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Affine Factorable Surfaces in the
Three-Dimensional Simply Isotropic Space

Brahim Medjahdi and Hanifi Zoubir

Abstract—In this paper, we classify affine factorable surfaces
in the three dimensional simply isotropic space, which satisfy
some algebraic equations in terms of the coordinate functions
and the Laplacian operator with respect to the first and second
fundamental forms of the surface. We also give explicit forms
of these surfaces.

Index Terms—Isotropic space, Affine factorable surface,
Laplace operator.

I. INTRODUCTION

Euclidean submanifold is said to be of finite Chen-

type if its coordinate functions are a finite sum of
eigenfunctions of its Laplacian [11]].
Chen posed the problem of classifying the finite type surfaces
in the three-dimensional Euclidean space E3. Further, the
notion of finite type can be extended to any smooth function
on a submanifold of a Euclidean space or a pseudo-Euclidean
space.
A well-known result due to Takahashi [20] states that an n-
dimensional submanifold of E™ is of 1-type if and only if
it is either a minimal submanifold of E™, or a minimal sub-
manifold of some hypersphere. In other words, the solutions
of the equation

Ar = Ar, X € R, (1)

where A is the Laplace operator associated with the induced
metric, and r is a position vector field of M in E”.

Bekkar and Senoussi [[6] studied the factorable surfaces in
the 3-dimensional Minkowski space under the condition

Ar; = Ny, )

where \; € R and r; are the coordinate functions of the
surface.

The authors in [22]], [16]], [2], classified factorable surfaces
in the 3-dimensional Minkowski, Euclidean and pseudo-
Galilean spaces.

Lopez and Moruz [15] studied translation and homothetical
surfaces with constant Gaussian curvature in E3. Zong, Xiao
and Liu [23] defined affine factorable surfaces in R3, as the
graphs

z=(fil@)fo(y + ax)),a €R,a # 0. 3)

Aydin, Erdur and Ergut [3] studied the problem of finding
the affine factorable surfaces in a 3-dimensional isotropic
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space with a prescribed Gaussian curvature (/) and mean
curvature (H).

Recently, in [4] Azzi, Zoubir and Bekkar studied surfaces
as graphs of functions in SL(2,R) which has a finite type
immersion.

In this paper, we classify affine factorable surfaces of Type
1 in the three dimensional simply Isotropic space under the
condition

Aj r,= )\iri,

where \; € R and A7 denotes the Laplace operator with
respect to the fundamental forms / and I1.

II. PRELIMINARIES

Differential geometry of isotopic spaces has been intro-
duced by K. Strubacker [19], H. Sachs [17] and many others.

The three-dimensional isotropic space I® is a Cayley-Klein
space obtained from the three-dimensional projective space
P(R?) with the absolute figure which is an ordered (p, I, [2)
where p is a plane in P(R3) and [y, are two complex-
conjugate straight lines in p. The homogeneous coordinates
in P(R?) are introduced in such a way that the absolute
plane p is given by x¢p = 0 and the absolute lines [;,l2 by
29 = x1 £ iz = 0. The intersection point P (0,0,0,1) of
these two lines is called the absolute point.

The group of motions of I? is a six-parameter group given
in affine coordinates = = g—;, y= %’ z = i—i by

=a+ xcosp —ysiny,
=b+ xsinp + ycosy,
=c +cx+c3y+ 2,

(x,y,z) — (T7y72) =

IS I

where a, b, cy,co,c3,0 € R.

Such affine transformations are called isotropic congru-
ence transformations or merely i-motions.

On the orther hand, the isotropic distance, called i-distance
of two points A (x1,x9,x3) and B (y1,y2,ys) is defined by

1A= Bl = /on —20)% + (52 — 22)°.

The i-motions is degenerate along the lines in z-direction.
These lines are called isotropic lines.

Let v1 = (z1,22,23) and va = (y1, Y2, y3) be vectors in
I3. The isotropic inner product of v, and v is defined by

(onen), = {

We call a vector of the form v = (0,0, z) in I? an isotropic
vector, and a non-isotropic vector otherwise.

z3ys if x;=y;=0

T1Y1 + T2Y2 otherwise

A surface M? immersed in I® is called admissible if it
has no isotropic tangent planes. We restrict our framework
to admissible regular surfaces.
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Let M? be regular admissible graph surfaces in I? locally
parametrized by

r(u,v) = (u,v, z (u,v)) .

The components F, F, G of the first fundamental form I of
M? can be calculated via the metric induced from I3. We
have

E = <’I"u,7’u> F = <TU,TU> G= <TU7TU>1; . (4)

7 R

The unit normal vector of M? is completely isotropic.
Morever, the components of the second fundamental form
I are

L — det (ryw,u,mv)
vVEG—-F2
M= det(ryy,ru,Tv)
- VEG-F? ’
N — det(ryw,u,mv)
VEG—F?2

The isotropic Gaussian curvature K and the isotropic mean
curvature H are respectively defined by

LN — M? EN —-2FM + GL

BG—rr T - ©

K= EG — F?

It is well known in terms of local coordinates {u,v} of
M? the Laplacian operators A of the first and the second
fundamental form on M? are respectively defined by

Al 77i 2 Gry, — Fr, 72 Fr, — Er,
"TTW | bu W v W ’

(6)

_1 2 Nr, — Mr, _2 Mr, — Lr,
e | Ou e Ov e ’

(N

where W = /|EG — F?| and e = +/|LN — M?|.
A surface M? in the isotropic space I? is said to be
harmonic or isotropic minimal (resp. I/-harmonic) if it

satisfies the condition Alr =0 (resp. Allr = 0).

and

Aty =

III. AFFINE FACTORABLE SURFACES IN ISOTROPIC
SPACES

Let M? be an affine factorable surface of type 1 in I?
which is defined as a parameter surface in I* which can be
written as

r(u,v) = (u,v, f(u+ av)g(v)), (8)

for some non-zero constant a and smooth functions f and g.
The coefficients of the first and the second fundamental forms
are

E=1 F=0, G=1, )

and

L= fuugv M = afu1)g+fugv7 N = a2f1)1)g+2af1)g1)+fg1)'ll'

(10)
The mean curvature H and the Gaussian curvature X of M?2

are given by
2H = fuug+a2fvv9+2afvgv+fgvm (11)

and

K= fuug(agfvvg+2afvgv+fgvv)_<afuvg+fugv)2~ (12)

By the transformation

{xzu—l—av
y=v,

and ggzz; # 0. Then (8) can be written as

r(z,y) = (z = ay,y, f()9(y)), (13)
therefore,

E=1, F=-a, G=d%>+1, (14)
and

L=f"(x)gy), M=f(x)g (y), N=f(x)g"(y).
(15)
Therefore, and become
2 H = (a®+1) f"(x)g(y) +2af"(x)g'(y) + f(2)g" (y),

and

K=f()f" (x)g)g" (y)— (f'(x)d ¥)?

respectively.

IV. AFFINE FACTORABLE SURFACES SATISFYING
AIT'i = )\iri

In this section, we classify affine factorable surface given
by (T3) in I? satisfying the equation

Alry = N, (16)
where \; € R, 2 =1,2,3 and
Alr = (Alry, Alry, Alrg) (17)
where
ro=x—ay, ro =y, r3= f(x)g(y). (18)

The determinant of the first fundamental form is given by

W =/|EG—-F?=1. (19)

Suppose that the surface has non-zero Gaussian curvature,
o)

f@)f"(2)gw)g" () — (f'(x)g'(y))* # 0,Va,y € R.

By a straightforward computation, the Laplacian operator on
M? with the help of (6) and (T4) turns out to be

Alr =(0,0,=[(a* + 1)f"g + 2af'g' + fg"]).  (20)
Next, suppose that M? satisfies (I6). Then from (20), we
have

A (x —ay) =0,
)\zy = O7
Aafg=—[(a®+1)f"g +2af'g' + fg"],

where A\, Ay and A3 € R. This means that M2 is at most of
1—type. We discuss two cases according to the values of \s.

ey

Case 1: Let A3 = 0, the last equation in becomes
(@+1)f"g+2af'g' + fg" =0, (22)
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we have some cases to solves (22).
Case 1.1.

contradiction with our assumption saying that the solution
must be non-degenerate second fundamental form.

Case 1.2.  f'=c¢g, co € R—{0}. Then 22) can be
rewritten as

f or g constant, both situations give rise to a

= _97”. (23)

1
f 2acog’

Since f is a non-constant function, the right side of
is either a constant or a function of y. Both cases are not
possible and we deduce f’ # 0. In a similar way ¢’ # 0 can
be shown.

Case 1.3.  f"¢" # 0. By dividing by the product
f"q"”, one can write

! /
-+ 2a %7 + % =0.

Taking partial derivatives of (24) with respect to = and y,

we get
f/ AN B
<f//) ( //) - O’

and so we again have two situations.
Case 1.3.1. f" =c¢1f',¢c; € R—{0}. We obtain
f(x) = 2% c # 0. By substituting it into 22), we
obtain

(a® + 1) (24)

g" +2ac,g + (a®> +1)c3g =0, (25)

This differential equation admits the solutions
g (y) = e *"[egcos (cry) + casin (c1y)]
where c3,c4 € R.
Case 1.3.2. ¢" = ¢59',¢5 € R — {0} . In this case, we
obtain g (y) = £e®Y, cs # 0.By considering (22), we get
(a® +1)f" +2acsf' +c2f =0,
After solving (26), we obtain
f(z) = e % (¢7 cos (Ax) + cgsin (Az)),

(26)

where A = 1;’2 and c7,cg € R.
Case 2: Let A3 # 0. By dividing the last equation in (ZI)

by the product fg we get

oo ol 8 9
(a+)f+2fg+g

Taking partial derivatives of with respect to z and y,

we find N N
7) (%)
2a | = =] =0
(f g
We have two cases:
Case 2.1. f'=b1f, by e R—{0}. We get

f(z) = bye?® by € R — {0}. Considering Equation (27),
we obtain

= —\s3. (27)

9" +2abig + ((a®>+1)b; +X3)g=0.  (28)

In order to solve (28)), we have to consider three situations
this time

Case 2.1.1. (b + A3) < 0, the general solution of (28) is

given by
g(y) =e v (b3€ Y 4 bye _By) ;

where B = b? + \3 and b3, by € R.
Case 2.1.2 (b + A3) > 0, the general solution of (28) is
given by
g(y) = e~ [b5 cos (By) + bs sin (By)],
where B = /b? + A3 and b5, b € R.
Case 2.1.3. b2 =
by

— A3, the general solution of (28) is given

g (y) = e Y (byy + bg), br,bg € R.

Case 2.2. ¢’ =dyg, di € R—{0}. Then we get
g (y) = d2eh¥,dy € R — {0}. Substituting this in Equation
[27) we obtain

(a® +1) f” + 2ady f' + (dF + As) f = 0.

To solve this equation, we have the following situations to
be discussed:
Case 2.2.1. (d3 +
of

28) is given by

(29)

(a? + 1) A3) < 0. The general solution

—ady

(@) = et

V=, =T,
<d3ea2+l +dge 7+ > :
where C' = d? + (a® 4+ 1) A3, and d3,ds € R.

Case 2.2.2. d? + (a2 + 1) A3 > 0. The general solution of
(28) is given by

_adi C . C
f (;1;) = e a“+1 |:d5 COS (Mx) + d6 S ((],QH:E):l ,

where C = d? + (a2 + 1) A3, and ds, dg € R.
Case 2.2.3. d? = —
(28) is given by

f (:L‘) = g0 (d7.%' + dg) ,d7,dg € R,

where d; € R, i€ {3,4,5,6,7,8}.
Therefore, we have proven the following statements:

Theorem IV.1. Let M? be a affine factorable surface given
by in I3 . If M? is harmonic or isotropic minimal, then
it is congruent to an open part of the surfaces

(a® + 1) A3. The general solution of

o z(u,v) = Leautartaav ey cos (c1v) + ¢a8in (c10)],

1

cgv—acsu

L6 1+a2
C.

o 2(u,v) =2
[c6 cos (A (u+ av)) + 7 sin (A (u + av))],

where A = %, C1y...,c7 € R and ¢, ¢5 # 0.

Theorem IV.2. (Classification). Let M? be a non harmonic
affine factorable surface given by in the three di-
mensional isotropic space 13. The surfaces M? satisfy the
condition ATri= \r; where \; € R, then it is congruent to
an open part of the surfaces

o 2 (u,v) = byeh® (bgev B 4 prev *B”) ,
where B =02 + A3 <0
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o 2 (u,v) = byetr [b5 coS (\/Ev) 4+ bg sin (\/Ev)} ,
where B = b2 + A3 > 0,

o 2 (u,v) = bye?" (byv + bg),

where b? = —)\3,

div—adju

o z(u,v) =dge <t

dge” o ()

(a2 + 1) A3 <0,

dyv—adiu [ ds cos (e (u + av)) }
a®+1 +dg sin (o (u + av)) |’

a\2/-:1’ and C' = d3 + (a* 4+ 1) A3 > 0,
o 2(u,v) = doe®rvmadi(utav) (4o (y 4 av) + dg) ,
where d? = — (a2 + 1) As, bi,d; € R, 1€ {1,...,

b1,ba,dy,ds # 0.

ds eaZr s (utav) ‘|

where C' = d? +
o z(u,v) =dge

where o« =

8} and

V. AFFINE FACTORABLE SURFACES SATISFYING
AII’I“i = /\iri

In this section, we classify affine factorable surfaces with
non-degenerate second fundamental form in I} satisfying the
equation

Ay = Ny, (30)
where \; € R, ¢ =1,2,3, and
Ay = (AT, Ay, AlTrs) | (31)
and
rm=z—ay, r2=y, r3 = f(x)g9(y). (32)

Using (7) and (13), a straightforward computation, proves
that the Laplacian operator on M? is given by

Al = (A (z — ay), ATy, A (f(2)g(y))),  (33)
where
1
AIl(x - ay) = @ (Ql (l‘,y) + aQQ (.%‘,y)) s (34)
1
Ally = o0 (2,9), (35)
e _ L flg(@(z,y) +aQ2(z,y) |
ATJ9=5a +(af'g+ fg') Q2 (z,y) % (36
where
Ql (.ﬁ y) ff f//gg//2 + f2f///gg// 3ff f//g/2 "o

ff f//ggl " + 2f139/2 1

Oy (2,y) = —3f21"q9'g" — £ 1" gg'g" + 20 "¢ +
f"%99'9" + ff?9°g" and e = \/|ff"gg" — f?g"|. The
equation (30) by means of gives rise to the following
system of ordinary differential equations

1
201 ( (z,y) + a2 (2,9)) = Mi(z —ay), (37
1
2?492 (z,y) = A2y, (38)
L1 Fg(@Qu(zy) +aQa(2,) |, sfg. (39)

2¢t | +(af'g+ fg') Qo (2,9)
where A1, A2, A3 € R. This means that M? is most of 3 —

type.
Combining Equations (37), (38) and (39), we have

Mz + Ao — M) ay) f'g+Xoyfg —2=Xsfg.  (40)

According of the choices of constants A, As and A3, we
discuss all possible cases of \;, i € {1,2,3}.

Case 1: Let Ay = A2 and A3 € R. From (0), we have

Maf'g+Myfg —2=Nsfg.

By dividing (@I) by the produt fg, then taking partial
derivatives of with respect to x and y, we find

DR

which implies that f or ¢ is constant. Both situations
contradict our assumption stating that the solution must be
non-degenerate second fundamental form. Therefore, in this
case, there are no affine factorable surfaces satisfying (30).

It should be noted that, there exists no //—harmonic affine
factorable surface in I3.

Case 2: Let Ay = A3 =0 and Xy # 0. can be

rewritten as

(41)

Aeayf'g+ Xayfg' —2=0. (42)

By dividing by the produt fg, then taking partial
derivative with respect to y gives

(5) 1 -

(%) 7

Both sides of (@3) are equal to some nonzero constant,

namely
/ /
=) =c¢;|—— ) and = = ;.
( 9 A2yg f

Therefore, the function f must be constant. This solution
gives rise to a similar type of contradition as in case 1. Hence,
there are no affine factorable surfaces satisfying (30) in this
Case.

Case 3: Let \o
from (40

(44)

= A3 =0 and )\; # 0. Hence we get

2
Auf
The partial derivative of (@3) with respect to x leads to

_2<1>’
g = M f’

Therefore the function g is constant. This solution gives rise
to a similar type of contradition as in Case 1.

Case 4: Let A\; =0, A2 # 0 and A3 # 0. By dividing
(@T) by the produt fg, we have

g 2
)\gy(a—f— - — = As.
f9) fg
Taking the partial derivative of with respect to x gives
N/ I
2 1
(5)-si5() -
f aroyg \ f

which means that g = <, c; € R — {0} . Considering it into
gives the following polynomial equation in y

(adaf' —2c2)y—(Na+A3)f=0

(r—ay)g = (45)

(46)

(47)

(48)

(49)
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where the coefficients must vanish, i.e.

(a)\gf/ — 202) =0 and ()\2 + /\3) f =0. (50)

Integrating the first equality leads to f (z) = 3%:10—1—03, cs €
R. The second equality gives Ao = —As.
Case 5: Let Ay =0, A\; # 0 and A3 # 0. From @0), we
obtain
Mz —ay)f'g—2=Xsfg.
By dividing (51I) by the g and taking the partial derivative
with respect to y gives

)\10,,7 1 !
= (5)-

Since the left side of (32) is a function of = and the right side
is a function of y, both sides have to be equal to a nonzero
constant, i.e.

(51

(52)

A 1\
- == () : (53)
g
From the right side of (53), we deduce ¢ (y) = C4y2+m'

Substituting it into (1)) leads to the polynomial equation
iny

MNazf = A3f —2c5 — (2c4 + Miaf )y =0,  (54)

where the coefficients must vanish, i.e.
2¢4 +Maf =0 (55)
Mxf —Asf —2c5 =0 (56)

Integrating of (55) yields f(z) = Z5*z + c,c6 € R.
Substituting it into (36) gives A\; = A3 and ¢g = %55 Then

_—204 205_—2 Cq )
f(x)= a)\lm )\1_>\1( T+cs) .-

a
Case 6: Let \; 20, Ao 20, A3 =0 and A\ # Ay. From
(@0), we obtain

(57)

Mz + A= X)ay) f'g+ Xayfg —2=0. (58)
By dividing (38) by the f/, we get
2
Mz + (A2 — M) aylg+ /\ng/% = 7 (59)

Taking partial derivative of (39) with respect to x gives

s (5) ().

Now, taking partial derivative of with respect to y, we
find

(60)

Mg+ 2 (v <f> —0, 61)

fl
and so we have to consider two cases.
Case 6.1. f'=c7f, c; € R—{0}. Then reduces to

1 !
The left side in is a function of y while other sideis a

constant or function of x. That is not possible.
Case 6.2. f'# c7f, ¢z € R—{0}. Then (6I) can be

(62)

rewritten as

/
)\ /
({) SR (63)
f A2 (y9')
As in each side of this equation we have a function depending
on z and the other depending on y, there exists cg € R—{0},
such that
I

(]{’> = ¢g and A1 g + csha (yg') = 0. (64)

An integration of the first equation in gives

f (@) = (s + co) 7 ,co €R. (65)
Substituting (63) in (60) leads to
Mg+ dacgyg’ =2 (cg — 1) (cgx + 09)_$ ) (66)

Thus, we have two situations:
Case 6.2.1. cg # 1. The left-hand side of (66) is a function

of y or a constant whereas the right-hande side is a function
of x. This is a contradiction.

Case 6.2.2. cs = 1. Then by (63) and (66) we get

f(x) =2+ cogand Mg+ Xayg = 0. (67)
By considering into (39) we get
(A2 — M) ayg + dayg'co = 2. (68)

An integration of the second equation in (67) leads to g(y) =
A
y_ﬁ. Substituting it into (68) gives a contradiction.
Case 7: Let AjA2A3 A0 and A = Ay — Ay # 0. By
dividing the equation by fg we get
f g 2
Mz + Aay] = + Aay=— — — = As.
f g fg

Taking partial derivatives of (69) with respect to z and y,

leads to , , ,
Y oY (L
w(7) =2(3) (5)

we have to consider two cases.
Case 7.1. f'=dyf,di € R—{0}. It follows from

(4 (1)

This implies that f or g is constant, which again leads to a
contradiction.

Case 7.2. f' #dif,d; € R—{0}. Therefore, can

be rewritten as , ,
(5) _2()
f 9
- = (72)
(l) ! Aa
f
Both sides of are equal to some non-zero constant,
namely
/ !/
I 1
(5 _, _*0)
(v) "
f
Form the left side of (73), we deduce f (z) = (dox + d3),
d3 € R. We may assume ds = 0. Then we obtain f (z) =

(69)

(70)

(71)

(73)
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dox. Considering it into gives the following polynomial
equotion in x

!
2
<)\2yg Y >\1> TNy — — =0, (74
g dag
where the coefficients must vanish, i.e
/
)\zy% ~ A+ A =0, (75)
and 5
Aay— — =0 (76)
dag

2
From ., we deduce g(y) = 5.5,
gives A3 = A1 — Xo.
Therefore, we have shown the following theorems:

Substituting it into

Theorem V.1. There is no IlI-harmonic affine factorable
surface given by @) in three dimensional isotropic space
I3

Theorem V.2. (Classification) Let M? be a non—
harmonic affine factorable surface with non-degenerate
three fundamental form given by in the three dimensional
isotropic space 13. Assume that the surface M? satisfies the
condition ATr;= \ir; where \; € R, then it is congruent
to an open part of the surfaces,

o 7(u,v) = (u,v,2 (2% (u+av)+03)),

2 —
o 7 (u,0) = (u,v, 5o | o (u+av) +CG>> ,
_2 .
where cg = /\1°5,
2(u+av
o 7 (u,v) = (u,v,ﬁ) .
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