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Explicit Error Estimates for the Raviart-Thomas
Mixed Finite Element

Yongwei Yang*, and Qi Liu

Abstract—In this paper, a general form of the Poincaré
inequality is established, and an explicit relationship between
the interpolation error constants of the Raviart-Thomas element
and the geometric characters of the triangulation is firstly
obtained, which is consistent with the maximal angle condition.
In addition, explicit representations of the constants in the final
error estimates of the Raviart-Thomas mixed finite element
method are studied in detail. This explicit prior error estimation
can be effectively used as an error bounds calculation.

Index Terms—Raviart-Thomas element, Explicit error esti-
mate, Maximal angle condition, Poincaré inequality.

I. INTRODUCTION

S a method of numerically solving elliptic boundary

value problems, the finite element method (FEM) has
been widely used in the numerical solution of various
structural problems for the field of engineering mechanics.
Moreover, it also establishes a solid theoretical foundation
in terms of the priori and posterior error estimation ([1],
[2], [3]). In the classical finite element prior error analysis,
interpolation error based on two-points is the key to derive
the final error estimation. One of the two points here is the
transformation inequality of the function semi-norm between
the general element and the reference element, and the
other is the interpolation error on the reference element
[4]. Various positive constants appear in this process, which
we call interpolation error constants. The interpolation error
constant is independent of the element size, but may be
related to the sine value of the minimum angle of the
triangulation for the 2D case [5]. In fact, if the minimum
angle condition for the finite elements is relaxed, it can be
obtained that the anisotropic elements which are found for
a long time before in [6]. Since late 1980’s, many different
methods of dealing with the anisotropic interpolation error
estimation have emerged, and some important results have
been obtained ([7], [8], [9]).

It is well known that various constants are likely to appear
in the process of deriving the final finite element error
estimate. For the purpose of quantitative error bounds, it
is good to evaluate or constrain these constants as well as
interpolation error constants. Recently, some research work
on the estimation of the error constants for the finite elements
has appeared, for example, ([8], [10]) for linear triangular
finite elements, ([11], [12], [13]) for bilinear quadrilater-
al finite elements and [14] for the lowest order Raviart-
Thomas element and nonconforming Crouzeix-Raviart ele-

Manuscript received December 27, 2020; revised March 19, 2021. This
work was supported in part by Higher Education Key Scientific Research
Program Funded by Henan Province (No. 20A110011).

Yongwei Yang is a Lecturer of School of Mathematics and Statistic-
s, Anyang Normal University, Anyang, 455000, China (e-mail: yangy-
w@aynu.edu.cn).

Qi Liu is a Lecturer of School of Mathematics and Statistics, Anyang
Normal University, Anyang, 455000, China (e-mail: ayqiqi163@163.com).

ment. However, all of them are only concentrated on low-
order interpolations, such as the constant of interpolation,
linear and bilinear interpolation, and constant L2-projection.
As mentioned in [14], there is no explicit error bounds for
general Raviart-Thomas mixed finite elements are given at
present. Therefore, it is necessary to further give explicit
bounds for discrete inf-sup constants.

The purpose of this paper is to derive an explicit error
bound for the mixed finite element in the Poisson problem.
We first give some results of the error constants for arbitrary
order Raviart-Thomas interpolation, which play an important
role in the prior error estimation of finite element methods.
Our way is based on Durdn’s some anisotropic results about
Rarviart-Thomas elements [15]. In this process, it is vital
to introduce the Poincaré inequality [16] and sharp trace
theorem [14]. However, we need to establish a generalized
form of the Poincaré inequality that will be frequently used to
get higher-order norms of the function and its some partial
derivatives with vanishing averages. At the same time, we
get an explicit expression of the discrete inf-sup constant.
Based on the above results, a constructive error bound for
the mixed finite element is derived. The explicit prior error
estimation obtained in this paper not only provides a com-
putable error boundary, but also can be used as a posterior
error estimation of the finite element method. Moreover, our
explicit interpolation error estimates for the Raviart-Thomas
element are proved to be consistent with the maximal angle
condition.

The rest of the paper is organized as follows. In Section
I, we establish a general form of the Poincaré inequality
and explicit error estimates of auxiliary interpolation opera-
tors. Then we present some primary results about the set-
up and approximation of the model problem. Section III
gives bounds of interpolation error constants for the Raviart-
Thomas element. We study the explicit expression of the
discrete inf-sup constant for the Raviart-Thomas element in
Section IV. Then we present explicit error estimates for the
Raviart-Thomas mixed finite element method in Section V.
In order to test the error bounds for lowest order mixed
finite element method, the numerical experiment given in
[14] is introduce in Section VI. Finally, some comments and
extensions of the results are described in Section VII.

II. DISCRETIZATION OF THE MODEL PROBLEM

In this paper, let  C R? be a bounded convex polygonal
domain and Py () the space of all polynomials of degree
< k on Q. Define the semi-norm in Sobolev space H" ()
as follows

al! 1 m
V]m.0 = ( Z %HD%Hgﬁ)a Yo € H™(Q), (LI)

loe|=m
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where a@ = (al,ag) la] = a1 + ag, a! = ajlag! and

Do — 8‘ ol
T 0zt oxy?
We observe that the coefficients in (II.1) are helpful to
simplify the final forms of our results.
The following classic Poincaré inequality which correctly
proved by Bebendorf in [17], was firstly presented in [16].
Lemma 2.1: Let v € H'(Q2) be a function with vanishing
average. Then

lello.o < 22[o1 0, (1.2)
I
where dg, is the diameter of €.
As mentioned in Introduction, we can establish a general-
ized form of the Poincaré inequality (I.2) as follows.
Lemma 2.2: Let v € H*T1(Q) be a function satisfying

/ D%dz =0, |a] <k. (1.3)
Q
Then there holds
d C —m
[V]m.0 < (?Q)Hl [v]kt1,0, (IL.4)

where 0 < m < k + 1.
Proof: (IL.4) is obvious for m = k + 1. Consider for
0 < m < k+ 1. According to (I.3) and Lemma 2.1, we
have (IL.5), that is, |v|m.0 < %ﬂ|v|m+179. Consequently, we
can get (I.4) for all 0 < m < k + 1 by analogy. ]
Let us denote by T the reference unit triangle in the
(Z1,&2) space with vertices ag = (0,0),a; = (1,0), and
as = (0,1). Let 4; = aopa;, @ = 1,2. For each edge 4;, we
define the auxiliary interpolation operator 1\ : H(T)) —
P,(T) satisfying

Jp(v— j,gi?v)pd:z, Vp € P, (T), @we)
J5, (0= [{?v)qds = 0, Vg € Pu(4),
where v € HY(T), i = 1,2 and k is a non-negative

integer. The interpolation problem (II.6) is well posed, ref.
[15]. In order to explicitly estimate the interpolation error
|l — I v||0T, we introduce a sharp trace theorem on 7’
given in [14].

Lemma 2.3: Yv € H'(T), Ve > 0, then there holds

el

0165, < 2+ -

)IlvH i=1,2. (IL7)

1,77

For convenience, we define two index sets as follows:

A:{1,2,...,%(/€+1)k},B:{%(lﬁ-l)k—kl,

1 1

g DE 2. S (k+2)(k+1)}. (L8)
Let {p,; j € A} be a basis of P,_1(T) and {p;; j € B}

a basis of Py(¥;) such that [|p;[lo7 = 1 for j € A and

llp; =1 for j € B. Then for each 1nterp01at10n operator

I,g ), there exists a corresponding basis {¢J, j€AUB} in

P, (T) such that

iy = Z(/T up;di)d; + Z(/ vp;d3)e;.

JEA jEB i

(IL9)

Combining Lemma 2.3 and the Holder inequality, we get

lo = I 0ll? 7

— / (v— f,gi)v)2d:ﬁ
+ ,

1
< [1+5(k+2)(k+1)}(\|v||” (11.10)
+> ||<l3j||§j||v\| _ ||¢J|| AIvlI5 )
JjEA jEB
1
< N[(My + 2My(1 + —2))\\z;||2 4+ Maealv f,f]v

where My = 143 4 1652
2(k +2)(k+1).
Let po € Pe(T) such that [ D*(v+p,)di = 0,
According to Lemma 2.2, it implies that

OT’ ZjeB ||¢J||(2)7T)N:

la| < k.

lo = 0ll?
= l[v+po = 1) (@ +pu)12

1
= )v
+vaO,’f + MQE |U +p'u I,T]

< N[(M; +2Mo(1+
(IL11)

2
< N[ﬁ

1
(M + 2My(1 + 5—2))|u + Py jT

+ M2€2|v + Py fT}

M
< N[ (M1 + 2M2) 2 2 + M262”’U + Pv ?,T
Let £2 = ; in the above inequality, that implies

lo = 1,702 -

2N
S ?[Ml + 2(]- + W)MQHU +pv|iT

2k+1N
m2(k+1)

(L12)

< (M1 + 2(1 + 7) My)]

2

0l 1,2

Therefore, we establish the following lemma.
Lemma 2.4: Yv € H*1(T'), there holds

lv = IP0]lg 7 < dilolyyr 70 0= 1,2, (IL.13)

where

1
k+1

di = <\ /2 HINIMy + 201+ m)Ma), (L4

and N, M, M5 are given in (I1.12).
Next, we consider the following Poisson problem: Find
u € HY(Q) such that
—Au=f, in €,
{ u=0, on Jf. (IL15)
It is known that (II.15) has a unique solution u € H?(Q)N
H}(Q) for the convex domain with 92 € C2. Moreover, the
Miranda-Talente estimate is valid, ref. ([18], [19]),

II.16)

which is extended to a general convex polygonal domain in
[20].

In order to get a mixed variational formulation of the
Poisson problem (IL.15), we introduce the Hilbert space
H(div) £ {g; ¢ = (p1,92) € L2(Q)?, dive € L*(Q)}
and the norm in H (drV) which is defined by

o]l £r(aiv) £ (||£||0,Q + ||diV£||0,Q>§’ (IL.17)
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m
|U|3n,ﬂ = Z

laj=m
Q o
—)? Z D UE,Q
la]=m
dQ o « [
= (=)’ = ol [||D T3 o + 1D OD|F o + Z ||D TOU|3 ]
lo|=m. la|=
dQ 2 m! 2
= (= Y 7”1)” lBot D ——lIPl5]
lavo! | —1)! )
T o) =m—+1 ( )a o] =m—+1 011.(042 1) (I1.5)
a; >0 az >0
do m! m! o m m
= Y Gt hma a1 e 1D O g + DO g
o] =1 1 B 1o !
a1 >0,02 >0
do m: (al +012) a m ,m
= (=) > I vl§a + IDUHEF o + DO Dy|F o]
|a]=m+1
a1 >0,a2>0
da .,
(ﬂ_) ‘v|m+1ﬂv

where divyp = 8% + a“"z
Let ¢ = —Vu. Then the mixed variational formulation of
(IL.15) is to find (y,u) € H(div) x L*() such that

{ a(y, ) +b(p,u) =0, Ve e H(div),
b(yp,v) = F(v), Vv € L2(9),

where a(1), p) = [, - pdz, b(p,v)

v) = — [, fodz.

The well-posedness of the problem (II.18) has been well
established in [21]. Generally speaking, the final error con-
stants for the mixed finite element method will be dependent
on the constant in the inf-sup condition. The following
lemma give an explicit lower bound of the inf-sup constant,
which can be found in [14].

Lemma 2.5: Let the domain {2 be star-shaped with respect
to a point which we just choose to be the origin for simplicity,
and the boundary of {2 be represented in the plane polar
coordinates by r = p(6). Then we get the following inf-sup
condition

(IL18)

= — [ vdivpdz and

b(e,v)
inf sup ——————— >[5, (I1.19)
vel?(Q) peH(div) v]lo, Q||90||H(dlv)
where
1
f=—. (I1.20)
1+ maxp(6)

III. BOUNDS OF INTERPOLATION ERROR CONSTANTS FOR
THE RAVIART-THOMAS ELEMENT

We firstly give an introduction of the Raviart-Thomas
mixed finite element space, ref. [15]. To this end, let 7}
be a finite element triangulation of ). For a general element
T € 7Ty, with vertices ag,a; and as, we denote by hp and
pr the diameter of 7' and the supremum of the diameters

of T, respectively. And we can get h = jrpa;_g hr. Without
€Th

loss of generality, assume that the maximal angle of T is
0r = Zajapas, v; = agpa;, and n;, 7;,1; are respectively
the unit exterior normal, direction and length of the edge ~;,
where ¢ =1, 2.

For any T' € Ty, the affine transformation Fr : T — T is
defined by

= B3 + ao, (IIL1)

where B = (1171, l27) and T is the reference element given
in Section II, seeing Fig. 1 as for an illustration.

Xy

a4y a

Fig. 1. An illustration of the affine transformation

The local Raviart-Thomas element on T of the order £ > 0
is defined by

Hr = Py(T)* @ xP(T), (I11.2)

where Py, (T) = span{zizl; i+j=k, i,j > 0}.
The corresponding local interpolation operator R
HY(T) — Hr is defined by

{ I, qRT} ¢ - nds = [, ap - nds,
Jr RTte - pda = [ ¢ - pda,

Vg € Pp(y), v C T,
Vp € P.1(T)?,
(II1.3)
where n is the unit exterior normal vector of the edge ~.
Let Hj, = {cp € H(div); ¢ |T € Hy, VT € Tp}. Then
the global 1nterpolat10n operator is defined by

RT}|r = RTy, VT € Th. (I11.4)

Furthermore, let M} be the finite element space which
is the discrete approximation of L?({2). The operator P} :
L?(Q) — Mj, is defined by

PFlr = PF, VT €Ty, (I11.5)
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where Pﬁ is the k order L2-projection operator on 7.
It has been proved that the operator RT[f satisfies

divRT} ¢ = Pldive, Vo € H(div). (I1L.6)

For any ¢ € Hp, we introduce the relations between
derivatives of ¢ and derivatives of its divergence, which are
given in [15].

Lemma 3.1: NT € Ty, Vo € Hr, there holds

LR

@ (kﬂa (divy) 0),
afclf+1 T \k42 8$1

oF 1, (0 i1 (letp))

ot T \Vk¥2 T azf ) ) (II1.7)
8k+1£ 7( i 6k(d1V£) j 8k(le£))

dxidxl T \k+2 02 7102l k+2 gzigxl )

itj=k+1,i>0,7>0.

For the projection operator P%, we have the following
result that is also found inA [15].
Lemma 3.2: Yv € H*(T), i,j >0, i+j = k, there holds

kPk oFv
Py < Cijll === , (111.8)
I3t o < JHM) oz
. % qi; N .
where ¢ij = ol 55an (1 = @1 = 2) o
and g;;(#) = M%m%a i - x2>k>.
Remark 3.3: The expression of ¢;; in Lemma 3.2 is not

explicitly given in [15]. However, we can obtain it from the
proof of Lemma 3.2 that is Lemma 2.3 in [15].
With the above preparations, we start to explicitly estimate
error constants for the interpolation operator RTX.
Theorem 3.4: NT € Ty, Y € H*(T)2, there holds

B Ady, : laf! s 19
< l afll_ T8
<aorl 2 arlClgmgm o
lo|=k+1
3+2V2k+1 03 Y |o4 lol ey A E) ok (divg) 20
041 az 110,T
4 k+2 ot | a
where by = lm‘ax{éa}, 12¢ = 1$*103%2, ¢, is given in
al=k

Lemma 3.2 and dy, is given in (II.14).
Proof: Let Ny = (n1,nz2), then |detNg| = sin fr. Since
¢—RTfp = Ny ' (¢~ RTfg) na, (p— RTfp) n2)", then
£ Ve
it implies ¢ — RTFol5 + < sdgr 2ier (0 — RTEg) -
ngl[§ p- Let w; = (¢ — RT%Q) n; and ¥; = w; o Fr. Since
(II1.3) implies I ,gl)u?,- = 0, according to Lemma 2.4 we have
(111.10).
We need to estimate the second term in the above inequal-
ity. For a given ¢ € H*"!(T)?, we define the corresponding

function p € H*** (T) via the Piola transformation such that

B
vV =BTV,
£= IdetBlgp’ (IIL11)
V=AV,,V,=BlvV,
< 9 9 9 9
where V = (? Tj}Q>T7 \Y% (TII7TI2)T, VT =
li O
(5% 35)" Bo=(11,7) andA:(é l2>
(II.11) implies
1
divp =V - ——div .12
ivp=V-p= detB] ivp. ( )

(IIL.9)

Since ||Bl|z < *£ and p = p;, then we have

8k+1RT7’3<p
|| W ||0 T

\detB| B O*M'RTEQ
I |det B 8:%(“8“2
h2. OTRTED
p212%|det B | D751 9y? lo.7-
Combining Lemmas 3.1-3.2 and (II1.6), for o = (k + 1,0)
we get

||§ - (I11.13)

ak-‘rlRTk
H aAalaAag H
E+1 8" (leRTk ?) o
= oyl = 2 e
B (k+1)2||3 (P’“dlvw) 2,
Ck+2
k4159 o 6’“( ) )
=(—— B
(f el et | — 2
For o = (0,k + 1), similarly there exists
ak+1RTk
H 001 AO(Q H
&Ck 81 k(d. ) (IL.15)
+ lw
< (S Pt — 213
For « > 0 (1 > 0 and ay > 0), we get 1116
According to (III.13-1I1.16), we obtain III.17.
Let by, = lrna)](C {éu}. Then there holds
|OZ‘ 204 a RTT@('O
| Zk+1 o HWHO T
“ (111.18)
< k+1(bkhT Z |e! 2a|| O (dive) 12
“k+2° p ot or{t 0152 0T
Combining (II1.10) and (II1.18), and observing p = 2 — V2,
we obtain (II1.9). [ |

Remark 3.5: If 67 = I, we can get better results. Without
loss of generality, let the right triangle 7" has two edges
respectively parallel to the coordinate axes. Then (III.10) can
be replaced by

ak-i—l

laf! 5a
<d4dy Y v (HWHOT
lal=k+1

O*RT
I mags lor):
Corollary 3.6: YT € Ty, Yo € H*(T)?
5, then there holds

e — RTre
‘Ck| 2a 6k+1%0
< 2di] Z o ||W||0T
|a|=k+1

(3+2v2)(k+1)
2(k + 2)

|al!
'Z%l

o=k

k2
lo — BTS2,

, suppose O =

(I11.19)
b2h2

OF (dive)

20éHWHOT

]z,
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2

sy ey l(f_m@'"ill?
! o o152 0T

i=1 |a|=k+1
< M ol F ) O R T )
= 0 Z Z 0418 g ||0 T || OO 902 ||0,T)
sin” 7 i jalmha1 ! T o
2 A L .
4d2 Z Z ‘al lQa f 2 +H8Hﬂ 2 )
= bln HT =1 ‘al ot 1 0618 (%] 87_{1187_;2 s
k k
1642 3 Jaf! ga”;l”” 8d2 5 Jal! QQHWHOT
=— y aTAas 5 i I )
o lal=k-+1 “ onnom sin” 0 |a|=k+1 @ 8
ak—HRTk
|| a"ala'*lxz ||
k(3 ko k(A ok
— aq )ZHa (d1VRTT£)H2 e Qs )2”3 (divRTQ) A
E+2 " agitoagr 0T Tk +27 1 gagigaget 0T
kpk (o5 P A TRA
(o TS, g O TN, o
k+2 ai‘fl_la:i” k+2 8‘%(111(9:%;2_1 0.7
k(Jive | TI
ar 0" (divy) : 9" (divg)
< (7004171,042)2”%771%” ( Cay,an— 1)2HWHOT
k+2 0z 035 k+2 028105 ,
Ok (div 9% (div
al ll(al 1)12a2|d tB||| ( f) 2 Oé2 A )1204112(042 1)|detB||| ( S@)

= (k+*2éoc1*1,a2) WHO’T (mcahaz,l WHOT
1 2

DDA F i v

o! o o152 o.T
|a|=k+1
_ 20kt O"H'RTpy 2(k+1) ot RT7]££| Z |04| za”akHR TSDH
- " || 8Tk+1 ||0,T 2 || 8 k+1 |OT ala ag 110,T

1 la|=k+1,a>0
(hTz’kaA ) Hﬁk(dlw) 2 (hTzlngé o ”8’“(dlw)
C
SV k2 o lor T Fm o ork
laft hr oo a1 a1 —1ja21\2 8’“(divg) 2
Y O IG teeal TE g ra
|a|=k+1,a>0
O (dive)
a2 agjas—1

+(k+26a1,a2 Uiy Th)? HW ]

(th1k+1 )2 Hc‘)’“(dlw) 12 (th’ngé o Ha‘“(dlw)u
IS orf lor H o I o (IL17)

(k+1)!  hpl®ai+1, ., 0"(divy)
Y L R AT
(a1 + D! p k42 O Q12

|al=k,01>0,02>0

Z (k+ 1! hpl® as + 1é 2| ok (divy)

i ol + D) p k+2 Grargoas lo.T

|| =k,1 >0,002>0
k+1 énohplt
< (A I3+
P orf k+2

o]t k+1  éahpl®, % (divg)
il 1 [t
2 Grapt 5 ) tltetligas e

Gk(divg) )
37’2’7C

OF(divg) kE+1 (5%th§)2”
P

|a|=k,a>0

k41 hT Z &AQZQQH F(dive)
k+2 o ors?
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where by, is given in Theorem 3.4 and dj, is given in (II.14).

Due to Theorem 3.4, Corollary 3.6 and the specific tri-
angulation, we can explicitly get corresponding estimates of
the global interpolation error || — RT}¢||o,o. However, we
give general results for the global interpolation error.

Theorem 3.7: Let 0 = :rpna%(GT and ¢ € H**1(Q). Then
€Tn -

we have

2k12dy,
— 2l 0

1I1.20
3+2v2k+1 5 .. ;( )
T4 kx Qbk|d1V£|k,sz)2,

le = RT3 ¢llos <2

where by, is given in Theorem 3.4 and dj given in (I1.14).

Proof: Without loss of generality, for any fixed T' € Ty,
we suppose 71 = (1,0)T and 75 = (cosOr,sinfr)T. Then
(IIL.11) implies || B{'||> < v/2 and

||6k+71¢ 2k+1HM”
a Oéla 2 8 ala a2 0T7 11121
ok (lef) O* (divep) (I.21)

||737{x13T;2 lo.r < QkHWm)T

Combining (II1.9) and (IIL.21), we get (II1.20) by simple
calculations. [ |

IV. THE DISCRETE INF-SUP CONSTANTS FOR THE
RAVIART-THOMAS ELEMENT

In this section, we present the lower bounds of the inf-sup
constants for a general Raviart-Thomas element. According
to the Fortin’s principle given by Fortin in [22], we need to
estimate the constant c in the following inequality,

IRTr ¢l i) < cllellmaiv)- Iv.D)

Let 43 = aia2 and ’ﬁ3,Z3 be the upit exterior normal
vector and length of the edge 43 on T, respectively. Let
A be the index set given in (IL.8), {Qj; j € A} a basis of

Py_1(T)? and {aij; 7 =1,2,...,k+1} abasis of Py(7;) for

1 = 1,2,3. Then there exists a basis {fij; 1=1,2,3, j =
1,2,...,k+1}U{%j; j € A} in Hj such that
3 kt1
T =33 ([ aug-maig,
i=1j=1 "7 (IV.2)
+>( / p, i)y, Vg € H(div)
JEA

where H (div) = {p: p € L¥(T)? dlvga € L2(T)}. Then

|RTERI2 -
3 k+1
<+ DE+ ([ a1l I 5
i=1j=1 Y7
+z/@ p 42 |2 ;)

JjEA
3 k+1

< (o4 DR+ D18l y ol pplle, 127

i=1 j=1
+ D@2 4 lp 12 2l 12 7]
JEA
3 k+1

dlv)ZZHQUH T”SD ()T

1=1 j=1

122 2 3 N, 12 51,12 50

JEA

<(k+1)(k+3)]

In the last inequalities above, we use the following in-
equality given in [23],

[Tz ﬁH_%,aT <@ (i) - (IV.3)
Let
3 k+1
=> > lawll? 2l M6
i=1j=1 av.4)
=D lIp 15 212,15 7
JjEA
Then we have
IRTER|2
=T (IV.5)

< (k+1)(k+3) - (M7 12l Fr gy + M52 7)-

Next we estimate || RTp ||87T. Without loss of generality,
we suppose 71 = (1,0)7, 75 = (cosO7,sin07)" and ar =
min{ly,ls}. Then B = (I171,l272) implies that

V2

|Bll2 < V2hy, |B7Y2 < o (IV.6)

According to (III.11-1I1.12), we have IV.7. On the other
hand,

ldiv(RTF )5 7 = |1 Pr(dive) 3+ < [|dive]ld o

||RT}’f%0||H(dw = ZTeTh (||RT7]2£H(?),T +
[|div(RT7)|13 1), then we establish the following lemma.

Lemma 4.1: Suppose that there is a constant ¢ > 0 such
that Z—; < ¢ for any T € Tj, then for any ¢ € H(div), we
have

(IV.8)

Since

|RTY |l mraiy < dillellmaivy, (IV.9)

where

b = max{2ey/(k + 1)(k + 3)(M; + M),
(IV.10)

1+ 20k + 1) (k + 3)M;h2),

and M7, M5 are given in (IV.4).

Remark 4.2: Similar to di in Lemma 2.4, for a given
k, the value of dj; is depended on the choice of the basis
functions.
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1B
|detB]|

< (k+1)(k+3)

IRTERIS

IRTFlIE - <

||B||2
|detB]|
I1B]I?
|detB]|

(M7 l2l7

=(k+1)(k+3)

< b+ 1)k +3) 1B (s i) 8-

|detB|

= (k+1)(k + 3)[(M7 + M3)||B|*| B

H(dlv)

(M5 + MR 5+ M7 v 2 )

+ M501212 )

(IV.;)
— =Y

el 7 + MBI divel[§ 7]

* * h2 3 .
< (k+ 1)k +3)[4M] + M3) | 2ll5.r + 2M7 P2 |[divp 5, 1]
T

We now consider the mixed finite element formulation
(II.18), and try to seek (yh,uh) € Hyp x My, such that

{ a(gh’gh) + b(f}bvuh) = 07 th S Hh,
b(¢,,vn) = F(vp), Yo, € My,.

In order to test the existence and uniqueness of the discrete
problem (IV.11), with the help of Fortin’ principle, we
display a characterization of the discrete inf-sup constant.

Lemma 4.3: For the Raviart-Thomas finite element space,
we have the following discrete inf-sup condition

b(sohﬂvh) > ﬁ
dy’

av.11)

inf  sup

(IV.12)
vhe]u’”P GHh HUh”O Q”QOI.LHH(dlv)

where [ is given in (I1.20) and dj given in (IV.10).

V. EXPLICIT ERROR ESTIMATES FOR THE
RAVIART-THOMAS ELEMENT APPROXIMATION

In this section, we estimate the approximation errors
Y= [divy) — dive), [lo,0 and [lu — upllo,0. As a
preparation, we need to explicitly estimate the interpolation
error for the L2-projection operator PX on 7.

Lemma 5.1: VT € Tp, then

h
lo = Pfollo,r < (;)k+1|v|k+1,T7 vo e H*PH(T). (V.1)
Proof: Let p, € Py(T) such that [ D*(v+ p,)dz =
0, |a] < k. According to Lemma 2.2, we have |jv
P}fUHo,T = [|(v+ po) = PE(v + po)llor < [lv+po
(;)k+1|v|k+1,T'
Theorem 5.2: Let (1, u) and (3, ,up) be the solutions of
(II.18) and (IV.11), respectively. Then we have

¥ =9, lloe < Ckhkﬂ(l@kﬂ,ﬂ + [dive)|x, @),

| AN

Proof: Taking p = @, in (IL.18), and subtracting (IV.11)
from (II.18), we get

{ a(g_%hjfh)_'_b(fh,u_uh) :O7 \V/fh EH}L’
() —,,vn) =0, Von € Mp.

V4)
The second equation of (V.4) implies that
divip, = Py (divy) = div(RT}), (V.5)
which together with Lemma 5.1, gives
[divep — divep, [lo. = [ldive — Prdiveb|o.c
(> ldivey = Praivile)® o

TETh
h .
< (;)k+l|leﬂ|k+1,Q.

Combining (V.5) and the first equation of (V.4), we have
[

a(% - 9;17 ﬂ - RT}ILCQ) + a(% - %}ﬁ RT/:% - %h)
=a(y — ¢, — RT3Y) + (div(RTY — ¢, ) u — up)
= a(y — ¢, , % — RT{).

According to Theorem 3.7, there holds

k/2
= %hkﬂ@@ﬁﬂ,ﬂ V.7
SR L v o).
which implies V.2) with Ck =
% max{v/2, @bk %}

Combining Lemma 4.3 and the first equation of (V.4), it
implies

(V.2)
[u—unllo.0 < Cxh** (|9 Yoo + |ulkr1,0) - b(e, , PRu— up)
- o ﬁ H, ® iv
In addition, if u € H¥*+3((2), then £, St H*h”H(d )
d: b(p,,u—un)
. . h . =K qup —L___~°
Idivep — divep, [lo.o < (;)’”Hdw@kﬂ,g, (V.3) B o et 1@, llm ) V)
k/2 3 d* sup (% - Qha fh)
4.9%/2g Zk .
where Ck = sin 6 - max{\/i 22+1 bk %}’Ck = 5 lh €Hy ||£hHH(diV)
max{ %5 cndi; —r1} and di, B,dj, are given in (IL4), (I1.20)

and (IV. 10), respectively.

dy
< 2l =, llog.
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TABLE I
NUMERICAL RESULTS FOR THE LOWEST ORDER MIXED FINITE ELEMENT
METHOD
n? 8x 8 16 x 16 32 x 32

¢ — ¥, llo,o | 0.5507207331 | 02763366501 | 0.1382911861
c 0.2784718819 | 0.2794591972 | 0.2797076960
I £llo, 55936471902 | 5.5936471902 | 5.5936471902
h 0.3535533906 | 0.1767766953 | 0.0883883476
Similar to (V.6), Lemma 5.1 implies that
k h k+1
lu = Pyullo.e < (2)" fulk+1.0. (V.9)

According to (V.7-V.9), there holds
lw — unllo.o < llu— Plullo.q + | Piu—uslos
< CRp™ (¢ ]kg1,0 + |dive

i de
where Cj = max{ 3

k0 + |Ulkt1,0)s

el r u

VI. NUMERICAL EXPERIMENT

In the section, the error bounds for the lowest order mixed
finite element method by numerical computation will be
tested. Consider the following Poisson problem

—Au=f, in §,
u =0, on 0f,

where Q = [—1,1]x[-1,1] and f(z,y) = 4—22%—2y>. The
exact solution of this problem is u(x,y) = (1 —22)(1 —y?).

As is done in [14], we divide Q) into n? equal squares,
which are further divided into triangles by the diagonals
parallel to x +y = 1, except in the top right and bottom
left squares which are divided by the diagonals parallel to
x—1y = 0. Numerical calculation is carried out by employing
the lowest order mixed finite element method in [14] and
(4, ,un) is the numerical solution. According to Theorem
5.2 and (II.16), by simple calculations we have, for k£ = 0,

16427 + 4
T

o -, loa < Bl llo.

Numerical results from [14] are listed in Table 1. Herein,
the error constant C' is defined by

1% =¥, llog
C=—-"—.
i
It is easy to see from the numerical results that the exper-

imentally determined constant is lower than the theoretical
estimate.

0,0

VII. CONCLUSIONS

Base on a careful exploration, explicit error estimates
for the Raviart-Thomas mixed finite element are developed.
We obtain the explicit constants and the discrete inf-sup
constants. The explicit estimates are very helpful to provide a
computable error boundary and a posterior error estimation.
Another feature of our error estimates for Raviart-Thomas
interpolation is that we do not need to assume any mesh
condition on the triangulation.
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