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Compactness of Hausdorff Fuzzy Metric Spaces

Hazim M. Wali

Abstract—Hausdorff fuzzy metric space is often considered
in fuzzy analysis, since for a given fuzzy metric space (X*,d*),

we can define a certain new fuzzy metric space of all nonempty
compact subsets of X, which we call it the Hausdorff fuzzy
metric space (X* D*). The introduction of the distance

function defined over a fuzzy subset A of a universal set X is is
given first and then prove some related properties to this
distance function. In addition, the generalization of this
definition for a distance function between two fuzzy subsets of
X is obtained based on the Hausdorff distance. Finally, the
completeness of the Hausdorff fuzzy metric space and then its
compactness are studied and proved.

Index Terms—*“Fuzzy metric space, Fuzzy distance function,
Complete fuzzy metric space, Compact fuzzy metric space,
Hausdorff distance”.

I.  INTRODUCTION

Given any metric space (X,d), the Hausdorff distance
defined on the space of all nonempty compact fuzzy
subsets of (X,d) would express a fuzzy metric space,

which is ascribed by (X*,D*), whereby the Hausdorff

distance gives the largest length of the fuzzy set of all
distances between each fuzzy point of a set.

The introduction of the concepts of fuzzy sets can be
traced back in 1965 by Zadeh in 1965 [1]; whereby it
became an important source topic of mathematicians, such
as Kramosil and Michale who introduced the notions of
fuzzy metric spaces which is modified then by George and
Vermani in 1994 using M-metric spaces, [2-9]. Thereafter,
Rodrignezlapez and Romagnera introduced the Hausdorff
metric defined over the collection of all compact nonempty
sets and studied the completeness, pre-compactness and
compactness of such Hausdorff fuzzy metric [10]. Whilst,
the identification theorem for the completeness of the
Hausdorff fuzzy metric space was initially presented by
Garcia et al. in 2013 [11-12]. However, several equivalent
conditions for the Hausdorff fuzzy metric spaces defined
over the family of compact nonempty sets are given recently
in [13]. After that, it is promising to persue for other
properties of the Hausdorff fuzzy metric space.
Furtheremore, fundamental concepts of fuzzy analysis has
many applications, such as in the statement and the proof of
the existence and uniqueness of different types of fuzzy
differential or difference equations (see for example [14]).
Also, Prasertpong R. and Siripitukdet M. presents some
results concerning advanced sets in approximation spaces
based on overlaping classes of successor restricted to levels
in closed unit intervals under serial fuzzy relations between
two universal sets [15], while Julath P. and Siripitukdet M.
in 2017 characterize fuzzy subsemigroups, fuzzy bi-ideals,
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fuzzy generalized bi-ideals, and fuzzy quasi-ideals of
semigroups, [16].

In this artical, the distance function between fuzzy sets is
defined along with several related properties in real analysis
which are stated and proved. Additionally, this function is
utulized to define the Hausdorff distance function between
fuzzy sets. This in turn is used to construct the Hausdorff
fuzzy metric space proving the completness and
compactness when the nonfuzzy metric space is complete
and copact.

It must be noted that the completeness of the Hausdorff
induced fuzzy metric space is obtained when the original
metric space is complete. While, the compactness of the
function space would induce the Hausdorff-induced fuzzy
metric space to be compact.

Il. PRELIMINARIES
In this section, some basic and fundamental concepts
related to this paper are given, while more elementary
concepts are not introduced, by which the basic definition of
fuzzy sets is given.

Definition (1), [1], [17]: A subset A of the universal set X
is said to be fuzzy subset of X if it is characterized by a

membership function x5 : X ——{0,1]. In other words, A
can be defined mathematically as:

A:{(X,,uA(X)):Xe X, OSﬂA(X)Sl}

On the other hand, the most important relationships
regarding fuzzy sets are given for completeness purpose of
this paper in the next remark, which appears in most
classical literatures, such as [1], [18-22].

Remark (2): Let A and B be two fuzzy subsets of the
universal set X, with membership functions x; and ug,

respectively. Then for all x € X:
1. AcBif uz(x)<pg(x).
2. A=Bif uz(x)=pz(x).

3. The support of A is a crisp set consisting of all x € X,
such that sz (x) > 0.

4. The union of A and Bis also a fuzzy set C with
membership function:

e (%) = max{ (%), 15 (9}

5. The intersection of A and B is also a fuzzy set D with
membership function:

5 (%) = min{ 15,(4), 145 (X)}
6. The complement of A is also a fuzzy set (denoted by
A®) with membership function Mo (¥) =1= 5 (x)
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Definition (3), [23]: A fuzzy point Gy in a fuzzy set Aisa
fuzzy subset of X, where x belongs to the the support of the
fuzzy point, and A €(0,1] is the grade of this fuzzy point,
with membership function:

A if y=x
qu(y)—{o if y=x

It is notable that, a fuzzy point cN];(1 belong to a fuzzy set
A (denoted by G5 & A) if and only if sz(x) > A, where

the symbol & is used in order to distinguish the belong in
fuzzy set with the ordinary belong in nonfuzzy sets, [24-25].
As an abbreviation, the set of all fuzzy subsets of X or
fuzzy points in X will be denoted in general by X*.
Next, the definition of the function in terms of fuzzy
points is given, as follows:;

Definition (4), [26], [23]: If X* be the set of all fuzzy
points in X i.e.,

x*:{qf:XG X,/?,e(O,l]}

and let G5, G, q‘jii,

where 4, A, 4ie (0,1], x, X, € X, for all i=1,2,3. The a

i=12,3; be fuzzy points in X *,

function d*: X *xX *——[0,) is called fuzzy distance
function if it satisfies the following conditions:

1. d *(qjll,qjj) =0 ifand only if A, < A, and X, = X,.
2. % G2)=d*(°q? Cal).
3. ARG, G2) ARG, a2 ) +a(a?  a0).
4. If d*(qfll,qf,;) <r, where r>0, then there exist
A'> )y > 2y, such that d*(qf/,qjs)«.
Also, (X*,d*) is called fuzzy metric space.

Furthermore, among the well-known examples of fuzzy
distance function are those given below [26], [23]:
1. If X =R and d(x3,X2) = [X1—Xo|, then we get the fuzzy
distance function:

d*(Gt 452 ) = max{As-2,0} - pu-xel

2. If X = R* and d(x, Xp) = \/(x%—x%)Z +(x¢ —x3)? | then
the fuzzy distance function takes the form:
!
d*( qxll , qx22 ) = max{A;—A,,0} +

T 0\2_ (2 212
\/(Xl—xz) +04 —x32)

where X, = (X% , X12), Xo= (X% ) x%).

1/2
b
3. If X =C[a,b] and d(f,g):{J.|f—g|2 dxj , for all
a

f,g eCl[a,b], and hence the fuzzy distance function
takes the form:

1/2
b
d*(a7, 632 ) = max{ 2,0} + { flt-gF de
a
While the basic concepts in metric spaces are those given
in the next definitions:

Definition (5), [26], [27]: If (X*,d*) is a fuzzy metric
space, then the fuzzy neighborhood Ug(qf) of a fuzzy
point Gy is the fuzzy set which consist of all qff e X*,
such that:

d*(@, 05 ) <s
where the number ¢ > 0 is called the radius of Ug(q)’}) , and

qf is the center of the neighborhood, i.e.,
U, (@) = {a¢ &X*:d*(af.6¢) <2

Definition (6), [26], [27]: A fuzzy set A is called open
fuzzy set if for all gy & A, there exists ¢ > 0, such that

Ug(qf) CA-

Definition (7), [26-27]: A fuzzy set AEX* is said to be
fuzzy closed set if A° is a fuzzy open set in X*, or every
fuzzy point of A is a “fuzzy limit point” of A.

Definition (8), [26]: A fuzzy set A is bounded if there

exists a real number h > 0, such that d*( qu ,qf) < h, for

all qf e A , Where qu € X * and Xq, X € X, Ao, 4 € (0,1].

Definition (9), [23]: A fuzzy subset A of a fuzzy metric
space (X*,d*) is closed and bounded if for all «<(0,1], A,

is “closed and bounded” nonfuzzy subset of X.

Definition (10), [26]: If A is a fuzzy subset of a “fuzzy
metric space” (X*,d*) and let £>0. A finite fuzzy set W
of fuzzy points:

o M A .
W = qxll,qxg—,...,qf: , where X, X5, ..., Xy € X and Ay,

Aoy .oy An € (0, 1]
is called an “gfuzzy net” for A if for every fuzzy point

r)f & A, there exists qf_i EW, forsomei e {1, 2, ..., n};
1

such that d*(ﬁf,qj:)q.

1. DISTANCE BETWEEN FUzzyY SETS

In this section, the distance function between fuzzy sets
(based on the usual definitions between two nonfuzzy sets)
and the definition of the distance function in terms of fuzzy
points given in definition (4) is introduced. Therefore, the
distance between fuzzy point qf in X* and a fuzzy set A in
X* is initially defined by:

d*(a5, A) = inf d*(dy,e5), Vaf €A

G4’ eA
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while the distance between any two fuzzy subsets A and B
of X* is defined as:

d*(A,B)= sup d*(G4,B)
G4 eA
= sup inf d*(64,67) (D)
qéleAGbeB
The next theorems presents several basic properties
related to the distance between fuzzy points and/or fuzzy
subsets of X.
Theorem (11): If Aisa fuzzy subset of the universal metric
space (X,d), then d*(G;,A) =0 ifand only if G € A.
Proof: If d*(q)’},/:\) =0. To prove that q;} eA
From the definition d*( qf : /:\) = 0 implies that:

. o &AM AM = R
inf {d*(Gy,q0): G, € A}=0
gx €
Hence, for each x;eX, 4;€R yields d*( q;},qfll) = 0 (by
definition (2.4), [26])

Now, uz(X)=pz(04)=A=4

Therefore 15 (x) > 4, ie,qy & A
Conversely, if qf A, e, uz(x) 4. To prove that

d*( qf : A) =0, i.e., to prove that there exists qfll g A in

A
which the infimum distance occur, i.e., d*(qf,qxll) =0

which is satisfied if x = X3, 4= 4; and hence d*( qf , A) =0.
[ |

Theorem (12): If A and B are any two fuzzy subsets of the
universal metric space (X,d), then d*(A B)=0 if and
only if Ag B.
Proof: If d*(A, B) =0, then by the distance function (1),
which implies:
sup inf_ax(af,65)=0
qgéA qééB
and hence by the uniqueness of the infimum and the
supremum, there exists q§1 & A and qﬁz & B, such that
dr(d3t, 652 ) =0
From definition (4)(1), A< A, and a = b, and hence:
Hg(@) =
<h
= u(b),a=b
= uz(d)
Therefore, from Remark (2)(1) it implies that AcB. m

Theorem (13): If A and B are any two fuzzy subsets of the
universal metric space (X,d), such that AcB , then:

d*(G,B) <d*(@af, A), v 4 e X *.

Proof: Let qfll & A andsince A c B, then qfll B
It follows that:
d*(Gy Q) 2 inf{ax(ay, G ) : GY & B}
=d*(dy . B) 2)
which is also true for all q)’}ll cA
We defined that
d(ql A =infer(al, af): 4R e AY L)

substitute (3) in (2), we get:
d*(G¢ . B) <d*(dx . A)
which completes the proof of the theorem. =
Theorem (14): If A,B and C be fuzzy subsets of the
universal metric space (X,d), suchthat B =C , then:
d*(A C)<d*(A B)
Proof: Let AEX* be any fuzzy subset of X and take a
fuzzy point qf cA
By theorem (13), d*(q{,C ) <d*(G},B)
Now, take the supremum over all qf cA , then:
sup d*(q,C) < sup d*(qy, B)
feA Gt eA

n

Hence using the definition of d*, this implies to d*( A,C )<
d*(A,B). m

Theorem (15): If A,B and C be fuzzy subsets of the
universal metric space (X,d), then:
d*(AUB,C)=max{ d*(A,C), d*(B,C)}
Proof: Let D =AU B, which has the membership function:
g (X) = max{uz (X), g ()} ..(4)
Now:
d*(AUB,C)=d*(D,C)
= sup d*(g¢,C), for all G} € AUB
05 €D
By (3), implies to:
d*(AuB,C)zmax{ sup d*(G¢,C), sup d*(qf,é)}
axeA 0 2B
=max{d*(A,C),d*(B,C)}. =

Theorem (16): Let A, B and C be fuzzy subsets of the
universal metric space (X,d), then:

d*(A,B)<d*(A,C)+d~(C,B)

Proof: Since:
d*(A,B)= sup d*(qjll,é)
qjié/i
. IV )
= sup Jlnf~d (qxll, X22)
GAeA G2EB
X1 2
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: ! )

< sup inf_ {d*( Gy G2 )+d*(a.2, a2 )}
gleA G 2¢EB
X1 2

< sup |nf d*(qX ,q’13)+

qleh glec

sup |nf d*(q’13,~12)

qjgéc” q2e8
= sup d*(G.C)+ sup dr(G3,B)
q’lié q’l &€

=d*(A,C)+d*(C,B)
which completes the proof of the theorem. =

IV. HAUSDORFF FUzzY METRIC SPACE

In the last section, the distance fuction between fuzzy sets
is given which does not define a “fuzzy metric space”, since
the property of symmetry becomes, in general, not true.
Therefore, using the definition of Hausdorff distance
between two closed and bounded fuzzy subsets of X, would
induce [28-29]:

D*(A B) = max{d*(A,B),d*(B,A)} (5

In the next theorem, it is proved that X* with the

Hausdorff distance (5) form a metric space, which will be
called “fuzzy metric space” defined over X is proven

Theorem (17): Let (X,d) be a nonfuzzy or the universal
metric space, then (X*,D*) is a fuzzy metric space.
Proof: To prove that (X*,D*) is a fuzzy metric space, we

need to verify the following properties for all A,B,C &x=

1. D*(AB)>0.

2. D*(AB)=0 ifandonlyif A=B.

3. D*(AB)=D*(B,A).

4. D*(A,B)<D*(AC)+D*(C,B).

The proof proceeds as follows:

1. By definition (4), we have d*(A,E) > 0 and d*(B ,A)
> 0 and hence by the definition of D*, implies that
D*(A,B)>0,forall A,B &X*,

2. 1fD*(A,B) =0, then from (4),

ax{d*(AB),d*(B, A)} =
Hence d*(A,B)=0 and d*(B, A) 0
By theorem (12), Ac B and Bc A, i.e., A=B
Conversely, if A=B, then AcL5> and Bc A
Hence, from theorem (12) it implies that d*(A, B)=0
and d*(B,A)=0
Thus from (5), it follows that D*(A,B) =0
3. D*(A,B)=max{d*(A,B),d*(B,A)}
= max{d*(B,A),d*(A,B)}
=D*(B,A), forall A, B ex*

4. Since D*(A,B) = max{d*(A,B),d*(B,A)}, therefore
from theorem (16) it follows that:

d*(AB)<d*(AC)+d*(C,B)
<max{d*(AC),d*(C, A+
max {d *(C, B),d *(8,C)}
= D*(A,C)+D*(C,B) ..(6)
Similarly:
d*(B,A)<d*(B,C)+d*(C,A)
<max{d*(B,C),d*(C,B)}+
ax{d*(C, A),d*(A,C)}
=D*(B,C)+D*(C,A)
=D*(A,C)+D*(C,B) (7
From inequalities (6) and (7), it follows that:
D*(A,B) = max{d*(A B),d*(B, A)}
<max{D*(A,C)+D*(C,B),D*(AC)+
D*(C,B)}
=D*(A,C)+D*(C,B)
Therefore, (X*,D*) is a fuzzy metric space. ®
For the rest of this paper, we further need to introduce
several definitions in fuzzy metric spaces, which are

considered as a generalization to definitions those given in
section Il above.

Definition (18): The ‘“Hausdorff fuzzy metric space”
(X*,D*) is said to be compact if every open cover of fuzzy

opensets U;, i=12,...,
subcover.

n ; which is covering X* has a finite

Theorem (19): Let (X*,D*) be a Hausdorff compact fuzzy

metric space, then every infinite fuzzy subset of X* has at
least one fuzzy limit point in X*.

Proof: Let A be an infinite fuzzy subset of X*
To prove that there exist a fuzzy point r);} € X* X € X,
A€ (0, 1]; such that B¢ is a fuzzy limit point of A.
For contrary, suppose that A has no fuzzy limit point in X*,
i.e., every fuzzy point of X* is not a fuzzy limit point of A.
Let \7((){}) be a fuzzy neighborhood of p;} , then:

V() ={pi NN A=0
where = is the subtraction between fuzzy sets using the

extension principle

=1-1

Hence, {°pf I~ A = &, where ®p} = pb

Then ”(Cpi A)(y) =0, Vy € X, which means that either:
X
V(HNA=2,if p} 2 A
or:
V(pH)nA=pd,if
Since, V(p§

px €A
) is a fuzzy neighborhood, then V (p{) is a
fuzzy open set, i.e., {\7((3)’})} form a fuzzy open cover of

X* v V(pg) & X*
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Since every \7(|§f) contains at most one fuzzy point of A

and since A is an infinite fuzzy set

Hence, {V(f)f)} has an infinite fuzzy open cover which is
converging A

Therefore, {V(pf)} has an infinite fuzzy subcover, which
is covering X*

Thus, X* is not compact fuzzy metric space, which
contradicts that X* is a compact Hausdorff fuzzy metric

space and hence A has fuzzy limit point in X*. =
Definition (20): The Hausdorff fuzzy metric space
(X*,D*) is said to be “totally bounded (or pre-compact)” if
every fuzzy subset of X* has an &fuzzy net for every ¢ >0.

Definitio (21): A sequence {/:\n}:o_l of fuzzy subsets of a

Hausdorff fuzzy metric space (X*,D*) is said to be

converge to a fuzzy subset ,50 of X* if there exists a natural
number N, such that:
D*(A,,Ay) < g foralln>N
where A, is given by.
Ao = {0} &X* | there exists a sequence {c’j)’(111 YEA,,
n

~n

such that § " — qf if and only if x,——x and
n

Ai——A}

Definition (22): A sequence {'&"}:—1 of fuzzy subsets of a

Hausdorff fuzzy metric space (X*,D*) is said to be Cauchy

sequence if there exists two narural numbers n and m, such
that:

D*(A,,Ay) < ¢ forallm>n

Definition (23): The Hausdorff fuzzy metric space
(X*,D*) is complete if every Cauchy sequence is converge.

Theorem (24): The fuzzy subset ,50 of the Hausdorff fuzzy
metric space (X*,D*) is bounded.

Proof: Let {A]}:_l be a sequence of fuzzy subsets of

(X*,D*), then for each qf € A] such that x,——x and

Ai——> A, Xn, XeX, Ay, A€ (0,1]
Hence {x,} and {1,} are bounded sequences, which implies
to that there exists two natural numbers M; and M,, such
that:

d(Xn,X) <M; and max{4,—1,0} <M,
Thus:

d*( qf: , qf) = max{1,—1,0} + d(x,,x)
D*( Ay, Ag) = max{d*( Ay, Ag).d* (Ao, A)} ()

In equation (8), suppose that:

max{d*( A, Ag).d*( Ay, Ay)} =d*(A,, Ay)
then:

D*( Ay, Ay) = d*(A, Ay)
= sup inf d*(q
quéﬁo ax e

)

Xp !

sup inf{max{1,—4,0} + d(x,,x)}, for all x,,
XeX, A, 4 €(0,1]

<M;+My=M e N
Similarly, when d*( A,, A,) is the max in equation (8),

hence the sequence {A] }:_1 is a bounded sequence of fuzzy

point in Ay, which implies that A, is bounded. ™

Theorem (25): Let (X,d) be a complete metric space, then
(X*,D*) is complete Hausdorff fuzzy metric space.

Proof: Let {An }:o_l be a fuzzy Cauchy sequence in (X*, D*)

To prove that lim A, =4y, i.e., to prove that for each

nN—oo

qf € /30 there exists a sequence of fuzzy points qf: € An ,

such that qf” — qf , Which is happend when x,——x and
n

Ar—A
Since for all &>0, there exists N, which is a natural
number, such that:
d*(q)f“,qu)<g,qu,forall n,m>N ...(9)
n m m
From Definition (19), we have (9) is equivalent to:
d*(Xn,Xm) < € and max{A,—1n,0} < ¢ foralln,m>N

Now, to prove that an—>qf, where qfn EA,, CNI;} €
n n

Ay, i.e., to prove that:

d*(x,,x) < ¢ and max{1,—4,0} <&
Since {x,}, where n is a natural number, is Cauchy
sequence in (X,d) which is a complete metric space, hence

it is converge to x €X, i.e., d(Xn,X) < &2

Also, {4,}, ne N is a Cauchy sequence of real numbers in
(0,1], hence it is converge to Ae(0,1], i.e., max{4,—1,0} <
&2

Then d*( qf: ,C]f) < & which means that it is a convergent

sequence of fuzzy points in {&}:’_l to a fuzzy point

Gf & A, and since:

D*( Ay, Ay) =max{ d*(A,, Ay), d*( Ay, Ay)}
Thus {A"}n:l
(X*,D%)
Therefore, (X*,D*) is a complete Hausdorff fuzzy metric
space. ®

is a convergent sequence of fuzzy sets in

Definition (26): Let (X*,D*) be a Hausdorff fuzzy metric

space and A is a fuzzy subset of X* and let £ > 0 any given
number, the e-neighborhood A+e& of A in X* is defined by:

A+e={yeX T3 xe A, such that d*( qjll quz ) < &}
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(27): Let A,B&X* and then

D*(AB)<e,ifandonlyif AcB+¢ and Bc A+¢.

Theorem >0,

Proof: Suppose that D*(AB)<e, for all ABE&EX*.
Hence:

sup inf d*(GA,62)<e
GAeA 4,228

and
sup inf_d*(q,?,q5) <&
q;'Z B qaléA

Now, sup inf~d*(q§1,q612)s,s implies for all 2 & A

~ A9~
GleA ;2B

inf_d*(4A,6,2)<e

G2e8

that

ie, for all g2 &A, then G &B+s which yields to

A c |_5> +&

Similarly,  sup inf d*(G/2,G4)<e implies that
o228 GleA

é (- A +&

Conversely, if AcB+sand B A+e
Since A< B +¢, then taking G2 & A impliesto G2 & B +&
Hence there exists qkf?-’ &B, such that d*(qé{qél)s,s,
forall G2 & A

Thus inf d*(G1,652) < and hence:

G2
sup inf d*(6gl,G,2) <e
GAcA Gy2eB
Similarly, B < A +&will implies to:
sup inf d*(G2,G4) <«
G2 eB agLeA
Therefore, D*(A,B) <z ™

Theorem (28): The Hausdorff fuzzy metric space (X*,D%*)
is compact whenever (X,d) is a compact metric space.

Proof: To prove that (X*, D*) is compact, i.e., to prove that
(X*,D*) is complete and also totally bounded fuzzy metric

space
From Theorem (25), (X*,D*) is complete Hausdorff fuzzy

metric space
Since (X,d) is compact metric space, then it is also totally

bounded metric space and hence it remains that to prove
(X*,D*) is a “totally bounded” Hausdorff fuzzy metric

space
Let ,&, ,1=1,2,...,n; be a finite set of fuzzy open sets, such

that for each fuzzy subset A of X* if qféA and

i

s

A~
x €
i=1

Let & 0 and qf eA  foralli=1,2,...,n; with radius &

1
Hence, the following finite set of fuzzy point may be
constructed:

I P ) ~n
W= {qxll,qxz2 s O }
n ~
Since U A is also a fuzzy set with maximum membership
i=1
function, then using Theorem (4.1) [27]
d*(qj;‘ G4 =0,ie., d*(qj;‘ ,G4) < &, for each i.

implies to

Similarly, it may be proved that d*(qf,qf)<5, for
1

each i. Hence:

maxy sup inf d*(q7,af), sup inf d*(Gf.a)r<e
G A EA |
i.e., D*( A , A) < & which means that A possess an &-fuzzy

net.
Thus (X*,D*) is totally bounded Hausdorff fuzzy metric

space
Therefore, (X*,D*) is a compact Hausdorff fuzzy metric
space. ®

Definition (29): The Hausdorff fuzzy metric space
(X*,D*) is said to be countably compact if every infinite

fuzzy subset A of X* has a fuzzy limit point g5 & X*.

Theorem (30): Let (X*,D*) be a compact Hausdorff fuzzy
metric space, then (X*,D*) is countably compact Hausdorff
fuzzy metric space.

Proof: Suppose that (X*,D*) is not countably compact
Hausdorff fuzzy metric space

Let A be an infinite subset of X*, which has no fuzzy limit
point in X*, i.e., there is no qQ € X*, such that there exists

qf: éA,andd*(qf,qj:)q

Since X* is a compact Hausdorff fuzzy metric space, hence

there exist a fuzzy neighborhood system "uiqi and for all
X

q;} & X *, there exists finite subcover U;, i=12,...,n; such
that:

Let each fuzzy point qf € X* belong to an open fuzzy set

Ui e, Gf €U W which contains at most one fuzzy

0 0

point of X* and since "?Lq/l is the fuzzy neighborhood
X

system of X* with open cover Ui

0

of the compact

Hausdorff fuzzy metric space X*. Hence:
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n
q)/(léUUI :UliUUZAU UUm
Y 0k a2 am
Since A & X*, then
A&U uU u...uU
i 22 " g
X1 X2 Xm

and since each U; contains at most one fuzzy point qf_i ,
1

i
a
foralli=1,2,....m

Therefore, A contains at most m fuzzy points q‘f_i ,i=1,2,
1

..., m; and hence A is finite which has no accumulation
fuzzy point, which is a contradiction.
Thus, (X*,D*) is “countably compact” Hausdorff fuzzy

metric space. W

Theorem (31): Let (X*,D*) be a countably compact
Hausdorff “fuzzy metric space”, then (X*,D*) is a totally

bounded Hausdorff “fuzzy metric space”.
Proof: Suppose that the Hausdorff fuzzy metric space
(X*,D*) is countably fuzzy compact, but not fuzzy totally

bounded.
Hence, there exists ¢ > 0, such that there is no &-fuzzy net of
X*

Let qfll be a fuzzy point in X*

Then the finite fuzzy set { qfll }is not an &-fuzzy net of X*

Therefore, there exist a fuzzy point quz gU (qfll £), e,

d*(§1,G%2 ) > & Also the finite fuzzy set { 42 , §72 } is not
Xl' X2 X:I_7 X2

an e-fuzzy net of X*

Also, there exist another fuzzy point qu such that qu ¢

e

7o . w(mly = w(nl A
1U(qxi ,€),ie, d (qX22,qX33)25 and d (qxll,qxg)z(e
Continue the proof by using the mathematical induction.

I Y PR A
0 G2}

Suppose that there exists finite fuzzy set {
w(gh gl o
such that d*(q;',4," ) > & wheni=]j
i i
Nﬂl ~ﬂ.2 ~/1n H
Therefore, the fuzzy set {q ',q,>.....,4," } is not an &
Q@ X2 Xn
fuzzy net of X* which implies that there exists a fuzzy point
n 9 H -
qj::ll . in which qf::ll z(Ju (qfi &), ie.,
i=1
*( gl G4 i
d (an+1 O )>¢gwhenizn+1
By induction, we can define the sequence {qf" 3, neN
n

from different fuzzy points in countable compact space X*,

such that d*( qf qf’ )> & wheni#j
i

Let E = [J {0}

neN

Now, by countably compact Hausdorff fuzzy metric space,
we means that there exists G &X* which is a fuzzy limit

point of U, hence U (Gy ,€) contains infinitely many fuzzy
point of E and this contradicts the fact that d*( qf_i qfl )¢,

i j
ifi=j. m
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