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The Structure and Characterizaions of Normal
Clifford Semirings

Jiao Han, Gang Li

Abstract—In this paper, we define normal Clifford semirings,
which are generalizations of rectangular Clifford semirings.
We also give the necessary and sufficient conditions for a
semiring to be normal Clifford semiring and the spined product
decomposition of normal Clifford semirings. We also discuss a
special case of this kind of semirings, that is strong distributive
lattices of rectangular rings.

Index Terms—rectangular rings, normal Clifford semirings,
Distributive lattice congruence, normal band.

I. INTRODUCTION

A semiring S = (S, +,e) is an algebra with two binary
operation "+, " such that the additive reduct (S.4) and
the multiplicative reduct (S,e) are semigroups connected
by ring-like distributive laws. A semiring S = (S, +, o) is
called idempotent semiring, if (Vs € S)s +s=s=se0s.
[2] and [5] discussed left Clifford semirings and rectangular
Clifford semirings respectively. In this paper we will
generalize the rectangular Clifford semirings to the normal
Clifford semirings. A semiring S is called a normal Clifford
semiring if S is the distributive lattices of rectangular band
semirings and the set of all additive idempotents of S is
a normal band. Some structure and characterizations of
normal Clifford semirings and a special case of this kind of
semirings will be introduced by us.

II. CHARACTERIZATIONS AND STRUCTURE

Definition I1.1. A semiring S is called a normal Clifford
semiring if S is a distributive lattice of a rectangular ring
and E*(S) is a normal band.

Similarly, we can get the definition of left normal Clifford
semirings.

Theorem I1.1. A semiring S is a normal Clifford semiring
if and only if the additive reduct (S,+) of S is a normal
orthogroup in which each maximal subgroup is abelian,
ET(S) C E(S) and S satisfies the following conditions.
(1) Vs € S,V*t(s)+s2Ds(s+VT(s)):

(2) Vs, t € S, VT (st)+ st D (t+VT(t))s;

(3) Vs, t € S,V (s)+s2Ds+st+VT(st)) +VT(s).

Proof: Necessity, if S is a normal Clifford semiring,
then S is a distributive lattice D of rectangular rings S, o €
D, so ET(S) C E*(S) and the additive reduct (S, +) of S
is an upper semilattice D of rectangular commutative groups
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(Ra,+),a € D, since E*(S) is a normal band, the (S, +)
is a normal orthogroup in which each maximal subgroup is

+
abelian. So S/ D is the distributive lattice D. It is clear that
+
sDt<= VT (s)+s=t+ V()
= (VT (s)+s)N({t+VT(#) #0.

Due to D is the distributive lattice congruence on semiring

+ ., + N
S, we get sD s*, st Dts, s(s+t)Ds. Foy any ¢ € sV (s),
there exists z € V1 (s) such that ¢ = sz, from the law of
distribution, we have

2

2 +sr4+s2=s(s+x+s)=s5=5%
st + 8% + st =s(x+s+x) = sz,
then sV (s) C V*(s?). Hence from
Vi) +s=s+VT(s?) D s +sVT(s) =s(s+VT(s)),

we can see
VT(s)+52Ds(s+VT(s))

Also, by

VH(st)+st=ts+VT(ts) Dts+ VT (t)s= (t+VT(t))s,

(Vs € ). (IL1)

we have

VE(st)+st 2 (t+VT(t)s (Vs,teS). (I1.2)

From

VE(8)+s = s+st+VT(s+st) D (s+st)+VT(st)+VT(s),

we have
VT(s)+sDs+st+VT(st)+VT(s)

On the other hand, if the additive reduct (S,+) of
semiring S is a normal orthogroup in which each maximal

(Vs,t € 5). (IL3)

+
subgroup is abelian, then (S,+) is a semilattices S/ D of
rectangular commutative-groups (Sg, +). From the left and
right distributive laws of multiplication over addition, we

obtain that 5 is a congruence on (S, e). If (1) holds, through
2+ VT (s?) Ds® +sVT(s) =s(s+VT(s))
we have
(52 + VH(s2) N (VF(s) +5) £ 0.
in other words for all s € S ,3532. If (2) holds, then, by
ts+ VT (ts) Dts+ VT (t)s = (t+VT(t))s,
we have

(ts + VT (ts)) N (VT (st) + st) # 0,
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+
in other words, for s,t € S,st Dts. If (3) holds, then, by
s+st+ Vi (s+st)Ds+st+VT(ts)+VH(s),
we have

(s+st+VT(s+st)yN(V*t(s)+s#0,

. + +.
in other words for all s, € S, (s + st)Ds. So D is
a distributive lattice congruence on semiring S. Because

E*(S) C E*(S5), each B—class is a rectangular semiring.
This indicates that .S is a distributive lattice of rectangular
semiring S,. Since E1(S) is a normal band, the semiring
S is a normal Clifford semiring. ]

corollary I1.1. A semiring S is a normal Clifford semiring if
+

and only if D is a distributive lattice congruence on S, every

+

D-class is a rectangular semiring and E*(S) is a normal

band.

With the help of the research method of theoremll.1, we
can get the following proposition:

Proposition I1.1. A semiring S is a left normal Clifford
semiring if and only if the additive reduct (S,+) of S is
a left normal orthogroup in which each maximal subgroup
is abelian, ET(S) C E'(S) and S satisfies the following
conditions.

(1) Vs € S,V*t(s)+s2Ds(s+VT(s)):

(2) Vs, t € S, VT (st)+ st D (t+VT(t))s;

(3) Vs, t € S,V (s)+5s2Ds+st+V*t(st))+ V*(s).

Next, for some distributive lattice skeleton D, let
[D, Ly, ¢a,5] be the strong distributive lattice D decompo-
sition of left normal band semiring L into left zero band
semirings Lq, |, ep Lo be the distributive lattice D decom-
position of Clifforg semiring 7" into rings Ty, [D, Ry, Y, g]
be the strong distributive lattice D decomposition of right
normal band semiring R into right zero band semirings R,,,
we have:

Theorem 1L.2. The spined product Lx Txp R =
Uaep(La x To X Ry) of left normal band semlrmg L=
[D, Lo, ¢a,pl, Clifford semiring T = \J,cpTa and right
normal band semiring R = [D, Ry, 1o, g] with respect to the
same distributive skeleton D is a normal Clifford semiring.
On the other hand, every normal Clifford semiring can be
expressed by such a spined product.

Proof: The spined product Lx ,T'x R is clear a dis-
tributive lattice D of rectangular semiring L, X Ty, X R,, and
E*(S) = EY(L)x,ET(T)x ,E*(R), where ET(L) is a
left normal band, E*(T) = {04|a € D} and ET(R) is a
right normal band, in fact £+ (S) is isomorphic to the spined
product of E*(L)x ,E*(R), so ET(S) is a normal band,
we can see Lx ,T'x R is a normal Clifford semiring.
Conversely, let S is a normal Clifford semiring, so (.S, +)
is a normal orthogroup and (S,+) is the spined product
of left normal band (L,+) = [D, (Lqa,+), ¢a,s), Clifford
semigroup (T,+) = [D,(Tu,+),¢q,5] and right normal
band (R,+) = [D, (R4, +),%a,g], where (Lo, +) is a left
zero band, (T,,+) is a commutative group and (R,,+) is
a right zero band, and hence, in S, if (i,2,A) € L, X Ty, X

Tw, (J,y, 1) € Lg x Tg x Rg, then we have

(i, 2, A) + (G, y, 1) = (L 4+ Jyz +y, A+ )

where i + j(x + y, A + u) is the sum of ¢ and j (x and
y, Aand p ) in (L, +)((T, +), (R, +)). Next, we will study
the product of (i,z,A\) € Ly X Ty X Ry and (j,y,p) €
Lg xTg x Rg. Let

(i,x,)\)(j,y,u) =

we will get that k(z,c¢) only depends ¢ and j (z and y,
A and p). Let (i,2,A) € Lo x Ty X R, and (i,2 ,\) €

+ +
Lo X Ty X Ry, then (4,2, \) H(i,2 , A). Actually, H is a

(k, z,¢).

congruence on (S, e), so (i,z,)(],y, i) ;t(lx NGy 1)
Let

(4,2, \)(J,y, ) =
(i,dfl,)\)(j,y,u) =

+ i ’ !’ ! !
we have (k,z,¢)H(k ,z,c). Itisclear that k =k ,c=c¢,
so we can see k and c are not related to x. Similarly, we can
prove k and c is not related to y. Also, in fact, ET(S) is an
ideal of (S,e). So, for (¢,2,A), (¢ ,2,\) € Ly X Ty X Ra,
(j,y,,u) S L@ X TB X RB’ if

(4,2, \) (4, y, p) = (k, 2, ¢),
(i e, NG,y ) = (K2, ¢)

through the distributive laws of S, we have

(k/’,Z,C),

k2, c).

(k,z,¢) = (i,2,A) (4, y, 1)
= (7/ 0, )‘) (i/ m,/\))(j,y,,u)
i,0.X) (3,9 10) + (i, \) (s 1)

(
= (1,
= (k,0,0) + (K .2 ,c)

= (k7 ,c)
and hence z = 2’ ,C= ¢ , that is z and ¢ are not related to 7.
In the same way, through the distributive laws of S, we will
get that z and c are not related to j. For (i, z, A), (i,z, X ) €
Lo x Ty X Ra, (J,y, 1) € Lg x Tg x R, if

(6,2, ) (4,9, 0) = (k, z,0),
(6,2, A )G,y p0) = (k2 ,¢)
in view of the distributive laws of S, we have

(k, 2, ¢) = (1,2, M) (5,4, 1)

(l T, )‘) (Z’Oa/\))(jvyvﬂ)
i )(J,y,u) + (4,0, A) (4, y, 1)
K.,z .¢)+ (k,0,c)

=
= (i,
= (
= (k2 ,(')
and hence k = k’ , 2 = 2 , that is k£ and z is not related to
A. In the same way, through the distributive laws of S, we
can show that k and z are not related to p. In summary, we
can see k(z,c) only depends on ¢ and j (x and y,\ and pu ).
Next, we can define a multiplication on L (T, R) as follows:
forany i € Lo,j € Lgl x € To,y € Tg and A € Ry, €
Rp),

ij =k < (i,0,A)(4,0,1) = (k,0, Ap);

[/\M =Cc< (i,O,)\)(j,O,,u) = (ij7O,C)];
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[zy = 2 & (i, 2, \) (4, y, ) = (ig, 2, \p)].

It is obvious that (L, +, )[(T, +, ), (R, +, ) is a semir-
ing and by the result in [1], we know (L, +,e) [(T,+,e),
(R, +,e)] is a left normal band semiring [clifford semiring,
right normal band semiring].

This illustrates that semiring S is a spined product of
left normal band semiring L = [D, L, ¢q,], Clifford
semiting 7' = (J,cp To and right normal band semiring
R =[D,Rq,%ap) ]

Example 1. Ler S = {e,a1,as2}. Define + and o on S as
below:

+ e al a2 L] e aj a
e e al az e e e e
al al al al al e al ail
ag ag ag ag az e a2 a2

It is clearly that (S,+) is the semigroup ({a1,as},+)?!
with identity e; (S,e) is the semigroup ({ai,as},e)? with
zero e, where ({a1,a2},+) = ({a1,a2},) is a left zero
band . We can see that the two side distributive laws of "+"
over "e” hold. So, (S,+, ) is a semiring and apparently it
is a left regular band semiring. Obviously, S1 = (S, +, e) is
a left normal Clifford semiring.

If we define 4+ and e on S as below:

+ e al a2 ° (& al az
e [ ay az e e e e
al al al as al e al a2
ag a al ag az e al a2

It is easy to prove Sy = (S, +, @) is a right normal Clifford
semiring. So the spined product S1 X Ss is a normal Clifford
semiring.

In the same way, with the help of the research method of
theoremll.2, we can get conclusions as follows:

Proposition IL.2. The spined product Lx ,T = ¢ p(La %
T.) of left normal band semiring L = [D, Ly, ¢q 8] and
Clifford semiring T = \J,cp To with respect to the same
distributive skeleton D is a left normal Clliford semiring.
Conversely, every left normal Clifford semiring can be ex-
pressed by such a spined product.

corollary IL.2. [2] For some distributive lattice skeleton D,
let \J,ep La be the distributive lattice D—decomposition of
left regular band semiring L into left zero band semirings
L, Uae p Ba be the distributive lattice D—decomposition
of Clifforg semiring S into rings R, we have:

The spined product Lx ,S = |J,c p(La x Ra) of left normal
band semiring L and Clifford semiring S with respect to the
same distributive skeleton D is a left Clliford semiring. On
the other hand, every left Clifford semiring can be expressed
by such a spined product.

III. A SPECIAL CASE

Definition III.1. Let D be a distributive lattice. For each
«a € D, we associate o with a semiring S, and assume that

Sa NSz =0, if a # B. Now for any o, 8 € D with o < 3,
let
Pa,B * Sa — 5,37

be a semiring homomorphism satisfying the following con-
ditions: For any «, 3,7 € D,

Ya,a = lg,, the identity mapping on S, (II1.1)
Pa,BPBy = Paqy, 1f a < B <, (I11.2)

Ya,p 1S injective, if a < f, (I11.3)
Sa0arSpesy C SaprPapq, if a+B=r. (IL4)

On S = UQGD Sa, "+ and “e” are defined as follows:
For any s € S, and t € Sp

5+t =5Pa,a+8 +tP8,a+8 (IIL.5)

and

st = (sgpa’aJrgtgog’aJrg)w;éymrﬁ. (111.6)

With the above operations S is a semiring and each S, is a
subsemiring of S. Denote the system using S = [D, Sy, ¢, ]
and call it the strong distributive lattice D of semirings S,

Theorem IIL.1. Every strong distributive lattice S =
[D, Sa, @a,p] of rectangular semirings S, is a normal Clif-
ford semiring if and only if ET(S) is left unitary in (S, +).

Proof: Necessity, obviously, a strong distributive lattice
S = [D, Sa, pa,p) of rectangular semirings S, is a normal
Clifford semiring. Let S, = I, x T,, where I,(T,) is a
rectangular band semiring (ring), o € D. Vo, € D, if
(A, 8) € Sa, (1,0) € ET(S,), (k,0) € E*(Sa+p) such that
(A, 8) + (14,0) = (k,0), so

(A, 8)@a,a+s + (1,0)0p,a+p = (K, 0)
Denote
(A 8)¢aiats = (K ,5) € Sars,
(14,0)¢p.045 = (k,0) € Says.
We have
(', s)+(k",0)= (k' +k",s) = (k,0),

and so s = 0, that is, (\, 8)Pa.ars = (k,0) € ET(Sayp).
Because ¢,,n4+p 1s injective, we get s = 0, that is,
(\,s) € ET(S,). We can see ET(S) is left unitary in
(S, +).

On the other hand, if S is a normal Clifford semiring,
then S is a distributive lattice D of the rectangular semirings
Sa = Iy x Ty, where 1,(T,) is a rectangular band semiring
(ring), a € D, and ET(S) is a normal band. For any a, 3 €
D with o < 8 and a fixed (1,0) € ET(Sg), Y(), s) € Sa,

Pa,B * Sa — Sﬁ
by

(A 8)pas = (A s) + (1, 0) + (X, 0) (V(A,5) € Sa)
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If (11',0) € S,, then because E*(S3) is a rectangular band
and E1(9) is a normal band, we have

(A, 8) + (1,0) + (A, 0)

=(\,8) + (\,0) + (1.0) + (1, 0) + (11,0) + (A, 0)
=(\,8) + (A,0) + (1, 0) + (11,0) + (12,0) + (1, 0)
=(\,8) + (A, 0) + (1,0) + (1,0) + (A,0)
=(\,8) + (1, 0) + (1, 0) + (1£,0) + (A, 0)
=(A,8) + (1, 0) + (11, 0) + (1, 0) + (X,0)
=(\,8) + (1, 0) + (1, 0).

So we can see that the definition of ¢, g is not depen-
dent on choice of the element in E*(Sg). Next,, for any
(A, 5),(\,5) € Sy, we have

(()‘7 S)+<)‘/7 Sl))wa,ﬁ = (/\a 3)"’()‘/’ 3l)+(/17
If (\,s') + (1,0) = (1, t'), then

(A 8)+ (N8 ))gas

(A :

Alao, because E*(S) is an ideal of (.S, e), we have
(A 8N, 5))pas

=\ s)(N,8) + (11,0) + (AN, 0)

=(A5)(N's87) + (A, 5)(1,0) + (A, )X, 0) + (
+(1,0) + (1,00 (A, 0) + (A, 0)(\', ) +
+ (A 0)(X,0)

=[(A\,8) + (11,0) + (X 0)][(X,s) +

=\, 8)Pas(N 5 )paps.

This indicates that ¢, g is a semiring homomorphism. Obvi-
ously ¢q g satisfies(IIL1)IIL2). If (X, s),(A,s) € Sq, we
have (A, s)va,8 = (A, s )pq g, that is

(A, 8) + (1, 0) + (A, 0) = (N, s ) + (1,0) + (X', 0).

Through left-adding (X, —s ) on both sides of the above
formula, we get

(As—5 )+ (11,0)+ (X 0) = (A+X,0) + (1,0) + (X, 0).

Because E71(S) is left unitary in (S,+) and (u70) +
(A,0), A+ X,0) + (11,0) + (X, 0) € EF(S), (\,s—s) €
E*(S), that is s = s, and so

O" 8) + <M7 0) + ()‘70) =

L0)(N,s)
(A, 0)(1, 0)

(1,0) + (X', 0)]

(N, ) + (1,0) + (X', 0)

0)+(X, 0)+()",0)

Now, by right-adding (A, —s) + (i, 0) +
of the above formula, we get

(A 8) + (14,0) + (A, 0) + (A, —s) + (1, 0)
=(\,8) + (1,0) + (X', 0) + (A, —s) + (1,0) +
And hence
(A 8)Pa s+ (N =5)pa s = (N, 5)pas + (A =
Since ¢4, is a homomorphism, we can see
[ 5) + =)o, = (X 8) + (A,
that is
(A 0) + (1,0) + (X,0) = (A" +X,0) + (1,0) +
Then because E(S) is a normal band, we get
(A 0) + (1,0) + (X,0) = (X', 0) + (1,0) + (A, 0).
Through left-multiplying (A, 0) on both sides of the above
formula, we get
(A, 0) + (k,0) + (A, 0) = (AN, 0) + (k, 0) + (A, 0),

where (k,0) = ()\/70)(M,O) € EJFI(Sag) = E*(S,), and
hence ()\,/O) = (AA,0). So A = AX". Similary, we can show
A = A\, so we obtain A = A . This indicates that ¢, 3
satisfies (IIL.3). Let (X\,s) € Sq, (1, t) € Sg,(k,0) € S,,
where a4+ 3 < «. Then
(A 8)@a,p (1, 1) 05,4
=[(As8) + (k, 0) + (X, 0)][(1,£) + (, 0) + (1, 0)]
=N 8) (s 1) + (A 8) (K, 0) + (A, 8) (1, 0) + (K, 0) (1, 1) + (K, 0)
+ (K, 0) (1, 0) + (X, 0) (1, £) + (A, 0) (K, 0) + (A, 0) (1, 0)
=[O 8) (1, )] pap
This is because (A, s)(k,0) +

(X, 0) on both sides

+ (A, 0)
(A, 0)

5)Pa,p-

—S)}(paﬁ,

(A 4+, 0)

(A, 8) (1, 0) + (K, 0) (1,

t) +
) + (A, 0)(k,0) € E+(Sy),

(k,0) + (K, 0) (1, 0) + (A, 0)(
and hence(IL.4) holds. For (A, s) € Sy, (u,t) € S, if
(A 8) + (1,8) = (k,¢) € Sasp,
then
(A 8) + (s t) = (A s) + (1) + (1, 0)
= (A s)+ (i, t) + (k,0) + (1, 0)
= (A, s)+(N0)+ (u,t) + (k,0) + (1, 0)
We now let
(A0) + (1,8) = (1.d) € Sasp,
then we have
(A 8) + (1,1) = (A 8) + (1, 0) + (A, 0) + (1, 8) + (K, 0) + (1, 0)

= (A, 8)Pa,a+p + (1 1)Pp,a+8-
This indicates that (IIL5) holds. Also, for (\,s) €
Sa, (1, t) € Sg, (k,0) € ET(Sa+ps), we have

(A, 8) (ks )] pap,a+s

=(A,8)(,t) 4 (k,0) 4 (X, 0)(, 0)

(A, 8)(ps t) + (A, 8)(k, 0) + (A, 8) (1, 0) + (K, 0) (1, 2)
+ (k,0) + (k,0) (1, 0) + (A, 0) (1, t) + (N, 0)(, 0)
+ (A, 0)(1,0)

(A, 8) + (K, 0) + (A, 0)][ (e, £) +
A

) 3)<Pa,a+,8 (14 t)‘Pﬂ,a—&-ﬂ

[
=(

(k,0) + (1, 0)]
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Since pap,a+p 18 injective, we obtain

(>\a S) (:u7 t) = [(Aa S)<pa,o¢+[3 (,u7 t)@ﬁ,a+/3}<p;é,a+5

Hence, (II1.6) holds and the prove is completed. [ |
Similarly, we can verify the following conclusion by the
research method of theoremlII.1:

Proposition IIL.1. Every strong distributive lattice S =
[D, Sa, a,p] of left semiring S. is a left normal Clifford
semiring if and only if E1(S) is left unitary in (S, +).
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