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On Linear Codes over Zon + vZiom

Sri Rosdiana, Intan Muchtadi-Alamsyah, Djoko Suprijanto, and Aleams Barra

Abstract—We present structural properties of linear codes
over the ring Zom + vZam where v2 = v as a generalization of
specific Gao’s results for the ring Z, +vZ4 where v> = v. First,

we study a structure of the ring Zym + vZom where v? = v

and properties of linear codes over this ring, via a Gray map.
Further, we consider MacWilliams relations, MDS codes, as
well as Euclidean self-dual codes over this ring.

Index Terms—linear codes, Gray map, euclidean self dual,
MacWilliams relations, character.

I. INTRODUCTION

LAKE introduced codes over finite rings in the 1970s

in order to find possible good codes (see [1],[2]). In [1],
he studied the construction of codes over Z,,, where m is a
product of distinct prime p;, from cyclic codes over GF (p;).
Then, in [2], he studied the structure of codes over ring Zg,
where g = p”. Blake’s result was generalized by Spiegel in
[3] and [4] to the codes over Z,, for any positive integer m.
Codes over finite rings started to become more interesting
through the work of Hammons Kumar, Calderbank, Sloane,
and Solé [5]. Hammons et al. [5] studied a nonlinear binary
code associated with a linear code over Z,4. In 2014, Yildiz
and Karadeniz [6] studied linear codes over Z4 + uZ4, where
u? = 0. Among their results are the MacWilliams relations
for Lee, complete, and symmetrized weight enumerators.
Recently, certain similar aspects are also studied by Gao
and his coauthors for linear codes over Z4 + vZ4 and over
Zg + vZg, where v2 = v ( [7], [8]).

In this paper, we present the structures and properties of
linear codes over a finite ring Zom + vZom, Where v? =,
as a generalization of specific results by Gao et al. in [7].
The basic structure of the ring Zom + vZom is presented
in Section 2, meanwhile in Section 3, we consider linear
codes over finite ring Zom + vZom, show the MacWilliams
relations for these codes and study MDS codes over the ring.
In Section 4, we then observe some properties of self-dual
codes over Zom + vZigm.

II. LINEAR CODES OVER Zom + vZigm
A. Basic Structure of Ziom + vZiom

From now on, we denote the ring Zom + vZom, where

v? = v, by R. Ring R is commutative and has characteristic
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2™, Ring R is isomorphic to Zgm [v]/(v? — v). Any element
r =a+ bv € R is unit if and only if a and a + b are both
units in Zom.

It is shown in Lemma IL.1 that R is a principal ideal ring,
and by [9], R is a Frobenius ring.

Lemma II.1. R is a principal ideal ring.

Proof: Consider the following two surjective ring ho-
momorphisms

p:R32a+bv—a € Zom,
and
Yv:Ro>a+bv—a+b€ Zom.

Let I be an ideal in R. Since ¢(I) = {p(r): r € I} and
Y(I) ={¢¥(r): r € R} are ideals in the principal ideal ring
Zom , then @(I) = (c) and ¢(I) = (d) for some ¢, d € Zgm.

We claim that I = {(1 —v)c+ vd). Let r = a+bv € I.
Since a = ¢(r) € {¢) and a + b = ¢(r) € (d), we can write
a = ce and a + b = df for some e, f € Zym. Note that

r=a-+bv
=a(l—v)+ (a+d
= ce(l —v) +dfv
= (¢(1 =)+ dv) (e(l1 —v) + fv).
It follows that I C ((1 — v)c + vd).
Conversely, since ¢ € ¢(I) and d € ¢(I) there are ¢ +

sv,m 4+ nv € I such that ¢(c+ sv) = ¢ and P(m + nv) =
m +n = d. Note that

I-v)e=(1—-v)(c+sv)el
and
dv=(m+n)v=(m+nv)vel

hence (1 — v)c+ dv € I and therefore ((1 —v)c+ dv) C I.
|

B. Linear Codes over R

A linear code C of length n over the ring R is an R-
submodule of R™. Ring R can be represented in another
way as R = vZam @ (1 — v)Zam. Following [10], we define
the Lee weight of the elements in Zgm as:

if x <2m1
if x >2m1

I?
2m — x,

wn(o) = { 1)

First, we define a Gray map ¢ : R — Z3,. by ¢(a+bv) =
(a,a +b). Then we extend this map into a Gray map from
R™ to 732 by

¢ R" — 73%

. ,’I"nfl) — (¢(T0), ¢(’f‘1), ey gb(Tn,l)).

(ro, 71, .-
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Definition IL.2. The Gray weight for any element of R is
defined by

wg(a + bv) = wr(a) +wr(a + b),

where wr,(a), wr(a+b) denotes the Lee weight of elements
a,a+b € Zgm.

By extending the Definition II.2 we could define

the Gray weight on R". The Gray weight of
c = (co,cl,~-~ ¢h—1) € R"™ is defined as
wg(c) = ch ¢;). For ¢y, € R", the
Gray distance between ci and c is defined by

dg(c1,c2) = weg(er — c2); and Hamming distance is
defined by dg(ci,c2) = wg(c; — cz). Similarly, the
Lee distance between ¢ € R” and d € R"™ is defined by

dr(c,d) =wr(c—d ZwL (c; — d;).

The following proposition shows that the Gray map is an
isometry.

Proposition IL3. Let ¢ : R" — Z3% be the Gray map.
Then ¢ is linear over Zomand ¢ is a distance preserving
map from Gray distance R with length n to Lee distance
Zom with length 2n.

Proof:

It is clear that ¢ is linear and by using definition of Gray
weight, we have dg(c,d) = wg(c —d) = wr(¢p(c —d)) =
wi(8(c) — (d)) = di(8(c), o(d)).

|

By using the above proposition, it is easy to prove the

following lemma.

Lemma II.4. If C is an [n, M, d¢] linear code over R, then
@(C) is a [2n, M,dy] linear code over Zom.

III. THE DUAL AND MACWILLIAMS RELATIONS

In section II, we have already learned about the basic struc-
ture of linear codes over ring R. In this section, we present
the implementation of dual and MacWilliams relations over
ring R.

A. The Dual of Linear Codes over R
First, we define the Euclidean inner product on R™ as
follows:
(xo,l’l, s ,Jin—1) : (yo,ylw" ,yn—1)
=ToYo +1Y1 + -+ Tn—1Yn—1.
Moreover, we define the Euclidean dual code of C as:

L={xeR":x-c=0 forall c€C}

A code C is called Euclidean self-orthogonal if C C ct,
and C is called Euclidean self-dual if ¢ = ¢+,

Lemma IIL1. 1) If C is a linear code, then ¢(C)* =
b(c")
2) If C is Euclidean self-dual, then ¢(C) is Euclidean self-
dual.

Proof:
1) Let ¢ = (co,c1,+* ,Cn—1) ECand d =
dnfl) S CL, where ¢; = a; + bjv,d;

(d07d17"'7
= e + fiva

aiabiveiafiGZQ"”a i:O71a2a"' 7n_1'

We see that
C~d:COdQ+Cld1+"'

n—1

= (ai+b)(ei + fiv)
1=0

n—1 n—1

— Z ae; + Z(@ibi +aifi +bifi)v.

=0 =0

+ Cn—ldn—l

n—1
Since c¢-d =0, then Z a;e; =0 and

=0
n—1

Z(eibi +a;fi +bif;) = 0. So,
= (b(cOa e

= G(ao + bov, -
¢(eo + fov, - -

7Cn71) . ¢<d05 o

s A1+ bp_1v)-

en—1+t fa—10)

= (ap,ao0 +bo, -+ ,apn_1,an-1 +bp_1)
(eose0 + fo, -+ s en—1,€n—1+ fn-1)

= (aoeo + (ao +bo)(eo + fo) +- -+
Un—1bp—1+ (@n-1 +bn—1)(en-1+ fu-1)

n—1 n—1
E a;€;
1=0

) dnfl)

n—1

= Z ae; + Z(eibi +a;fi +bifi) +
i=0 i=0

=0.

Now, ¢(d) € o¢(Ct) and ¢(c) -
o(d) € p(C)*.

¢(d) = 0, hence
Therefore, ¢(C+) C ¢(C)*.
Moreover, it is easy to verify that ¢ is bijective, and then
we have |¢(C1)| = |#(C)*|. Hence, it implies ¢(C*) =
$(C)*.
2) Let C be Euclidean self-dual, C = C*, then ¢(C) =
#(CH) C ¢(C)*. So ¢(C) is self-orthogonal. By Lemma
IL.4, we have |$(C)| = |C| = (2™)™/2. Hence, $(C) is a
Euclidean self-dual.
|
Next, we present a MacWilliams relation of linear codes
over the ring R.

B. MacWilliams Relations

Let C be a linear code with length n over R. For all a
in R and ¢ = (¢o,c1, ..., ¢n—1) € R", define the weight of
vector ¢ at a to be:

wale) = |{i: ¢ = a}|

Let A; be the number of elements of Gray weight i in C.

Then, the set of Gray weight distributions of C is
{A07 Ala T 7A27”n}~

The Gray weight enumerator is defined by:

ZASQH’LT’L

:Z 52 ‘n— wc;(c)TwG(c)

ceC

Gray(S,T)
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Since Gray map ¢ is a distance preserving map from the
Gray distance to the Lee distance, we define the Lee weight
enumerator of ¢(C) as follows:

>

d(c)€4(C)

Suppose that the elements of R are
{0,v,20,3v,..., (2™ = 1)v,1,1 + v,...,1 + (2™ — 1)v,
.., (2™ = 1) + (2™ — 1)v} are indexed with the following
indexing variables:

R= {So, 51752; 537 ce 75(2771)271},

Lee¢(c) (57 T) = SQ’”QH—UJL (¢(C))TU1L(¢(C))

Let a; denote the elements of Table 1 that relate to .S;.
Define the complete weight enumerator of C over R as
follows:

CweC(SO;ShSQa' T 75227”71)
Wap (€) 4Wa, (€ Wa,9m _ (c)
=3 spal@gpale g
ceC
ST
ceCaER

We say that w, (c) is the complete weight composition of
vector ¢ in a;.

Define the number of elements with Gray weight 7 in
codeword c of C as:

a;(c) = Z

acR,
wag(a)=1

’Uja(C), i207172737"'72m

Then the Gray weight wg(c) of ¢ € C is equal to:
2m
wg(c) = Z ia;(c).
i=0
Define the symmetrized weight enumerator of C over R as
follows:

gm
swee(To, T, To, Ts, ..., Tom) = > [ [ 77,
cev i=0
where Ty, Th,15,T5,...,Tom represent the elements in R
with weights 0,1,2,3,...,2™ respectively.
The Hamming weight enumerator of C is defined as
follows:

Ham¢(S,T) = Z gn—wH(c)pwn(c)

ceC

where wg (¢) denotes the Hamming weight of a codeword
c.

Lemma IIL.2. Let C be a linear code with length n over R.
Then we have:
1) GrayC(S, T) = Swec(SQm’ 5¢2m_17,,7 S2m_2T2)
S22 L G2 2 g ol 2Ty
2) HamC(S, T) = Swec(S’ T’ T, e ’T)
—_—

2777.
3) Gl"ayc(S, T) = L66¢(C) (57 T)
Proof:
1) GrayC(S, T) = Z S2m”*wG(C) Twc;(c)

ceC

— Z SQ””(ag—l—al—Q—m—&-agm)—(Oa0+1a1+~--+2mo¢2m).
ceC
T(an+1a1+2a2+---+2ma2m)

_ Z SQma0+(2m—1)a1+(2m—2)a2+»--+a(2m_1).
ceC
T(Oa0+1a1+2a2+---+2ma2m)

_ Z S2mao (SQ”LflT)ozl (52""72T2)a2
ceC
(SQm/2T2m/2)a2m/2 . (S3T2m—3)a2m,3
(SQTQm—Q)agm,g (ST2m—1)o¢2m,1 To2m

= sweg(S?, 8% T, 82" 22 2 AT L
S2 '/2T2 '/2’... 7512772 ’72,ST2 ’71,T2 )

2) Hame(S,T) =Y Snwn(®) qwn(©)
ceC
= Z S(ao+a1+a2+a3+»--+azm)*(a1+a2+a3+~-+azm),

cecC
T(aitostas+:+azm)

— Z S0 T(a1+(¥2+(¥3+'~-+a2m)
cec
= Z Q@0 a1 oz oz pogm
cec
=swee(S,T,T,---,T)
N——
2m
3) Grayq(S,T) = Z G2 n—wa(e) pwel(e)

ceC

G2 2n—wi(é(e) pwr(é(c))
#(c)€g(C)

= Lee¢(c) (S, T)
|
Let R = {¢ : character of R} and y € R. Define 6; :
R — Rand 6 : R — R induced by x as 0 (r) = x"
and 0(r) = "x, where x"(s) = x(sr) and "x(s) = x(rs).
The character y is a generating character if ¢, or 65 is an
R-module isomorphism.

Proposition IIL.3. Let 7 : R — C* be a character of R.

Then
R|,
E m(r) ——{ | 0|’

reR

ifm=1
ifm#1

Proof: The similar proof as in Proposition 2.14 [11].
|

Lemma IIL4. For every ideal I in R, there exist I, I
ideals in Zom such that I = vl ® (1 —v)ls.

Proof: We define I; and I5 by

I :{CLEZQmZ
IQZ{bEZQm :

b€ Zom, va+ (1 —v)be I}
Ja € Zom, va+ (1 —v)be I}

Let a+wvb € I, and write a+vb = v(a+b)+ (1 —v)a. This
implies that a + b € I; and a € I, then we get a 4+ vb €
vl 4+ (1—wv)I5. Therefore it implies that I C vI; +(1—v)ls.
Let va + (1 —v)b € vI; + (1 — v)I;. We will prove that
va+ (1 —v)b € I. Since a € I, and b € I, then there
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TABLE 1

GRAY WEIGHT OF ELEMENTS Zom + vZom

7 Element Gray image Gray Corresponding
a; weight variable

0 (0,0) 0 So

1 (0,1) 1 S1

2 2v (0,2) 2 S

3 3v (0,3) 3 S3

4 v (0,4) 4 Sy

am _ 3 (2m — 3)v (0,2m — 3) 3 Som _3

m — 2 (2m — 2)v (0,2™ — 2) 2 Sam _o

om 1 (2™ — 1) (0,2 — 1) 1 Som _1

2m 1 (1,1) 2 Som

2m + 1 14+wv (1,2) 3 Som 41

2M 42 1+2v (1,3) 4 Sam 42

2m 4+ 3 1+ 3v (1,4) 5 Som 43

2m +4 1 +4’U (1,5) 6 Szm+4

am 4 (2m —2) || 1+ (2™ —2)v 1,1+ (2™ —2)) 2 Som 4 (2m —2)

2m 4 (2™ —1) 14+ (2™ -1 (1,14 (2™ —1)) 1 Som 4 (2m_1)

9(m+1) 2 (2,2) 4 So(m+1)

2(m+1) 4 q 24v (2,3) 5 Sz(m+1)+1

2(m+1) 4 9 2+ 2v (2,4) 6 Som+1) 42

20m+1) 4 3 24 3v (2,5) 7 Sy(m+1) 43

20m+1) 4 4 24 4o (2,6) 8 Sy(m+1) 44

2mADFET=2) || 9 4 (2™ —2)v (2,2+02m-2) 2 Sy (m+1)+(2m —2)

2(m+D+2™ 1) || 94 (9m _ 1)y (2,24 (2™ —1)) 1 So(m+1)+(2m—1)

92m—1 9(m—1) (2(m—1)’ 2(m—1)) 9.9(m—1) 522’"*1

22m 1 2m —1+(2m —1)v || (2™ —1,2-2m —-2) || 3 Sozm _q

exists ¢ such that va + (1 — v)c € I and there exists d such
that vd + (1 — v)b € I, respectively. Therefore,
va+ (1 —v)b=v(va+ (1 —v)e)+ (1 —v)(vd + (1 — v)b)
el
Hence, va+ (1 —v)b € I. Thus, we can conclude that vI; +
(1 — 'U)IQ =1.
Let w € vl1 N (1 —v)ly, we get
w=wva=(1l—v)b,foracl,be I
va—(1—v)b=0
—b+v(a+b)=0
Hence, b = 0,a = 0, and w = 0. So, we conclude that

I:UIlEB(l—U)IQ. u

Lemma IIL5. For every I # 0. If Zﬂ’(?“) =0, then m is

rel
a generating character.

Proof: Let § : R —s R defined as 0(r) =" m, where
"m(s) = m(rs) for all s € R. Suppose 7 is not a generating
character, then

Ker() ={reR: 6(r)=1}={reR: "m=1}# {0}

Hence, there is an r # 0, where " = 1, "nr(z) = 7(ra) =
1, for all z € R. Thus rz € Ker(r), for all z € R. In other
words, rR C Ker(r).

Suppose I = rR.

m(ay) + m(az) + - -+ w(ax)

1+1+--4+1=1-k#0,
—_— ——
k

which contradicts Z m(a) = 0 for all I nonzero ideals. W
acl

Theorem II1.6. Let m : R — C* be a character of R. Then

the following are equivalent:

1) for every nonzero ideal I, then I € Ker(r),
2) for every nonzero ideal I, then Z m(r) =
rel

0.

Proof:
(1) = 2)) Let I be a nonzero ideal with I Z Ker(7). We
will prove that Z m(r) = 0. Since I € Ker(w), there exist

rel
ro € I,m(ro) # 1. By Proposition IIL3, )~ _, 7(r) = 0.
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(2) = 1)) Let I # 0 and Zw(r) = 0. We will prove

rel
that I € Ker(rw). Suppose that I C Ker(n). This implies
that w(I) = 1. However this leads to a contradiction, since
Zﬂ(r) = |I| # 0 by Proposition IIL3.
rel

Now, let us consider the function
f :R" — (C[So, Sl, ceny 5227n_1].

The Hadamard transform of f, denoted by f , is defined
by:

fx) =

for any x € R",

> x(x-y)fy)

yER™

where for any 7 = a + bv, x(a + bv) = £2**P for any
a+bv e R, and £ = e*™/2" is the primitive 2"-th root of
unity in the complex field C.

Lemma IIL7. Let x : R — C* be a character of R
defined by x(a + bv) = £2%%° and I be a nonzero ideal of
R. Then x is a generating character.

Proof:

Because R can be represented by R = vZam +(1—v)Zom,
by Lemma II1.4, then for any ideal I € R there are Iy, I5
ideals in Zgm such that I = vI; ®(1—wv)Is. Let r = a+vb =
v(a+b) + (1 — v)a, then we have

Yox(r =Y xla+bv)

rel a+bvel
v(a+b)+(1-v)acl

Y. x(ula+b) x((1-v)a)

a+bely,a€ls

>

a+beli,acls

— Z £a+b Z ga

a+bel; aclz

x(v(a+0)+ (1 -v)a)

ga—&-b é-a

Since [ is nonzero, then at least one of I; or I5 is nonzero.
Let
x:R—C*
7 — x(r) where x(r) = x(a + vb) = €24+t

Suppose Iy C Ker(x) ideal in Zgm, Iy = (2¢), for i. Let
r € Iy, then r = t-2° for t € Zym. Since x(t-2°) = €22 =
€27 =1 and €2 = 1, then this leads to a contradiction,
because 2™ { t-25F1. So we get Iy  Ker(x), therefore,
this concludes that Z x(a) = 0 by Theorem IIL6. Since

a€ly
Z &% = 0, we conclude that Z x(r) = 0 by Proposition
a€ls rel
I1.3. |

Lemma IIL.8. If C be a linear code of length n over R, then

S fx) = \F1| S i),

xect xeC

Proof:
By using the Hadamard transform of f(x), we have

DI =D i) =D f)D ] x(xy).

x€C xeCyecR" YER" x€C

Next we consider two cases:

(i) If y € ¢, then x-y = 0. Therefore, x(x-y) = x(0) =
1 because & =e = cos(0) +4 sin(0) = 1. So we
get Y x(x-y)=|c

x€eC

(i) If y € R"\C*, then {x-y: x € C} is a nonzero ideal

in R. By Lemma IIL.7, we get Zx(x -y)=0.
xeC

)

Therefore, we conclude

3 fix) = ﬁZﬂx»

xect xEC

|
A famous topic in linear code is the MacWilliams re-
lations, which relates the weight enumerators between a
linear code and its dual code. Wood have proven the re-
lations with respect to Hamming weight as well as complete
weight enumerators for any linear codes over Frobenius rings
([12],[13]). Here we prove relations for complete weight
enumerator explicitly in the following lemma.

Lemma II1.9. Let C be a linear code with length n over R
and C* be its Euclidean dual. Then

CWec L (So, Sl, SQ, 83, ey S22m_1)

1
= HCWGc(M . (So, Sl, 52, 53, ..
Where Mlj = (X(al aj))227n><227n for Z7j = 07172,
3,...,22™ — 1 and a; denotes the elements of Table 1 that
relate to S; and the symbol (Sy, S1,- -+ ,So2m_1)T denotes
the transpose of vector (Sg, S1, 52,53, ...,S2m_1).

- Sg2m_1) 1),

Proof:
ayzm_; ()
Let f(y) — SSUG,() (Y) S'1“Ja1 (y) - S;Uzrizilfl , Where y =
(Yo, Y1, ,Yn—1) € R™ and w,, (y) is the complete weight
composition of vector y in a;.

f) =D x(x-¥)f)

yER"?

) Waom | (¥)
3 x(xy)Sy s
yER"

For any r € R, we have w,(y) = 0y yo +0ry, +...+ 0y 1,
where § is the Kronecker delta. So we get

f(x) = Z (X(xoyo 4+ ‘r”—lyn_l))~
YER"
o ZZ:I 6“ m »Yi
(SOZFD beo.mi --.S(gam,o_l)<22 —1Y )
n—1 92m _q En_lé
= Z H X(chyj) H Sk i=0 Qap.y;
yER™ j=0 o
92m _q S
- Z X(l‘oyo) H Sk%»yo
yeR" 0
227n_1 s
X(iﬂn—1yn_1) H Skak'y"—l
k=0
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22'm —1

Z x(zoyo) H S;iakvyo
k=0

YoER

22777, -1

Z X(In,—1yn_1) H Sga’“’y"—l

Yn—1€ER k=0

22771 -1

Z X(z1ax) Sk

k=0

22m_1

= Z X(zoar) Sk

k=0
22m_q
Z X(xn—lak) Sk
k=0

92m_q [92m_1 Wa,; (%)

H Z x(aia;) S;

i=0 §=0

Wa Wa Wayom _, (€)
ForceC, f(c) =5, O(C)Sl e 522732_1

By Lemma IIL8, we get:

CWec.L (S07 Sl; 527 837 Tty 5227”—1)
_ Z Sévao (C)S;Dal(c) N S;l;jsr"_n;*l((:)
cect
= > [
cect
1 o
= m Z f(e)
ceC
1 92m_q [92m_q wa, (¢)
=HZ II | 2 xtia)s
cec =0 j=0
22771_1 Wag (C)
1
:mz Zx(aoaj)Sj X X
ceC 7=0
92m _q wttzszl(c)
Z X(a22m,1 Clj) Sj
j=1
1 92m _1
= chec Z x(ag a;) Sj, ...,
j=1
92m _ 1
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C. MDS Codes over R

Let C be an [n, M, d] linear code over R. For any Frobenius
ring R, the Singleton bound to a code C with length n over
R express as:

dsr(C) < n — logiy[C| + 1,

where dg(C) denotes the minimum Hamming distance of
a linear code of C.

A maximum distance separable (MDS) code is another
important class of linear codes over R. A code that
meets the Singleton bound is called MDS, namely if
dg(C) = n — log|g||C| + 1 is fulfilled.

By using a similar argument as in the proof of Lemma
III.4, we can decompose C into C = vCq @ (1 — v)Cq, where

Ci ={x€Zyn: Ty € Zym,vx+ (1 —v)y €C}, (2
and
Co={y €Z4m: IxE€Zim,vx+ (1 —v)y €C}. (3)

Theorem IIL.10. Let C = vCqy @ (1 — v)Cq, with C1 and Co

in (2) and (3) be a linear code with length n over R. Then:

1) dg(C) = min{d(Cy),dr(Ca)}, where dg,dy, are the
Gray distance and the Lee distance, respectively.

2) dp(C) = min{dg(Cy1),du(C2)}, where dy is the Ham-
ming distance;

3) Code C with parameter [n, M,d] is an MDS code over
R if and only if C1 and Cy with parameters [n,~/M, d]
are MDS code over Ziom.

Proof:

1) Since C =vCy @ (1 —v)Cq, then the minimum Gray
distance is dg(C) = min{dg(vCy),dg(1 — v)Ca}.
By Proposition 1.3, we have dg(C) =
min{dy (¢(vC1)),dr(¢((1 —v)C2))}.

Denote the component-wise multiplication of two vec-
tors with operation * as follows:

(w1, 22) * (Y1, Y2, +Yn)
= (x1y1, T2Y1,T1Y2, T2Y2, " , T1Yn, 332%)
Recall the Gray map

¢: R" — Z3n
,p—1 + Vbyp_1) — (ag,ap + by, - -+,
Up—1,0n—1 +bn71)~

We will show that ¢(vC;) = (0,1) % Cy. Let ¢ €
¢(vCy), where

(CLO—|-Ub0,~'~

¢ = ¢(vx), with x = (2o, 21, - ,¥n_1) € C;.Then

¢(UX) = ¢(U.’E07 VT, 7vxn71)
= (0,1‘070,1‘17 e 507I71—1)
S (0, 1) * Cq,

so we get ¢(vC1) C (0,1) % Cy.
Let ¢ = (0,1) *x € (0,1) * C;. Then

= (07 1) * (x07x1>' e axn—l)
= (073;07073:17"' aovxn—l)
S ¢(UC1),

hence we get (0,1) * C; C ¢(vCy).

So we conclude that ¢(vCy) = (0,1) % Cy.
Next we will show that
¢((1 = v)C2) = (1,0) * Ca.
where ¢ = ¢((1 - v)y), y = (Yo, 41,
Then

Let ¢ € ¢((1 —v)Ca),
yYn—1) € Ca.

o((1 = v)y) = o((1 = v)yo, (L = v)yr, -+, (1 = v)yn-1)
S (1, 0) * C2.
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And hence ¢((1 — v)C2) C (1,0) * Cs.
Let ¢/ = (1,0) xy € (1,0) % C3. Then

¢ = (1,0) % (o, Y1, +Yn—1)
= (40,0,¥1,0 - ,yp—1,0)
€ ¢((1 —v)Ca).
Then we get (1,0) * C2 C ¢((1 — v)Ca).
So we conclude that ¢((1 —v)Ca) = (1,0) * Co, which
implies that
de(C) = min{dg(vCy),de(1 — v)Ca}
min{d,(¢(vC1)), dr(d((1 - v)C2))}
= min{dr,(Cy),dr(Ca)}.
2) It is easy to see that

dy(C) = min{dg (vC1),dy (1 — v)Ca}.

Moreover, since Vc = vcy + (1 — v)ce € C, we have
c = 0 if and only if ¢; = 0 = cg, then
dp (C) = min{dn (C1)), dr (C2)}-

3) Let C is an MDS code of parameter [n, M, d]. Denote
dp(Cq) as the minimum Hamming distance of C; and
dp(Cz) as the minimum Hamming distance of Cs.
Suppose

d=dg(C) =dg(Cy) and from point 2,
dy(C) = min{dg(C1),dn(Cs2)}, then
dH(Cg) > dH(Cl).

Since

d=n—logyem M+1=n—logom VM+1=dy(Cy)

So we get that C; is MDS with parameter [n, v M, d].
Since dg(C1) < dg(Cq), then we get

n—long vVM+1 = dH(Cl) < dH(CQ) < n—long vV M+1.

From this equation, so we get dg(C2) =
n — logem VM + 1. The consequence are C;
and C, are MDS codes.

Now suppose C; and Cy with parameters [n, v/ M, d]
are MDS codes, then dy(C1) = n — logom VM + 1
and dg(C2) = n —logym VM + 1.

Assume by point 2 of di(C) = dg(Cyq), then dy (C) =

n —loggm VM + 1 = n — loggem M + 1. As a result,

C is an MDS code.

Therefore, we conclude that code C with parameter

[n, M, d] is an MDS code over R if and only if Cq, Cq

with parameter [n, /M, d] are MDS codes over Zam.
|

IV. SELE-DUAL CODE OVER R
A. Self-Dual Codes

In this section, the properties of self-dual linear codes over
R will be studied. The codes C; and C, are linear code over
Zom with length n. A linear code C with length n over R
can be stated uniquely as:

C=vC1 & (1 _U)CQ

Proposition IV.1. Let C be a linear code with length n over
R, then C*+ = vCi{ ® (1—v)Cy. The code C is Euclidean self-
dual if and only if C1 and Cy are both Euclidean self-dual
over Liom.

Proof:
Define:
Cr={x€Zy.: 3y €Zhn,vx+(1—v)ycct}
and
Co={y € Z%.: Ix € Zh,vx + (1 —v)y € O}
We will prove C+ = vC; + (1 — v)Co. Let ¢’ € C*, where
¢’ = a+ vb. We can represent ¢’ = v(a+ b) + (1 —v)a.

Then (a+b) € C; and a € Cs. So ¢’ € vC; + (1 —v)Ca.
As a result Ct C vC; + (1 — v)Cs.

Let va+(1—v)b € vC; +(1—v)Co, where a € C; meaning
that there is y; such that va+ (1 —v)y; € Ct, and b € C,
meaning that there is x; such that vx; + (1 — v)b € C*.

v(va+ (1 —v)y;) =vacvct Cct

vaect
and
(1—v)(oxi+(1—v)b)=(1-v)be (1 -v)C CC*
(1-v)bect

Then we get va+(1—v)b € Ct. Hence C*+ = vC;+(1—v)Co.
Let z € vC1 N (1-— U)ég, meaning that z € vC, with z = va,
where a € C; and z € (1 —v)Cy with z = (1 — v)b, where
b € Cy. Thus

va=(1—-v)b
va—(1—v)b=0
—b+v(a+b)=0

implying that a = 0 and b = 0. Then z = 0. So we
conclude C+ = vC; N (1 — v)Co.

Now, we will prove ¢, = Cf‘. Let &; € Cy, there is a
by € Z%. such that va; + (1 —v)b; € CL. Let x € Cy,
there is a y € Z%. such that vx + (1 — v)y € C. Then,
(va; + (1 —v)by) - (vx 4+ (1 — v)y) = 0, which implies
that a; -x = 0. Since a; € él and a; -x =0, then a; € éll
and we get ¢, C Cf‘. Let ¢; € Cf‘, since for x € C;
there is a y € Z3. such that vx + (1 — v)y € C, then
ci-(vx+(1—v)y) =vey -x+(1—v)cr -y =0+ (1—v)cyy.

Let c = vx+(1—v)y € C, with x € C; and y € Cs. Then
we multiply both sides, vcy - ¢ =wvey - (vx+ (1 —v)y = 0.
So we get ve; € Ct.

Since C*+ = vC; 4 (1 — v)Cy, then ¢; € C; and Cf C C;.
Therefore, we conclude that C; = Cf. In the same way, we
may prove that C; = Cq. Therefore Ct = vC{ + (1 —v)Cs.

Next, we will prove that if C; and C, are Euclidean
self-dual over Zsom, then C is Euclidean self-dual. From
C =vC; @ (1 —v)Cy and the proof C* = vC{ + (1 —v)Cy,
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and because of C; = C{ and Cy = Cy, then C = C1. So C
must be Euclidean self-dual.

Vice versa, we will prove that if C is Euclidean self-
dual, then C; and Cy are Euclidean self-dual over Zom. By
hypothesis C = C*, then vC; + (1 —v)Cay = vC{ + (1 —v)Cs.
Hence, we have to prove that C; = C{ and Cy = Cy.

Let ¢, € Cq, then

ve; €C=Ct =00t @ (1—v)Cy

ve; = vx + (1 —v)y, for x € Ci,y € Cy

So y = 0, then we get vc; = vx € Cf‘ and hence C; C Cf‘.

In the same way we get Cy C Cj‘.

Let a € Ci, then there is y € Ci such that
va+ (1 —v)y € C*t. Since Ct = C, then a € C;. Hence
Ci = C;. In the same way, we get C; = Cy. As a result C;
and Cy are both Euclidean self-dual.

| ]

V. EXAMPLES
In this section, we will give four examples. First, let C =
{(0,1),(2v,1 4+ v)} be a linear code over Ry = Z4 + vZ4,

where v? = v.
1) The length, number of codewords and minimum Gray
distance of C respectively, are [2,2,2]. By using Gray
map, then we get ¢(C) = {(0,0,1,1),(0,2,1,2)} is a
linear code with parameter [4,2, 2] over R;.

2)
Gray.(S,T) ZA S8t
:WW S3T°.
Leeg(c) (S, T) ZA S8
_ Sl2T4 4 §6T710,
3)
ewec (S0, 51, S2, -+ -, 815) = S0S4 + 5255.
swec(To, 11, 12,15, Ty) = ToTz + T2Ts5.
Hame(S,T) = ST + T7.
4)
Gray,(S,T) = S*(S*T?) + (S*T?)(ST?).
Ham¢(S,T) = swee(S,T,T,T,T).

Grayo(S,T) = Leey(c) (S, T).

The second, let C = {(0,0), (4v,4+4v)} be a linear code
over Ry = Zg + vZg, where v? = v.
1) The length, number of codewords and minimum Gray
distance of C respectively, are [2,2,2]. By using Gray
map, then we get ¢(C) = {(0,0,0,0),(0,4,4,0)} is a
linear code with parameter [4,2, 2] over Rs.

2)
Grayq(S,T) ZA Sro—ip
:sw+§ﬁ.
Leeg e (S, T) ZA S8
_ 532 4§82,
3)
cwe(So, S1, 92, , Sea) = S§ + S15s.
SWGC(T(), T17T2, s 7T‘g) = T02 + T42
Hamg(S,T) = S* + T2
4)
Gray.(S,T) = S' + (S*T*)2.
Hame(S,T) = swee(S, 7,7, 7,7, T,T,T,T).
Grayo(S,T) = Leeyc) (S, T).
The third, let ¢ = {(0,0,0,1,2),(2v,v,0,0,1),

2:7].

(2,1,1,v,1 4+ v)} be a linear code over R; where v

1) The length, number of codewords and minimum
Gray distance of C respectively, are [5,3,4].
By using Gray map, then we get ¢(C) =
{(0,0,0,0,0,0,1,1,2,2), (0,2,0,1,0,0,0,0,1,1),
(2,2,1,1,1,1,0,1,1,2)} is a linear code with
parameter [10, 3,4] over R;.

2)

Grayy(S,T)

ZA S2O 1T1

= Sl°T5 + SUTO 4 ST

ZA 840 sz

_ 530T1o

Leegc)(S,T)

G282 | 16724
3)

cwec(So, S1, 52, - - = 53545
+ 5551525,

+ 58535155-

7564)

sweg(To, Th, Ta, - -+, Tx) = T3 Th Ty

+ T3 TE
+ TyT3T Ts.
Hamg(S,T) = S3T? 4 S%T3 4+ T°.
4)

512 4 (SQTQ)T4_|_
SS(SQTQ)Q(SP)T)_,’_
TH(S*T?)*(S°T)(ST?).
Ham¢(S,T) = swee(S, T, T,T,T,T,T,T,T)
Grayo(S,T) = Leey(c)(S,T)

GrayC(Sa T) =
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The fourth, let Ry = Z4 + vZ4 and C=wv(2,1) @
(1 —v)(1,1) be a linear code over Ry. By Theorem III.10,
then we have C; = (2,1), Co = (1, 1) are linear codes with
length 2 over Z4 and we get:

1) de(C) =2 =mind(Cy1),d(Ca).

2) dH =2= mindH(C1)7dH(Cg).

VI. CONCLUSION

Structure of linear codes over R are investigated through a
Gray map from R" to Z3% . MacWilliams relations for both a
Gray weight enumerators and a complete weight enumerator
of linear codes over R are given. Necessary and sufficient
condition to the MDS as well as self-dual codes over R are
also provided.
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