
Abstract—The aim of this paper is to study the dynamical
behavior of solutions for a class of 3-species ratio-dependent
predator-prey model with feedback controls and delays. Firstly,
the attractivity of positive solutions for the system is discussed
by using the Lyapunov stability theory. Secondly, some
conditions are established to guarantee the globally asymptotic
stability of the unique positive periodic solution for the
corresponding periodic system by constructing a suitable
Poincare mapping and using the fixed point theory. Finally,
some numerical simulations are provided to verify the results
obtained in this paper.

Index Terms—Ratio-dependent, Feedback control, Time
delays, Global attractive, Periodic solution

1. INTRODUCTION

he attractiveness and periodicity of biological systems
are very important in the study of population dynamics.

The traditional Lotka-Volterra predator-prey model has been
studied by many scholars and has been achieved a lot of
research results [1-4], but it is assumed that the average
growth rate of predators depends only on the population
density of the prey population. In recent years, with the
deepening on research for ecological population models,
especially considering predators which share or compete for
food, scholars have found a more realistic and universal
predator-prey model, that is, a "rate-dependent" predator-
prey model [5-10]. This means that the average rate of
predator growth should be a function of the ratio of predator
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population density to the predator population density. This
theory has been proved by some scholars, but relatively few
achievements have been made. Arditi and Ginzburg [5]

firstly proposed the following ratio-based predator-prey
model
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which incorporates mutual interference by predators, where

( ) ( )g x cx my x  is a Michaelis-Menten type functional

response function. System (1) has been studied by many
scholars, for detailed introduction and justifications of
system (1), we refer the reader to (e.g., see [5, 6, 9, 10]). In
2004, Wang et al. [7] studied the following nonautonomous
ratio-based predator-prey system with two competing prey
predated by one predator
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and showed that system (2) is permanent and globally
asymptotically stable under some appropriate conditions. For
the periodic and almost periodic case, they obtained some
conditions for the existence, uniqueness and stability of a
positive periodic and almost periodic solution respectively.
In the real world, any biological or environmental parameter
is naturally affected by temporal fluctuations. Consequently,
more realistic models of population interactions should be
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taken into account the effect of time delays. See for example
[11-14] and the references cited therein. In 2001, Xu and
Chen [11] studied the following delayed nonautonomous
three-species predator-prey Lotka-Volterra system
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(3)

and proved that the system (3) is uniformly persistent under
appropriate conditions. Moreover, by constructing a suitable
Lyapunov functional, sufficient conditions are derived for the
global stability of the system (3). In 2005, Muhammadhaji et
al. in [14] discussed the following nonautonomous three-
species Lotka-Volterra competitive-mutualism systems with
time delays
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and obtained some sufficient conditions on the boundedness,
permanence and global attractivity for the system (4).
Moreover, Xu et al. in [15] studied the following three-
species predator-prey food-chain model both with time
delays and ratio-dependent functions
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and proved that the system (5) is uniformly persistent under
some appropriate conditions. In addition, some sufficient
conditions are derived for the global asymptotic stability of

the positive equilibrium of the system (5) by means of
constructing suitable Lyapunov functional.

On the other hand, in the real ecosystem, the biological
population is often affected by some unpredictable factors
that affect the biological parameters of the population, such
as birth rate, mortality and other factors. Therefore, it is
necessary to add feedback control to the model to study the
influence of feedback control on the persistence and global
stability of the system, and provide theoretical support for the
protection of ecological population. More results see for
example [16-20] and references cited therein. In 2003, K.
Gopalsamy et al. in [16] studied the following two species
competition system with feedback controls
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and obtained some conditions for the existence of a global
attracting positive equilibrium point of the system. In [18],
Nie et al. consider the following non-autonomous predator-
prey Lotka-Volterra system with feedback controls
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and studied whether the feedback controls have an influence
on the permanence of a positive solution of the general
non-autonomous predator-prey Lotka-Volterra type systems,
at the same time established the general criteria on the
permanence of system (7), which is independent of some
feedback controls. In addition, by constructing a suitable
Lyapunov function, some sufficient conditions are obtained
for the global stability of any positive solution to system (7).
In 2015, Xu and Chen [19] investigated the following
Lotka-Volterra cooperative system with time delays and
feedback controls
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and obtained some new sufficient conditions for the
permanence of system (8) by applying new inequalities.
Their results showed that the feedback control variables had
no influence on the permanence of the system (8). In 2016,
Wang et al. [20] studied a ratio-dependent Lotka-Volterra
predator-prey model with feedback control
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where ( ) ( 1, 2,3)ix t i  denote the density of the i-th

species, ( ) ( 1, 2)ir t i  denote the intrinsic growth rate of

the prey species, 3( )r t are the death rate of the predators,

11 21( ), ( )a t a t denote the internal competitive coefficient of

the first and second species respectively. Authors obtained
some sufficient conditions which guaranteed the global
attractive of positive solution for the predator-prey model by
constructing suitable Lyapunov function and developing
some new analysis techniques. For more recent related work,
please also refer to the references [21-24].

However, to the best of the authors knowledge, until today,
there are no scholars still consider the general non-
autonomous Lotka-Volterra system with time delays,
ratio-dependent and feedback controls. Therefore, based on
system (5) and motivated by the above works, in this paper,
we propose and investigate the following 3-species
multi-delay ratio-dependent biological chain predator-prey
model with feedback controls
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where ( ) ( 1, 2,3)ix t i  denote the density of the i-th

species, 1( )r t denote the intrinsic growth rate of the prey

species, ( ) ( 2,3)ir t i  are the death rate of the predators,

11( )a t denote the internal competitive coefficient of the first

species, 1
12 13 23( ), ( ), ( )a t a t a t shows the ratio of prey by

predator, 1
21 31 32( ), ( ), ( )a t a t a t represents the nutrient

absorption ratio of predator after predation, 2 2
23 32( ), ( )a t a t

are the competitive coefficient of species 2 ( )x t and 3( )x t ,

( ) ( 1, 2,3)iu t i  are the feedback control terms, and

1 2 3 4, , , 0     are constant delays. All of the coefficients

in the model are continuous and positive bounded functions
defined on [0, ) . This system describes the predator-

prey relationships among three species in which the second
species prey on the first species, the third species prey on the
second and the first species.

Due to the biological interpretation of the system (10), it is
reasonable to consider only positive solution of (10), in other
words, to take admissible initial conditions
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where  1 2 3 4max , , , }.     Obviously, the solutions

of system (10) with the initial values (11) are positive for all
0t  .

The structure of this paper is as follows: In Section 2, the
conditions ensuring the permanence of the system (10) are
provided. In Section 3, some sufficient conditions are derived
to guarantee the globally attractive of positive solution for the
system (10) relying on a non-negative Lyapunov function . In
Section 4, the global asymptotic stability of the unique
positive periodic solution for the corresponding periodic
system are discussed by constructing a suitable Poincare
mapping and using the fixed point theory. Last but not least,
some numerical simulations are provided to verify the results
obtained in this paper.

2. PRELIMINARIES AND NOTATIONS

To discuss the global attractivity of positive solution of the
system (10), some definitions and lemmas are firstly
introduced. For a continuous bounded function ( )g t defined
on [0, ) , we let
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Definition 1. System (10) is called permanent, if there exist
positive constants , , , ( 1, 2,3)i i i iM N m n i  and T such

that ( ) , ( ) ,  ( 1, 2,3)i i i i i im x t M n u t N i     for

any positive solution 1 2 3 1( ) ( ( ), ( ), ( ), ( ),Z t x t x t x t u t

2 3( ), ( ))u t u t of system (10) as t T .
As a direct corollary of Lemma 2.1 of Chen [25], we have

Lemma 1. If 0, 0a b  and x b ax & , when 0t 
and (0) 0x  , we have liminf ( ) .

t
x t b a




If 0, 0a b  and x b ax & , when 0t  and

(0) 0x  , we have limsup ( ) .
t

x t b a




As a direct corollary of Lemma 2.2 of Chen [25], we have

Lemma 2. If 0, 0a b  and ( )x x b ax & , when

0t  and (0) 0x  , we have liminf ( ) .
t

x t b a




If 0, 0a b  and ( )x x b ax & , when 0t  and

(0) 0x  , we have limsup ( ) .
t

x t b a




For the system (10), we let

 

1 1 1 2
1 2

1 2

3 1
3 1

3 11
1

31 32 3 3 3
2 21 2 2 2 42

32

, ,

, ,

exp ,

l l

l

m m m

m m

l

m m m l
m m l

l

e q M eN N
f f

e rN M
f a
a a d N rM a d N r

a



 

 

        

21 2 2 2
3 2

23
1

31 32 3 3 3 2

1 12 12 13 13 1 1
1

11

1 1 1 2 2 2
1 2

1 2

3 3 3
3

3

3 3 3
2 2

32
1 2

2 2 2 23 23 23 3 4

2
3

exp[( ) ],

,

,   ,   

,

exp[( ) ],

m m l

l

m m m l

l m l m l m

m

l l l m

m m

l m

m

l m

m

l m m l m

a d N rM
a
a a d N r

r a b a b d Nm
a

e q m e q Mn n
f f

e q Mn
f

d n rm
a
d n r a b a M

dm





 


   

  


 
 







   


1

2 2 23 23
2
23

2
3 3 3 32 2 2exp[( ) ].

l m m l

m

l m m

n r a b
a

d n r a M 

 

  
Lemma 3 [26]. Assume that the system (10) satisfies the
initial conditions (11) and following conditions
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then the system (10) is permanent.

3. GLOBAL ATTRACTIVITY

In this section, we shall prove that the system (10) is global
attractivity. To get the sufficient conditions for global
attractivity of system (10), we give firstly the following
definition and Lemma.
Definition 2. System (10) is said to be globally attractive, if

there exists a positive solution 1 2 3( ) ( ( ), ( ), ( ),X t x t x t x t
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Theorem 1. In addition to 1 7( ) ( )H H , assume further

that system (10) satisfies 8( ) 0,  0,  1, 2,3,i iH A B i  
where
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Then system (10) is globally attractive.

Proof. Suppose that 1 2 3 1 2( ( ), ( ), ( ), ( ), ( ),x t x t x t u t u t
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any two positive solutions of the system (10). Then from
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Calculating the upper right derivative of 1( )V t along the
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Now we define a Lyapunov function as follows
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Calculating the upper right derivative of 2 ( )V t and from (12),
we have
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Thus, for all t T   , we have
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In view of the conditions 8( )H of Theorem 1, there exist a

constant 0  and *T T   such that it holds that
0,  0,  ( 1, 2,3),i iA B i      (15)

for all *t T . Integrating from *T to t on both sides of
(14). Then use (15), we have
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Therefore, ( )V t bounded on *[ , )T  , and we have
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By (17), we have
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By Lemma 3, we can obtain that ( ) ( ) , ( ) ( ) ,i i i ix t y t u t v t 

1, 2,3i  and their derivatives remain bounded on *[ , )T  ,

and ( ) ( ) , ( ) ( ) ,i i i ix t y t u t v t  1,2,3i  are uniformly

continuous on *[ , )T  . By Lemma 4 , we can conclude

that

lim ( ) ( ) 0,  lim ( ) ( ) 0,  1, 2,3.i i i it t
x t y t u t v t i

 
    

This completes the proof, and the solutions of system (10) are
globally attractive.

4. PERIODIC SOLUTION

If all coefficients of the system (10) are positive
continuous periodic functions, the system (10) becomes a
periodic system. In this section, we will use the fixed point
theory and some new analytical methods to obtain the
existence, uniqueness and stability conditions of the positive
period solution of the system (10). For the sake of
convenience, a lemma is firstly given.

Lemma 5 (See [28]). Let nS R be convex and compact. If

mapping :T S S is continuous, then there exists a fixed

point. I.e., there exists *x S such that * *( )T x x .

Theorem 2. Assume that the system (10) is a  -periodic

and satisfies conditions 1 8( ) ( )H H , then the system (10)

has a positive unique  -periodic solution, which is globally
asymptotically stable.
Proof. According to the existence and uniqueness theorem of
solutions of functional differential equations, we can define a

Poincare mapping 6 6:T R R  as follow

0 0( ) ( , , )T X X t X
where

0 1 2 3 1 2 3( , , ) ( ( ), ( ), ( ), ( ), ( ), ( ))X t X x t x t x t u t u t u t 
be a positive solution of the system (10) with the initial
conditions (11). And define

6
1 2 3 1 2 3( , , , , , ) , ,

, 1, 2, 3
i i i

i i i

x x x u u u R m x M
S

n u N i
      

    

then it is obvious that 6S R is a convex and compact set.

By the Lemma 3 and the continuity of solution of system (10)
with respect to the initial conditions (11), the mapping

:T S S is continuous. Furthermore, it is not difficult to
show that the system (10) has a positive unique  -periodic
solution, which is globally asymptotic stability by using the
Lemma 5 and Theorem 1.

5. NUMERICAL SIMULATION

In this section, some numerical simulations are given to
support our theoretical analysis. Due to the periodic growth
of the population and the periodicity of the growth
environment, we select the appropriate periodic function to
verify the results obtained in this paper. As an example, we
consider the following 3-species delayed ratio-dependent
predator-prey system with feedback controls
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By calculating, we have
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It is easy to show that the systems (19) satisfy the conditions
of Theorem 1 and Theorem 2. It follows from Theorem 1
that the system (19) is global attractivity. By Theorem 2, the
system (19) has a positive unique -periodic solution, which
is globally asymptotic stability. By employing the software
package MATLAB 7.1, we can obtain the numerical
solutions of the system (19) which are shown in Fig.1 and
Fig.2. From Fig.1, it is not difficult to find that the system (19)
is globally attractive. Fig.2 shows that the dynamic behavior
of solutions for the systems (19).
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Fig. 1. The numerical solution of systems (19) with the
different initial conditions
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Fig. 2. The dynamic behavior of solutions for systems (19)

6. CONCLUSION

A class of ratio-dependent predator-prey system with
feedback control and delays is proposed and studied. By
using the comparison theorem and some new analytical
methods, appropriate Lyapunov functions are constructed,
and some sufficient conditions are obtained to ensure the
global attractivity of positive solutions for the system.
Furthermore, by defining Poincare mappings and using
Brouwer fixed point theorem, some conditions for the
existence, uniqueness and stability of positive periodic
solutions for the corresponding periodic systems are obtained.
Finally, some numerical solutions of the equations describing
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the system are given to confirm that the obtained criteria are
new, general, and easily verifiable.

Time delay and feedback control are very common
phenomena in ecosystem, but some scholars have not studied
these problems profoundly. The time delay and feedback
control terms added in this paper are relatively simple and
cannot reflect more general ecosystems, but they are the
focus of our future research, including the extension of
multiple time delays to infinite time delays. By analyzing the
delay system with the feedback control, it can be found that
the feedback control item has influence on the stability of the
original system. Consequently, some species in ecosystems
can be controlled to maintain ecosystem balance and
sustainable development, which is also the practical
significance of this paper

REFERENCES

[1] X. Zhang, H. Huo, H. Xiang, Q. Shi, D. Li, “The Threshold of a
Stochastic SIQS Epidemic Model,” Physica A: Statistical Mechanics
& Its Applications, vol. 482, pp. 362-374, 2017.

[2] Y. Louartassi, A. Alla, K. Hattaf, A. Nabil, “Dynamics of a
Predator-prey Model with Harvesting and Reserve Area for Prey in the
Presence of Competition and Toxicity,” Journal of Applied
Mathematics and Computing,
https://doi.org.libproxy.bjut.edu.cn/10.1007/s12190-018-1181-0.

[3] E. M. Elsayed, “On the Solutions and Periodic Nature of Some
Systems of Difference Equations,” International Journal of
Biomathematics, vol. 7, Artical ID: 1450067, 2014.

[4] M. Chen, M. Fan, Y. Kuang, “Global Dynamics in a Stoichiometric
Food Chain Model with Two Limiting Nutrients,” Mathematical
Biosciences, vol. .pp. 9-19, 2017.

[5] R. Arditi, L. R. Ginzburg, “Coupling in Predator-Prey Dynamics:
Ratio-Dependence,” Journal of Theoretical Biology, vol. 139, pp.
311-326, 1989.

[6] J. Zhou, C. Mu, “Coexistence of a Diffusive Predator-prey Model with
Holling type-II Functional Response and Density Dependent
Mortality,” Journal of Mathematical Analysis & Applications, vol. 385,
pp. 913-927, 2012.

[7] J. Wang, K. Wang, “Dynamics of a Ratio-dependent one Predator-two
Competing Prey Model,”Mathematica Applicata, vol. 17, pp. 172-178,
2014. (In Chinese)

[8] X. Li, H. Wang, Y. Kuang, “Global Analysis of a Stoichiometric
Producer-grazer Model with Holling type Functional Responses,”
Journal of Mathematical Biology, vol. 63, no. 5, pp. 901-932, 2011.

[9] A. A. Berryman, “The Orgins and Evolution of Predator-Prey
Theory, ” Ecology, vol. 73, pp. 1530-1535, 1992.

[10] P. Lundberg, J. M. Fryxell, “Expected Population Density Versus
Productivity in Ratio-Dependent and Prey-Dependent Models,”
American Naturalist, vol.146, pp. 153-161, 1995.

[11] R. Xu, L. Chen, “Persistence and Global Stability for a Delayed
Nonautonomous Predator-Prey System without Dominating
Instantaneous Negative Feedback,” Journal of Mathematical Analysis
and Applications, vol. 262, pp. 50-61, 2001.

[12] X. Pu, C. Xiong, L. Ji, L. Zhao, “Weighted Couple-Group Consensus
Analysis of Heterogeneous Multiagent Systems with Cooperative-
Competitive Interactions and Time Delays,” Complexity, vol. 2019,
Artical ID:8012890, 2019.

[13] Y. Nakata, Y. Muroya, “Permanence for Nonautonomous Lotka-
Volterra Cooperative Systems with Delays,” Nonlinear Analysis: Real
World Applications, vol. 11, pp. 528-534, 2010.

[14] A. Muhammadhaji, Z. Teng, M. Rehim, “Dynamical Behavior for a
Class of Delayed Competitive-Mutualism Systems,” Differential
Equations & Dynamical Systems, vol. 23, pp. 281-301, 2015.

[15] R. Xu, M. A. J. Chaplain, “Persistence and Global Stability in a
Delayed Predator-Prey System with Michaelis-Menten Type
Functional Response,” Applied Mathematics and Computation, vol.
130, pp. 441-455, 2002.

[16] K. Gopalsamy, P. Weng, “Global Attractivity in a Competition System
with Feedback Controls,” Computers and Mathematics with
Applications, vol. 45, pp. 665-676, 2003.

[17] C. Wang, Y. Zhou, Y. Li, R. Li, “Well-posedness of a Ratio-dependent
Lotka-Volterra System with Feedback Control,” Boundary Value
Problems, vol. 2018, Artical ID: 117, 2018.

[18] L. Nie, Z. Teng, L. Hu, J. Peng, “Permanence and Stability in
Non-autonomous Predator-Prey Lotka-Volterra Systems with
Feedback Controls,” Computers and Mathematics with Applications,
vol. 58, pp. 436-448, 2009.

[19] J. Xu, F. Chen, “Permanence of a Lotka-Volterra Cooperative System
with Time Delays and Feedback Controls,” Communications in
Mathematical Biology & Neuroscience, vol. 2015, Artical ID:18, 2015.

[20] C. Wang, H. Liu, S. Pan, X. Su, R. Li, “Globally Attractive of a
Ratio-Dependent Lotka-Volterra Predator-Prey Model with Feedback
Control,” Advances in Bioscience and Bioengineering, vol. 4, no. 5, pp.
59-66, 2016.

[21] Y. Liao, Q. Tang, G. Wu, T. Zhang, "Dynamic Analysis of a
Logarithmic Population Model with Piecewise Constant Arguments,"
Engineering Letters, vol. 27, no.3, pp639-645, 2019.

[22] L. Wang, "Dynamics of an Almost Periodic Single-Species System
with Harvesting Rate and Feedback Control on Time Scales," IAENG
International Journal of Computer Science, vol. 46, no.2, pp237-242,
2019.

[23] M. He, Z. Li, F. Chen, Z. Zhu, “Dynamic Behaviors of an N-species
Lotka-volterra Model with Nonlinear Impulses,” IAENG International
Journal of Applied Mathematics, vol. 50, no.1, pp22-30, 2020.

[24] Q. Yue, Y. Wang, “Dynamic Behaviors a Single Species Stage
Structure Model with Density Dependent Birth Rate and Non-selective
Harvesting in a Partial Closure,” IAENG International Journal of
Applied Mathematics, vol. 50, no.1, pp66-71, 2020.

[25] F. Chen, “On a Nonlinear Nonautonomous Predator-Prey Model with
Diffusion and Distributed Delay,” Journal of Computational and
Applied Mathematics, vol. 180, no. 1, pp. 33-49, 2005.

[26] L. Jia, C. Wang, “Persistence of a Lotka-volterra Ratio-dependent
Predator-prey Model with Delays and Feedback Controls,” Materials
Science and Engineering, vol. 790, article ID: 012129, 2020.

[27] H. K. Khalil, Nonlinear Systems, 3rd ed., Prentice-Hall, Englewood
Cliffs, 2002.

[28] W. Basener, Topology and its Applications, John Wiley & Sons,
Hoboken, NJ, 2006.

C. Wang, male, was born in the city of Fuzhou, Jiangxi Province, China on
Feb. 22, 1968. His education background are as follows: (1) Ph.D. degree
from College of Applied Science, Beijing University of Technology, Beijing,
China, in 2012, majoring in applied mathematics; (2) M.S. degree from
College of Mathematics and Software, Sichuan Normal University, Chengdu,
China, in 2004, majoring in applied mathematics; (3) B.S. degree from
College of Mathematics, East China University of Science and Technology,
Shanghai, China, majoring in basic mathematics, in 1989.

He acts as Professor of College of Applied Mathematics, Chengdu
University of Information Technology, Sichuan, China, since September
2017, and acts as Professor and Director of Institute of Applied Mathematics,
Chongqing University of Posts and Telecommunications, Chongqing, China,
since January 2012-August 2017. He acts as a reviewer for Mathematical
Reviews for American Mathematical Society, since June 2014. His research
interest includes partial differential equations with delay, difference equation,
biomathematics, fractional differential equation, control theory and control
engineering, and digital image processing.

L. Jia, female, was born in the city of Qiqihar, Heilongjiang Province,
China on Jan. 5, 1982. He got bachelor degrees on mathematics from Harbin
normal university in 2004. Then, she got Master degree on Operation science
and control theory from Harbin Institute of Technology in 2007.

He acted as lecturer in the Dianchi College of Yunnan University from
July 2007 to November 2015, and acts as associate professor there from
January, 2016. As a researcher in computer science and mathematics, his
interests are covering two disciplines: Differential equation, Difference
equation, Data mining and Artificial Intelligence.

L. Li, female, was born in the city of Xinyang, Henan Province, China on
Aug. 15, 1984. He got bachelor degrees on mathematics education from
Xinyang normal college in 2004. Then, she got Master degree and Ph.D.
degree on Applied mathematics from Beijing University of Technology,
Beijing, China, in 2008 and 2012, respectively.

She acted as lecturer in the Institute of Disaster Prevention, Sanhe. China
from July 2012 to November 2015, and acts as associate professor there from
January 2016. As a researcher in mathematics, his interests includes partial
differential equation, Difference equation, and biomathematics.

W. Wei, male, was born in the city of Dazhou, Sichuan Province, China on
Dec. 25, 1994. He is a graduate student of Professor C. Wang．

IAENG International Journal of Applied Mathematics, 50:3, IJAM_50_3_28

Volume 50, Issue 3: September 2020

 
______________________________________________________________________________________ 


	1.INTRODUCTION
	2.PRELIMINARIES AND NOTATIONS
	3.GLOBAL ATTRACTIVITY
	4.PERIODIC SOLUTION
	5.NUMERICAL SIMULATION
	6.CONCLUSION
	REFERENCES



