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Mechanism of Integration of Informatization and

Industrialization Based on a Fuzzy Stochastic
Model

Chaodong Yan and Jing Ma

Abstract—This letter proposes and investigates a fuzzy s-
tochastic model which depicts the mechanism of integration of
informatization and industrialization (MIII for short). Sharp
sufficient criteria for stagnation and prosperity of industrializa-
tion and informatization are provided. Some critical functions
of imprecise parameters and stochastic perturbations on MIII
are uncovered and numerically illustrated.

Index Terms—Industrialization, informatization, stochastic
perturbations, imprecise parameter, stagnation, prosperity.

I. INTRODUCTION

ITH the rapid development of information and com-

munication technology, the integration of informa-
tization and industrialization has been becoming more and
more manifest ( [1], [3], [4], [6]). Understanding the mech-
anism of integration of informatization and industrialization
(MII) is of great significance for making policy ( [7], [9],
[10], [14], [16]). As a result, in recent years, the researches
on MIII have received much attention ( [21]-[23], [25], [27]-
[29], [31], [32]). Particularly, Wang and Du [22] used the
following mathematical model to portray MIII:

d]\(;lt(t) - N (¢) [771 — Ni(t) + p1N2(t)}
dNo(t N
d2t( ) _ Na(t) {772 — Na(t) + pQNl(t)}’

where Ny (t) and No(t) represent the diffusion rates of infor-
mation technologies and industrial technologies, respectively.
7; is the growth rates of N;(t), p; represents the influence
rate of IV; to Ny, 4, = 1,2, i # j. Due to the fact that the
self-influence rates of NV; are larger than the influence rates
between IV; and IV;, hence it is supposed that 0 < py, p2 < 1,
i,7 = 1,2, i # j. The authors [22] analyzed the stability of
model (1).

On the other hand, during the development of information
and communication technology, the evolutions of information
technologies and industrial technologies are inevitably influ-
enced by environmental perturbations, consequently, Yan et
al. [30] added white noise into model (1), and tested the
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following stochastic model:

dNy(t) = Ni() _771 — Ni(t) + p1No(t)) | dt

+ 1 N1 (8)dW (t),
2

ANy (1) = No(t) [ m — Na(t) + paNu (1)) ]t

+ o N (t)dWa(t).

where 1? stands for the intensity of the environmental
perturbations, {Wy(t) }+>0 and {W2(t) }+>0 are two standard
Brownian motions. For model (2), the authors [30] explored
the existence of a unique stationary distribution.

In model (2), the authors hypothesized that all the param-
eters are precisely known. However, as a matter of fact, in
the real world all parameter values could not be precisely
known owing to the deficiency of real data and errors in the
measurement process ( [17], [19]). Several scholars ( [17],
[19]) pointed out that fuzzy models could fit reality better.
Thus it is useful to test model (2) with imprecise parameters
and to examine the influences of imprecise parameters on
the properties of the model. Nevertheless, as far as we are
concerned, few researches of this aspect have been carried
out.

Motivated by these, in this paper, we introduce imprecise
parameters into model (2) and pay attention to the following
fuzzy stochastic model

ANy () = N (0) [ — N () + pn Na(e)) |

+ 11 Nl_(t>dW1 (t),
©)

dN2(t) = Na(t) _772 — Nao(t) + p2Ni(t)) | dt
+ o No (£)dWa (1), -

where ¢ represents the interval counterpart of g, namely,

9=1[9,9.={y €Rlg <y < gu}.

For arbitrary y € [g1, gu], there exists a ¢ € [0,1] such that
y = 911 “%gd. As a result, in this letter, we shall test the
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following model:

Myt — Ni(t) + py; pl, Na(t)) | dt
q;p;]uNl (t)dwl (t)a )

dN1(t) = Ni(t)

+n

= Na(t) + py; "p§, N1 (1)) | dt

= Na(t) |n3; “nd,,
+ 1/’25 q%uN2( )AWa(t).

AN, (t)

“4)

II. THE EXISTENCE AND UNIQUENESS OF THE SOLUTION
Define

R ={a=(a1,a2) €R?| a; >0, i =1,2},

oilg) =20V i = 1,2
Bilq) = iy %, — i Vw32,

Y(q) =1 = p1; 1p%up 1p% s
7(q) = Bi(q) + Ba2(a)py; Pl
12(q) = Ba(q) + Br(q) P “plu;
T3, — canyy

_ 1 q,.4
= Q17)y; Mus

—
)
=~

= my 0l + o ot b

= o 8+ Po P8y s
a1(q) = a1(q) + py; “pl,ca(q),
2(q) = a2(q) + py; *pl.n(q),

m1(q) = m; i, /01(q), m2(q) = 02(q)/o2(q);

t
h(t) = til/ h(s)ds,
0
h* = limsup h(t), h, = liminf h(t
msup h(t), h, = lmint h()

One can see that

Bila) = ny 0k, — ai(a),vi(q) = 0;(q) — oi(q),i = 1,2.

In this letter, we always hypothesize that

1- 1-
M Mt/ (@) > my /02 (q)-
Consequently, 71 (q) > m2(q).
Since both Ny (t) and Na(t) represent the growth rates,

hence we should give some conditions under which Ny (¢) >
0 and N3(t) > 0 to be realistic.

Lemma 1. For any N(0) € R, model (4) possesses a
unique global positive solution N(t) = (Ni(t), No(t))T
almost surely (a.s.). Additional, for every p > 1, there exists
a positive constant K = K (p) such that
limsup E(NP(t)) < K. (5)
t—+o0

Proof. We can deduce from

1— 1—
v(q) =1 —py; “plupy *05, >0

that there exist two positive constants ¢1(q) and c2(q) such
that

—2a(q) := Amaz(C(Q)p(q) + p" (9)C(q)) <0,  (6)

where

-1 py %1,
plg) = ( 1— i U
P t05, 1 ’

and Amaz (C(q)p(q) + p ( )C(q)) stands for the largest
eigenvalue of C(q)p(q) + p*'(¢)C(q). Actually, one can find
out two positive constants cl(q) and c2(q) such that

1— _
i pduci(a) = por “pd.ca(a).
As a result,

1C(q)p(q) + p" (q)C(q)| = 4e1(q)

It follows that

Amaz(C(q)p(q) + p" (9)C(q)) < 0.

c2(q)v(q) > 0.

Define
U(N) = c1(q)N1 + c2(q) N2, N € R?.
Then 1t6’s formula ( [15]) means that
dU(N)
= (g {anni‘u — N1 — p}lqpi‘uNz] dt
+ c2(q) N2 {7721 M3y — N2 — pélquuN1:| dt

)
+e1(q)yy; W, NidWi (t)
+ ca(q)ty "l NodWa(t)

={ @)y i Ny M,
T o) %M+meﬂw

1(Q)¢il q¢11LN1dW1( )

+ c2(q) g, “bd, NodWo(t)

= { W@)my, muNmu I, + c2(a)ny 3, N

+ §NT(C(Q)P(Q) + PT(Q)C(Q))N} dt

+ e1(q)iy W, NedWi ()
+ c2(q) g W, NadWo(t)

cr(@)my i, Nimy i, + c2(q)ny 3, Na
2 2
—a(q)(N7 + N; )] dt

(
+ (@) Tt N1dW (t)
+ Cz(Q)¢;fq¢guN2dW2(t)
< kydt + e1(q)hy; Wd, NidWi(t)
+ Cz(Q)¢;fq¢guN2dW2(t)

The following proof is standard and hence is left out ( [12]).

IN

O
III. STAGNATION AND PROSPERITY
Lemma 2. The solution of model (1) obeys
In N;(t .
limsupni() <1, as., i=1,2. @)
t—+o00 n
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Proof. We can deduce from It6’s formula that By Burkholder-Davis-Gundy’s inequality and the Holder’s
d[etV(N ()] = et V(N (t))dt + etdU (N (¢)) inequality, we derive
_ t+1 0.5
= {“(Q)Nl“) + e @QNa0) o " N () E( sup Irl(u)|> < kE( Nf<s>d$>
) ) ) t§u§t+1+1 t
L N3, caNo(t) — N{(t) + N3(t))|dt '
N (0) - @) (V0 + NF0)| cnfe [ wieons)
t
+ € [61(q)1/)1_q¢q Ny (t)dWi(t) t+1 0.5
u ) <k (E/ |N(s>|2ds>
+ cala) ol ", Na 0] t N
t+1
<
< hyeldt + ¢t {q(q)w}f ", N (1AW (1) E(“"tf“ﬁ“ FM) - (Ef )ds)
t41 .
2
+ @)Ul A Naa(r). <k WEkes)
Consequently Where ‘kfl > 0 is a constant. Sul?stituting the above two
inequalities into (11), and then taking advantage of (8), (9)
limsup EU(N(t)) < k. (8) and (10), one gets
t——+o0
It then follows from lim sup]E< sup U(N(u))) <k
) t—+oo t<u<i+1 )
IN| < N1+ N2 <U(N)/min{ci(q),c2(q)} +wky + [e1ty; W ka4 cathyy T, kalkSS.
that It follows that
limsup E[N(t)| < k1/ min{ci(g), c2(q)} =: k2. (9) E( sup |N(u)> <ks, n=1,2, ..,
t—+00 n<usn+1
An application of Ito’s formula again, where k5 > 0 is a constant. For any € > 0, Chebyshev’s
EU(N(t + 1)) < EU(N(t)) inequality implies that
t+1
1- k
+]E/t {7711 niucr(@)Ni(s) P{ <sup IN(t)| > k1+5} < klis’ n=12..
n<t<n+1
+’7;fq77(21uc2(Q)N2(3) - a(Q)(N%(S) + N22(5)>:| ds Then Borel-Cantelli’s lemma means that there is a ng such

that for almost all w € Q, if n >ngandn <t <n-+1,

t+1
<EU(N(t)) +wE/t [N (s)ds sup |N(t)| < n'te

E t+1 N 2d n<t<n+1
—al(q) /t [N (s)["ds, That is to say,
where In [N (t)] < (1+¢)lnn =1+¢

B _ Int - Inn - .

w = vV2max{n; ¢ c1(q), ny 0l c :
Ui e (@), 1o "uca ()} Letting ¢ — 0 yields the desired assertion. O
Notice that
EUN(t+1)) > 0, Lemma 3. ( [13]) Let ®(t) € C(Q x [0, +00), R,.).

(1) If there are two positive constants T and (y such that
then
t+1 In®(t) < (t— / s)d Wi( 5. (12
imswpE [ NG < (b + ko) fale) = koo a0 O SET0 8+ZT as. (12
t

t—+4oo

We then deduce from Itd’s formula that for all t > T, where 7;, ( and (y are constants, then

t
5, swp UOV)) imswp i [ @) < C/6 as, i 20
t<u<t+1 t—+o0 0
t+1
< EU(N(t)) + wIE/ N (s)]ds Jim B =0 as, i <0,
+c1 (Q)¢ilq¢?uE<t<Slg> . / f1(s)dWi(s ) (Il) If there are three positive constants T, ( and (y such
u<t+

/ fa(s)dWa(s

that
+c2(q)¢;f%§uJE( sup ) : 2
(11 In®(t) > ¢t — Co/o O(s)ds + ;’ﬂW t

t<u<t41
Define u
_ / Fi(s)dW, (s) for all t > T, then
" t
u liminft_l/ O(s)ds > ¢/, a.s..
N / fa(8)dWa(s). e Jo
t
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Theorem 1. For model (4),
() If ma(q) > 1, then

t
lim t_l/ Ny(s)ds = %(Q),
0

t=ro0 7(q)
t

lim til/ Ny(s)ds = 72((]).

tofoo o 7(q)

That is to say, both informatization and industrializa-
tion are prosperous.
(i) If ma(q) < 1 < 7m1(q), then

lim Ng(t) = 0,

t—+oo

and

t
lim t_l/ Ni(s)ds = 81(q), a.s..
0

t——+o0

That is to say, informatization is prosperous, however,
industrialization is stagnated.
(iil) If m1(q) <1, then . li{Fn N;(t) =0a.s., i =1,2. That
— 400
is to say, both informatization and industrialization are
stagnated.

Proof. We deduce from It6’s formula that
¢
I No(0) = Ni(0) = Bu(@)t "ot [ Nalo)ds
0
t
= [ Ma(s)ds vl w0,
’ t (13)
In No(t) — In No(0) = Ba(q)t — pél_quu/ Ni(s)ds
0
t
_ / Na(s)ds + L7998 Wa(t).
0

(14)
Clearly,

m1(g) = ny; i, /01 > ma(q) = 02(q)/o2(q).
One can deduce from (13)—(14)><pil_qp‘fu that
'In (Nl (t)/zvl) Pt (N2<t>/zv2)
= 01(q) — o1(q) — (@) N1(t)
o Ul - pif"p‘f“wéwguwz(tﬂ ,
15)
Similarly, one can deduce from (14)—(13)><péfq pa., that

t~!ln (Ng(t) /N2> —t s 9l In <N1 (t) /N1>
= 02(q) — o2(q) — v(¢)N2(2)

+t! [wéquzuwzu) — py pdt Y, W <t>] :
(16)

In view of (13) and (14), for sufficiently large ¢,
In(V1(t)/N1(0))
t —_— —k
< Bi(a) +e = Ni(t) - P PN
by WA () /6
In(N(t) /N2 (0))

I L
< ﬂlz(Q) +e—py tps NI — Na(t)
by, 15, Wa(t)/t.

Define
_ —x%
Bi(q) +¢e— P}z “pl N2 ;

$2(q) = B2(q) + & — p; 1p3, Ny .

©-
=
—
S
=
Il

As a result,

In(V: (6/M: (0)) N0+ 0l W (1)

(17)
< ¢a(q) — Na(t) + gy 705, Wa (1) /1.
(18)
(i) By (7), for arbitrarily € > 0, there exists a 7" > 0 such
that for all ¢t > T

At n (Malt)/N0))

*

< —p};qp‘{u [tl lnNQ} +e<e.

< ¢1(q) -

t
In(N5(t)/N2(0))
t

Substituting this inequality into (15) results in

t~'ln <N1(t)/N1) > 01(q) — 01(q) — e — y(q) N1 (1)

+ U — ol sl |
19)
Notice that
01(q)/01(q) = b2(q)/02(q) > 1,
then there is a sufficiently small € such that
91(q) — 0'1((]) —e>0.

According to (II) in Lemma 3 and the arbitrariness of ¢, we
obtain

01(q) —o1(q) _ m(9)

Ny, > ., a.s. (20)
7(q) v(q)
Therefore, ¢1(q) > 0. In the same way, by (16),
Ny, > VQ(Q). @1)
7(q)
Thus ¢2(¢) > 0. By (I) in Lemma 3, we get
M <oi(a), No < éa(q).
That is to say,
N+ 00 N2 < Bi(g) +e, (22)
Py P4 N+ Ny < Balq) +e, as.  (23)

Consequently o
N1 <m(a)/(a),

Ny < (0)/1(q), as..

Then one derives the required assertion.
(i1) Notice that

01(q)/o1(q) > 1,
hence (20) holds. Thus

N1, > 71(q)/v(q).

Hence ¢1(g) > 0, and (22) holds. If w € {Ng(w)* > 0}, by
Lemma 3, one has

—_—%

Nz(w)* < ¢ = Palq) +€— p;l_quuNl(W) .
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Substituting this inequality into (22) yields By (17), for sufficiently large ¢,

0< ’YNz(W)* < Ba(q) —
= 62(q) — 02(q) +&.

By the arbitrariness of ¢ leads to

02(q)/o2(q) > 1

This is a contradiction. Hence,

Py “p%.B1(q) + €

In(N: (£)/N1(0))
t

< Bt e = Nu(8) + vy, W WD)/t

We then deduce from nb_ i,/ p}l_qp‘{u < 1 and Lemma 3
that the required assertion holds. [

Theorem 2. If 81(q) > 0 and $2(q) > 0, then system (4) is
stochastically prosperous, that is to say, for any € > 0, there
are two positive constants 3 and x such that

P{w: Ny >0} =0,

in other words,

N, = 0, a.s..
When (22) is used in (18), we get

In(Na(t)/N2(0))
'

<ﬁﬂ)+€—éf%%<&+f—p5%%N;>
—Na(t) + s, Tpd Wa(t) /t

= 62() = 02(9) + e(t) + e — py “phue
1), 1p3, Wa(t)/t,
where
e(t) = py; plupy 8, N2 — No(t).

We the deduce from 1 > 65(q)/02(q) that Ny = 0. Hence
g(t) — 0. According to Lemma 3,

tlgrnoo No(t) =0, a.s..

By (13), for sufﬁciently large t,

tin N( S Ao te= MO+ W0/ 24
t‘”ﬂﬁﬁfﬁ) > Bi(q)—e= M) +v], VLW (1)1, 25)

where ¢ € (0,81). Using (I) and (II) in Lemma 3 to (24)
and (25) respectively, we have

Bilg) —e < N1, <Ni <Bi+e, as.
We then deduce from the arbitrariness of ¢ that

tl:I-Poo Ni(t) = Bi(q), a.s

(i) If N, > 0, then ¢ (g) > 0. Similar to the proof of
(i), we get
lim Ny(t) =0, a.s..

t——+o0
If N, =0, by (18), for sufficiently large ¢,

In(N2(t)/N2(0))
t
Notice that

< B+ = Na(t) + ¢y "985, Wa(t) /1.

1> 02(q)/02(a) > 3y /Py P
In light of Lemma 3, we obtain

tk?w Ny(t) =0, a.s..
Hence
lim Ny(t) =0, a.s..

t—+oo

hmlan{ ()>ﬁ} >1—¢ i=1,2,

t—+oo

t——+oo

hmmfP{N( ) <X} >1—¢ 1=1,2.

Proof. First of all, fix a positive constant ¢ such that
B1(q) > 0.50c;(q), i =1,2.

Define

Vi(N) = (1+Nf1>9+ <1+N2_1>0.

We then deduce from It6’s formula that

dVi(N)
=0 (1 + Nf1>0_1d(N‘1)

1
60—2
+0.50(0 — 1) (1 + Nll) (d(N71)?
0—1
+ 9(1 + N2—1> d(Ny )
60—2
+0.50(0 — 1) (1 + N;l) (d(Ny1))?
=0(1 +N11>H{<1 +N11)[—N11
(it = Myl ) N )|
+0.5(60 — 1)N; 2ay(q) pdt
0—1
co(1e 8] ulr )
0—2
+ 9(1 - N21> {(1 - N21){ Ny*
x (néf N3+ Par P8 N1 — Nz) + Ny 2042(Q)]

+0.5(0 — 1)N,y 2az(q) pdt

0—1
+ 9(1 + N21> o pd Ny LdWi(t).
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Accordingly,

0—2 1
dVl(N):O(lJerl) {—N2
1

< (51(0) - 05900 a))

1 .
+ A ( =y 0ty +oa(q)
N2 1— pll_qp(llu
A [01 Yol + | pdt
Py 'p

l N1

+6(1+ Ngl)“{N2 (0 50 (q) — &(q))
1 _

+ % ( — gy "0, + as(q)

M
N, |72

0—1
+6 1+N11> it NTYAW (t)

1—q

1-q ¢q
! g_|_p2l PQu}}dt

N,

6—1
+6 1+N2‘1> by W5, Ny AW (t)
<00 +N11)92{N2 <0 500 (¢ )—ﬂl(Q)>

+ Nil (ru + al(q)> }dt

+0(1+ N;l)“{J\}Q (0.50a2(Q) - ﬁz(q))
2
+ NL2 (7‘21 + OéQ(Q)) }dt
0—1
+ 9(1 +N11> by WY, Ny AW ()

0—1
+9(1 +N2_1> Wa Y, Ny tdWy(t).
Fix a sufficiently small « such that

0< g < b — 05002, i =1,2.

Define
2 0
Va(N) = " Vi(N) = e )~ <1 + N;1> .
i=1
We deduce from It6’s formula that

dV2(N (1))
= ke™Vy(N)dt + e"dV;(N)

< e (1+ Ny )02 R(1+ NP2 /6
1
N—IQ <51 (q9) — 0.5001((])) + al(q)}dt
+0ert (1 + N21)92{/<;(1 + Ny, 1)2/6
1 1
N—22 (Bg(q) - 0.59&2((])) + Nzag(q)}dt

0—1
+ ne“tﬁ(l + Nfl) Py Y NT AW ()

0—1
+ ke o (1 + N21> o pd Ny LdWi(t).

That is to say,
dV(N(t))

1
— eemﬁ(l 4 N11)9—2{ _

e

< (5160) - 03001(0) ~ /0
N (al(q) + 2n/9) + n/e}dt
+ 0t (1 + N21)9—2{ N%?
SCOREE

+ N% (a2(q) + 2n/9) n/@}dt

+ /@e”tQ(l + Ny >9 1% Td N AW ()

0—1
+ Ke"to (1 + N2‘1> Vo 3, Ny LdWo(t).

As a result,
dVa(N(t))
1
K —1\6—-2
S 96 t(]. + Nl ) { — V]?

X (ﬁl(q) — & —0.50a1(q) — 5/9>

+ Nil (al(q) + 2&/9) + n/@}dt

+ 0 (1 + N;l)“{ - ;22

( 2(q) —e — 0.502(q )—/<;/0>
(ag +2/§/9) —l—/i/@}dt

0—1
e“t0(1+N ) Wyt N AW (2)
0—1
+ re"™0 1+N21> Vo 3, Ny AW (1)

=: e J(N)dt
0—1
+ ke (1 + Ny 1) W1t NTEAW (¢)

/\

0—1
+ Kketg 1+N1> par Ypd Ny LdWa(t),

J(N) :9(1{+ Nlll)E_Q )
x § — —( B1(q) — 0.5001(q) — k/0
+ &(le( )+2m/9> +n/9}
+6(1+ Ny Ho~ 2{
(q — 0.505(q) — /{/9)

as(q) + 2,-@/9) + n/e}.

One can see that J (N ) is upper bounded in R?, that is to

say,
K; := sup J(N) < +o0.
z€RZ
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Accordingly,

dVa(N (1))
§ Kle“tdt

0—1
—ret0 (1 + N;1> Wt NTHAB ()
01
+rerto (1 - N21> Yy T8, Ny AW, (t).
Integrating both sides and then taking expectations, we derive

EVa(N(1))] = e“ﬂ«:[u NP )+ (0t N;(t»@}

< (L NTHO)Y 4+ (1 + N (0)7 + Bt

K
Set K = —1, hence
K

0
lim sup E[N; (¢)] <hmsupZIE(l+N ()) < K;

t——+oo t——+oo i—1

%
lim sup E[N, ()] <hmsupZE(l+N ()) <K.

t—+oo t—+oo i—1

For any ¢ > 0, set 8 = é‘%/K%. We then deduce from

Chebyshev’s inequality that

P{Ni(t) < 5} = P{N;G(t) > 59}

E[N, (¢ .
< 2 rmo, =12
That is to say,
limsupP{Ni(t) < ,8} <BK =-e.
t——+oo
Accordingly,
hmlan{ i(1) >B} >1—¢,i=1,2.

t——+oo

The proof of

t——+o0

hmlan{ ()<X} >1l—¢,i=1,2.

is standard and thus is left out. O

IV. STATIONARY DISTRIBUTION

Definition 1. ( [11]) If there exists a unique probability
measure <(-) such that for any N(0) € R, the transition
probability p(t, N(0),-) of N(t) weakly converges to <() as
t — 400, then model (4) is said to be asymptotically stable
in distribution (ASD).

Lemma 4. Model (4) is ASD.

Proof. Let N(¢; N(0)) and N(¢; ZS](O)) represent two so-
lutions of (4) with N (0) € R and N(0) € R respectively.
Define

Volume 51, Issue 2:

We then deduce from It6’s formula that
dU(t)
= san( (5 NV 0) - 8 (1 ¥10)) )

| = (Mt Vo) - (e 510

+ ol (Natts N(O) - (s 0D )

x [péfquu(fv (N (0) ~ Ni(:5(0)))
< — No(t; N(O)))} dt

< (14 pgu)\Nlth)) i1 9(0)

-

L it ) Vet N(0) - Naths ¥ (0) .

t; N (0
+ sgn (Ng(t;N(O)) No(t; N(0 )

Hence
0 <E(UH) <UO)
(1=t pgu) / BN (55 ¥(0)) — V(55 5 (0)) 0
(1ot [ t]E’Nz (5: N (0)) — Na(s; N(0))|ds.
By U(0) < 400,
(1 - p;fquu) / B[N (s N(0) — Na(s: N (0))] s
(1ot ) [ e[t (0 - Natos N0
< U(0) < +o0.
As a result,

E‘Ni(t;N(O)) - Nz‘(t;N(O))' € L'0,00), i =1,2.

We then deduce from (4) that

E(N() = M0+ [ [nilqnm(zw(s))

CE(N2(s)) + pi;qp%ulﬁ(Nms)Nz(s))] ds,

BV = Na0)+ [ i V(o)
~BUNF6) + b BN (5)Va(o) s

Thereby, E(N;(t)) and E(Nx(t)) are continuously differen-
tiable. In light of (5),

T _ g (v 1)

CE(N2(1) + oy pluﬂ*:(Nl()Nz(t))

—q 49
- p1 't
<ol B () + P Pem (N2 + N3 0)
< Ky,
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B g EVa(0)

CE(NZ(0) + ph 18, E (Nl <t>N2<t>)

1-q q
- Py Pl
< i BN + 22522 (NE0) + N30
< K17

where K7 > 0 is a constant. As a result, E(Ny(¢)) and
E(Nz(t)) are uniformly continuous. We then deduce from
Barbalat’s result [2] that

i E|N(1N(0) — N V)| <0, i = 1.2, 29
Let P(t,N(0),/) represent the probability of
{N(t; N(0)) € &/} with N(0) € R3. According to (5) and
Chebyshev’s inequality, the family of {p(¢, N(0),dz)} is
tight ( [11]). Let @(Ri) be all the probability measures on
R3. For Py, P, € 2, define
d=(Pr, ) E(N)P1(dN)
%
- [, enpaam
R2

+

= sup
1=

)

=={&: R 2 RJita) - )l < llo il Ol < 1}-

For any € € = and ,s > 0, we get

RE(N(t + 5 N(0))) — EE(N(5 N (0))

- E{E(g(N(Hs;N(o)))‘E)]

— E& (N(t; N(O))) ’

=| [ Ee(wem0))o(s. 800, a80)
ke (o)

/RZ Eé& (N(t; N(0))

—%g(N(t;N(O))) p(&N(O),dN(O)).

According to (26), there is a T' > 0 such that for ¢t > T

IN

N——

\Eg(zv(t; F(0) - B&(N (1 N(O)))\

< Ele( o) - evevon| e
< E|N(t; N(0)) — N(¢; N(O))' <e.

When (28) is used in (27), one gets

‘Eg(N(Hs; N(0))) — E£(N(#: N(O)))' < eVt T, s> 0.

We then deduce from the arbitrariness of £ thatVi¢ > T, s >
0,

sup
€€E

BE(N (145 N(0)) ~ BS(V(: N(0)| < e

Consequently,

d= (p(t +s,N(0),-),p(t, N(0), )) <egVt>T,s>0.

is Cauchy in Z.
)) such that

lim dz (p(t,0.1,~)7§(-)> = 0.

t—+oo

In light of (26),

lim ds <p(t,N(0), ), p(t,0.1, .)) =0.

t——+o0

Therefore,

t—+oo

< tl}-l-moo d= (p(t, N(O), '),p(t, 0.1, ))

+ lim d5<p(t,0.1,-),g(-)> = 0.

t——+o0

lim dE(P(t,N(O),')»C('))

O

Theorem 3. For model (4),

(i) Ifma(q) > 1, then both N1 and Ny are prosperous, and
there exists a unique s1(-) € P(R%) which is ergodic
such that

t—+o0

¢
lim t_l/ Nl(s)ds:/ x161(dey, das) = 71((]),
0 R2

¢
lim t_l/ Ng(s)ds:/ xggl(dxhdxg):rm(q).
0 R2

t—+o0
() If m(q) < 1 < mi(q), then N is stagnated:
. liHl Ny(t) = 0, a.s., and there is a unique s>(-) €
—+00

P (Ry) which is ergodic such that

¢
lim t_l/ Nl(s)dSZ/R z152(dz1) = B1(q), a.s.
0 2

t—+oo
_

(iii”) If m1(q) < 1, then both Ny and Ny are stagnated a.s..

Proof. (i’). By Lemma 4, model (4) possesses a unique
invariant measure ¢(-). In light of Corollary 3.4.3 in [18], <()
is strong mixing. By Theorem 3.2.6 in [18], ¢(-) is ergodic.
We then deduce from (3.3.2) in [18] that

t
lim t_l/ Ni(S)dSZ/ xis(dey, das), i =1,2.
0 R2

t—+4o00

According to Theorem 1, the required assertion follows. The
proof of (ii’) is analogous to that in (i’) and hence is left out.
(iii) in Lemma 1 means (iii’) holds. L]

V. NUMERICAL SIMULATIONS

Now let us take advantage of Milstein’s method and Monte
Carlo’s approach (see e.g. [5]) to reflect the theoretical
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findings. Pay attention to the discretization equation:
k+1 k k)| 1- k
N = N NP ot - Y
k k
o1, 0%, N )]AH—N( Vol 9t )
k
+osul et v () - 1),
k+1 k k — — k
N = NP+ g )[néz "+ P31 PN

—Nék’] At + N;E’“)w;f 3,68

+O 5’(/)2[ quu ((E;k))Q - 1>a

where §§k> and §§k), k =1,2,..., are random variables which

follow the Gaussian distribution.
In the following figures, we choose

N1 = 0.05, N1, = 0.12, 02 = 0.03, 12, = 0.07,
pu = 0.18, p1, = 0.24, pgy = 0.28, pa, = 0.32, ¢ =0.5.
Then

~v(q) = 0.9378, 01(q) = 0.0870, H2(q) = 0.0690.

First, let us change the values of ¥y, 11, and Yo, Ya,.

(a) Fig.1 chooses 11; = 14 = 21 = P2, = 0. According
to [22], the positive equilibrium

0, 0
N* = (1, 2) = (0.0928,0.0736).
v’y

is globally asymptotically stable, see Fig.1.
(b) Fig.2 and Fig.3 are with 9y, = g = 0.1, 1, =
19, = 0.6, hence
ar(q) = 2" D21 /2 — 0,03,
as(q) = 2 D21 /2 — 0,03,
o1(q) = 0.0362, o3(g) = 0.0390.

Thus 62(q) > o2(q). In light of (i’) in Theorem 3,

t —
lim t‘l/ Ni(s)ds = 01(q) —o1la) _ 0.0542,

t—-+o0 v(q)
dim ¢ 1/ Ny (s 02(a )(_q;”(Q) — 0.0320.

see Fig.2 and Fig.3.
(c) Fig.4 and Fig.5 are with ¢y, = g = 0.2, 91, =
0.3, 2, = 0.8. Then

HTOp /2 = 0.03, 93w /2 = 0.08.
As a result,
77?1(1 q)771u >¢1(1 q)¢2q/2 02(q) < o2(q).

In light of (ii’) in Theorem 3, N, is stagnated and

t
lim t_l/ Ni(s)ds = B1(q) = 0.0475.
0

t—+o0

See Fig.4 and Fig.5.

0.095

0.091 B
0.085 Nl(t) g
N, ()

0.075 i

0.07 B
0.065 B

0.06 B

0.055 1

0.045' : . : .
0 100 200 300 400 500

Fig. 1: Solutions of (4) with t1; = 1, = oy = 2, = 0.
0.09{ ‘ ‘ : :

0.08 E
0.07} N . E
J‘ N ,(s)ds

006} ) Ju
0.05 H‘ Hi 'l 'ﬁ i T
004 ]BNz(s)ds
0.03
0.02 . . . .
0 2000 4000 6000 8000 10000

Fig. 2: Solutions of (4) with 11, = 19 = 0.1, 1,
0.6.

:w2u:

(d) Fig.6 is with 91, = ¥9; = 0.4, 11, = 0.55, o,
0.4. Then

i W2 = 0.11, Wy,

94h39 /2 = 0.08,

and
77 Ini, > 7/’11 qqﬁq/z-

In view of (iii’) in Theorem 3, both N; and N, are
stagnated. See Fig.4.

Comparing Fig.1 with Fig.2-Fig.5, one can see that the
stochastic perturbations can change the properties of the
model greatly.

Next, we set ¢ = 0.9, and other parameters are the same
with those in Fig.1. In this case, it is easy to check that

- 1—q 2
My 0t > Uy YT /2.

In view of (iii’) in Theorem 3, both N1 and N, are stagnated.
See Fig.7. Comparing Fig.2 with Fig.7, one can observe that
the imprecise parameters can change the properties of the
model greatly.
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0.4r

0.35F

0.3 /
0.25F /

Distribution of Nz(t)

Distribution of Nl(t)

0.2
0.15F
0.1
0.05F
0 ) ‘ ‘ ‘
0 0.02 0.04 0.06 0.08 0.1

Fig. 3: Distribution of (4) with 11; = 19 = 0.1, 91, =
w2u = 0.6.

o.ogl
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0.07}

£ N, (s)ds
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Fig. 4: Solutions of (4) with q;

= g = 0.2, Y1y =

0.3

0.25F b
Distribution of Nl(t)
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0.05F 1

0 0.05 0.1 0.15

Fig. 5: Distribution of (4) with ¥1; = o = 0.2, ¢y, =
0.3, 1oy = 0.8.
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Fig. 6: Solutions of (4) with ¢y, = g = 04, ¥y, =
0.55, 1y = 0.4.
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oo1sf | N,® g
001} 1

0.005F N,
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Fig. 7: Solutions of (4) for ¢ = 0.9. Other parameters are
the same with those in Fig.1(b).

VI. CONCLUSIONS

In this letter, we propose and investigate a fuzzy stochastic
model which describes MIII. Sharp sufficient criteria for
stagnation and prosperity of industrialization and informa-
tization are obtained. Some critical functions of imprecise
parameters and stochastic perturbations on MIII are provided
and numerically illustrated.

In this letter, we only test the influences of imprecise
parameters and white noise, one can examine the influence
of time delay ( [8], [24]). In addition, this paper considers
the differential equation models, it is interesting to dissect
the discrete models ( [26], [33]).
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