...,Ny, are all of
similar general L,,-brightness and there exists constant A
such that

[DSAMy ... My, M, M), .. DS My, . My,
Mn—m-&-la- .. aMn—m+1H :A[DI(;T) (Nla- .. 7Nn—m7 Nn—m+17
. 7Nn)a ceey Dl()T)(Nh s 7Nn—m7Nn—m+1; ceey Nn—m-i—l)]-
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II. PRELIMINARIES
A. Support function
For M € K™, its support function, (see [3], [18]) h(M, ) :
R"™ — R, is defined by

h(M,z) =max{zx-y:y€ M}, zeR",

where x - y denotes the standard inner product of = and y.

B. Lp-Blaschke combination
For M, N € K., p > 1 and A, u > 0 (not both zero), the

0s?

L,-Blaschke combination, Ao M F, uo N € K7, of M and
N is defined by (see [3], [18])
dSp(Ao M Fp o N,-) = XdS,(M, ) + pdS(N, ),

where Ao M = )\ﬁ M, \o M denotes the Blaschke scalar
multiplication. If p = 1, then A o M ¥, o NN is classical
Blaschke combination.

IIT. RESULTS AND PROOFS

In this part, we will give the proofs of Theorems 1.1-1.3.
First, in order to prove Theorem 1.1, the following lemma is
required.

Lemma 3.1 (Bellman’s inequality [1]). Let a = {a, . ..
and b = {by,...,

) an}
by, } be two series of positive real numbers.

Ifal =37 ,al >0, 0] = >0 , b >0, then for p > 1,
n 1 n 1 n 1
(af_z af) +<b’f—Z bf) < <(a1+b1)p— (ai+bi)P>
i—2 i=2 i—2
(3.1)

forp<00r0<p<1

) 5 )’
=2 =2

(3.2)

with equality if and only if a = cb, where c is a constant.

Proofof Theorem 1.1. For M,N,K,L € K., p> 1 and

e[-1,1],if i <n—pand \, p =1, by (1.6), then

Déi?(K % L) + D (D)7,

P,

ngi (T) n i
< D7) (K) (3.3)

with equality if and only if K and L have similar general
L,-brightness. Since M and N have similar general L,-
brightness, thus according to the equality condition of in-
equality (1.6), we have

D7) (M F, N)™5 = D7) (M)™5 + DT} (N) 75 (3.4)

Since 8y (K, ) < 657 (M, ), 657 (L,-) < 657 (N, ), by
(1.3), we obtain
(m) () (m) ()
D7) (M) > D7) (k), DS)(N) > D{T)(L)

from (3.1), (3.3) and (3.4), we obtain
(D) (M =, N) — DK, L) 75

YV S
> [(D () 1 DO)(N) )

(r) ("’)
__(l)ni(]()n @ +-l) (L)n 1)

I

n—i

(r) (r) e (r) (r)
> (DN (M)-D, (K)) +<Dm (N)-D{, (L))

This yields inequality (1.10). By the equality conditions of
inequality (3.1) and (3.3), we see that equality holds in (1.10)
if and only if K and L have similar general L,-brightness
and (D) (M), D7) (K)) = \(D;7} (N), D7) (L)), where A
1S a constant.

Similar to the above method, if ¢ > n — p and i # n, by
(1.3), (1.7) and (3.2), we can prove the inequality (1.11) is
true.

Obviously, let p = 1 and 7 =
following result is obtained.
Corollary 3.1. Let M,N,K,L € K"
0(M,-), 6(L,-) < 0(N
ifit <n—1, then

[Di(M F N)

0 in Theorem 1.1, the

r,i € R K, ) <
,+), M and N have similar brightness,

- Di(K F D)7

1

— Dy(K)]™7 + [Di(N) = Di(L)] 7

> [D;i(M)
ifi>n—1and i#n, then

[Dy(M F N) — Dy(K F L)

< [Di(M) = Di(K)]7 + [Di(N) = Di(L)] 7,

in each case, with equality if and only if K and L
have similar brightness and exists constant \ such that
(Di(M), Di(K)) = M(Dy(N), Dy(L)).

Subsequently, we will give the proof of Theorem 1.2, the
following lemma is necessary.
Lemma 3.2 (Popviciu’s inequality [17]). Let p > 0, ¢ > O,
%—Fé =1land a={a1,...,a,} and b = {by,...,b,} be
two series of positive real numbers such that o} =", a¥ >
0, b9 = >0, b7 > 0, then

(alf — iaf) ' (b'f - ib?) ! <apb; — iaibia (3.5)
i=2 i=2

=2

with equality if and only if a = cb, where c is a constant.

Proof of Theorem 1.2. For M, N, K,L € K, 7 € [-1,1],
p>1,4,5,k€eRand 0 <t < j <k, by (1.8), then
Dy (K. L) < D) (K, L* I DK, L™, (3.6)

with equality if and only if K and L have similar general
L,-brightness. Since M and N have similar general L,-
brightness, thus according to the equality condition of in-
equality (1.8), we have

DS)(M, NY~i = DU (M, NY¥=9 D7) (M, N)I . (3.7)
Hence, by (3.6) and (3.7), we get
(1) (1)

D, j(M,N)—D, ;(K,L) (3.8)

k—j =i

T k;" T ﬂ T —_— T
> D{T(MN)= DY MN)=-DT(K,.L) = D) (K,L) =,

L

with equality if and only if K and L have similar general
L,-brightness.
Notice that
057 (I, ) < 67 (M),
and

5L, ) < 657(N,),
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thus, by (1.2), we obtain

DM, N) > D{)(M,N), D)(M,N)> D) (M,N).

—J
k=i
. k—1
4= = 1, thus according to (3.5) and (3.8), we have

(D) (M, N) — DY) (K, L))+~

>0\ 01, N-DT) (<, D)D) (M, N)-D) (5, D)

This is just (1.12).

By the equality conditions of inequalities (3.8) and (3.5),
we see that equality holds in (1.12) if and only if K
and L have similar general L,-brightness and there ex-
ists constant A such that (P) (M,N) D(T)(K L) =
DS (M, N),D;f,z(KL)).

Furthermore, let p = 1 and 7 = 0 in Theorem 1.2, the
following result is obtained.

Corollary 3.2. Let M,N,K,L € K, 6(K,-) < §(M,-),
d(L,-) < O(N,-), M and N have similar brightess, if
i,5,k € Rand 0 <i < j <k, then

[D;(M,N) — D;(K, L)]*~
> [Di(M, N)—=D;(K, L)]*~I[Dy(M, N) — Dy(K, L),

with equality if and only if K and L have similar brightness
and exists constant \ such that (D;(M,N),D;(K,L)) =
ADk(M,N),Di(K,L)).

In particular, if N = L = B in Theorem 1.2, by (1.3) and
(1.12), the following result is obvious.
Corollary 3.3. Let MK € K}, 7 € [-1,1] and
51(,7)(1(,-) < 61(77)(M,~), M have constant general L,-
brightness, if p > 0, i,5,k € Rand 0 < i < 5 < k,
then

(D) (M) — D7) ()]
> DY) (M) — DS (1) [0S (M) — D) (),

with equality if and only if K have constant general L,-
brightness.

Specially, if i = 0, £k = n in (1.12), by (1.5), we
have the following cycle Minkowski type inequality for the
differences of general L,-mixed brightness integrals.
Corollary 34. Let M,N,K,L € KI, 7 € [-1,1]
oK) < 07 (M), 8,7 (L) < 6y (N,), M and N
have similar general L,-brightness, if p > 0, ¢ € R and
0 <1t < n, then

() () n
[Dp,j(NaM) - Dp,j(LaK)]

> [DS) (M) — D (F))" I [DSY(N) — DS(L)),

with equality if and only if K and L have similar
general Ly-brightness and exists constant X\ such that
(D7 (M), D7 (K)) = NDy” (N), D, (L).

Finally, according to the following Lemma, we give the
proof of Theorem 1.3.

Lemma 3.3 ([7]). If¢; >0, b; >0, ¢; >b;, i=1,---,m,
then
n 1 n 1 n i
<H(Cz - bz)) < (H > <H bl> (3.9)
i=1 i=1 i=1

with equality if and only if - = {2 =--- = @.
Proof of Theorem 1.3. From (1 9) we have
D{(Ny, ..., Ny)™ (3.10)

m
SH N17--~7Nn—maNn—i+1;---aNn—i+1)7

with equality if and only if N,_,41,..., N, are all of simi-

lar general L,,-brightness. Since the body M,,_y,11,..., M,
are all of similar general L,-brightness, by (1.9), then
B (My, ..., My)™ (3.11)

HB(T) Mlv . '7Mn7’m;Mn7i+1a .. '7Mn7i+1)~

Notice that if 65 (N;,-) < 657 (M;,-) (i = 1,...,n), by
(1.1), we get
D{(My, ..., My,) > DS (Ny, ..., Ny,). (3.12)

Taking Mnferl = =M, = n—i+1s Nn7m+1 =
-+ =N, = N,_;4+1 in (3.12), we obtain

DS (My,. .., My, Mu—ig1, ..o, Mo—ip1)  (3.13)
> DS (N, oo, Ny, No—ig 1o N ig1).
From (3.10), (3.11) and (3.12), we obtain
D (M, ..., My,) — DY) (Ny, ..., N,) (3.14)
2 (H DZ(;T)(M17 LR M’nf’mn Mn7i+17 L) M’ni+1>)
i=1

1

m

(HD;()T)(NM e ,Nn—m;Nn—i+1» .. -aNn—i+1)>

equality holds if and only if N,_.41,...,N, are all of
similar general L,,-brightness.

By (3.14), (3.13) and (3.9), we obtain

[DS)(My, ..., M) — DS (N1, ..., N,)|™
m
> H[D(T) (Mh . 7Mn—ma MTL—i+17 R Mn—i+1)
=1
—DS) (N1, ..., Naem, Nacigt, - o, Np—ig1)]-

By the equality conditions of inequalities (3.14) and
(3.9), we see that equality holds in (1.13) if and only if
Np—m+1,-..,N, are all of similar general L,-brightness
and there exists constant A such that

[DSAM ..., My, My, .. M), . DS My, .. My,
Mnfm+17- e 7Mn7m+1)} :A[Dg—) (le- sNp—m, Nn7m+17
o NW), oo DS (N N, Nacmgts -+ Nocme1)]-

Obviously, let p = 1 and 7 = 0 in Theorem 1.3, the
following result is obtained.

Corollary 3.5. Ler M;,N; € Ky (i = 1,...
8(Ni, ) < 8(Dy,-) and the bodies Myp_mi1, ...,

all of similar brightness, then for every 1 <m < n,

DO, ..., M) = DNy, Ny

.n), if
M,, are
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m

2 H[D(Mh cee 7Mn—ma Mn—z’+1a tety Mn—i+1)
i=1
*D(Nla ) Nn—ma Nn—z'+1a e Nn—i—‘—l)L

with equality if and only if Np_pm41,...,Ny, are all of
similar brightness and there exists constant \ such that

[D(Mla ceey Mn—nu Mna' . 7Mn)7~ e 7D(M17 cee aMn—ma

Mn—m+1a- . aMn—m-l-l)} :/\[D(Nla > Non—m, Nn—m+1a

. 7Nn)a R D(Nla R anmm anerla s 7Nn7m+1)]~
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