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Study on Fractional p-Laplacian Differential
Equation with Sturm-Liouville Boundary Value
Conditions

Tingting Xue*, Fanliang Kong, and Long Zhang

Abstract—In this paper, we concern with the fractional p-
Laplacian differential equation with Sturm-Liouville boundary
value conditions

o 1 o
tDr (W¢p (h (t) OCDt u (t)))
+a(t) gy (u(t)) = f(t,ult)),a.ct € [0,T],
a1y (u(0)) — a2 D5 (6, (§DFu (0))) =0,
B16y (u(T)) + B2 D5 (5 (§DFu(T))) =0,

where § D, DS are the left Caputo and right Riemann-
Liouville fractional derivatives of order o € (%, 1], respectively.
The Nehari manifold method, Mountain Pass Theorem and
the properties of genus are used to study the existence results
of solutions of the above-mentioned Sturm-Liouville problem.
More general superlinear conditions are used in the proof of
the theorems.

Index Terms—fractional differential equation, Sturm-
Liouville boundary value conditions, ground state solution,
Nehari manifold.

I. INTRODUCTION

RACTIONAL differential equations have been exten-

sively applied in mathematical modeling. The theory
of fractional differential equations is a hot topic in recent
years. Many scholars have developed a strong interest in this
kind of problem and achieved some excellent results [1-8].
Recently, scholars have also discussed equations involving
left and right fractional differential operators. It has become a
new research field of fractional calculus theory. Among them,
the variational method is a good way to study such equations.
Left and right fractional differential operators are widely used
in the physical phenomena of anomalous diffusion, such as
fractional convection diffusion equation [9-10]. In [11], Ervin
and Roop first proposed a class of steady-state fractional
convection-diffusion equations with variational structure

{—aD (poD +q¢: Dy )Du+b( YDu+c(t)u=f,
u(0) =u(T) =0,
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where 0 < 8 <1, D is the classical first derivative, OD
tD are the left and right Riemann-Liouville fractlonal
derivatives. The authors constructed a suitable fractional
derivative space. The Lax-Milgram theorem is used to study
the above problems. In [12], the authors discussed the
following Dirichlet problems

(1) ))

% (300 (' ) + 507
+VFE(tu(t)) =0, ae. te[ ,
u(0) = u(T) =0,

where 0 < 8 < 1. A suitable variational framework of
the above problem was given, and some existence results of
the solution were obtained by Mountain Pass Theorem and
the minimization principle under the Ambrosetti-Rabinowitz
condition. The following year, the authors [13] further inves-
tigated the following problems

{ +DE(0Dfu(t)) = VE(t,u(t)), ae.te[0,T],
u(0) =u(T) =0,

where 1

5 < a < 1. Under the Ambrosetti-Rabinowitz
condition, the existence of the weak solution was obtained
by using Mountain Pass Theorem. In addition, the authors
also discussed the regularity of the weak solution.

Tian and Nieto [14] studied the following Sturm-Liouville

boundary value problems

(t)) + 1:D7"
=Af(u(t)), ae. t €[0,T],

au (0) — b (%th_ﬁu’ (0) + QtDT u (O)) =0,

w(T) +d (%OD;%'( )+ 1,07 u (T)) —0,

where 0 < 8 < 1, a,¢c > 0, byd > 0, A > 0. The
variational structure of the problem was established and the
existence result of the unbounded sequence of the solution
was obtained by the critical point theory. The results of this
document are applicable to problems with continuous non-
linearity and Dirichlet boundary conditions. Subsequently,
Nyamoradi Nemat and Tersian Stepan [15] further studied
Sturm-Liouville problems with a p-Laplacian operator

(e} 1 [e%
+Dr ((h )" 2¢p( (t >OCDt u(t)))
a

+a(t) dp (u(t)) =
a1y (u(0)) — s DS (6 (§DRu (0))) =0,
Brdy (u(T)) + B2 DI~ (¢ (§ Dfu(T))) =0,

where a € (%,1]7 §Dg is the left Caputo fractional
derivative, ;D7 is the right Riemann-Liouville fractional

4 (300" (0 1))

f(t,u(t)),aet 0,7, (1)
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derivative. ay,a92,61,82 > 0, h(t) € L*([0,T],R)
with hg = essinfig h(t) > 0, a € C([0,7],R) with
ag = essinfgrja(t) > 0, there exist aj,ap such that
0 <ar <al(t) <ag feC(0,T]xRR), ¢p(z) =
lz|P "z (x #£0), ¢p (0) = 0, p > 1. By means of varia-
tional method, existence result of the solution was obtained.

From the current research status, there is almost no result
on the ground state solution of problem (1), so the main
purpose of this article is to study existence of the ground state
solution to problem (1). Under the variational framework,
most studies of this kind of problem need to use Ambrosetti-
Rabinowitz condition to estimate the boundedness of the
sequence {u,}. However, this paper is more interested in
using the conditions weaker than Ambrosetti-Rabinowitz
type condition to study problem (1). Therefore, in this
paper, we first use the Nehari manifold method to obtain
the existence of the ground state solutions of problem (1)
when the nonlinear term satisfies the condition weaker than
Ambrosetti-Rabinowitz type condition. Secondly, by using
the Mountain Pass Theorem, we obtain that there is at least
one nontrivial weak solution to problem (1) when the non-
linear term satisfies the condition weaker than Ambrosetti-
Rabinowitz type condition. Finally, the existence of infinitely
many nontrivial weak solutions of problem (1) is obtained
by using the properties of genus. Hence, the results of this
paper enrich and extend the work of [15] to a certain extent.

II. PRELIMINARIES

For the convenience of readers, this section introduces
some definitions and lemmas of fractional calculus theory.

Definition 2.1 ([16]). (Left and Right Riemann-Liouville
Fractional Derivatives) Let u be a function defined on [a, b].
The left and right Riemann-Liouville fractional derivatives
of order 0 < v < 1 for function u denoted by ,D; u(t) and
+Dju(t), respectively, are defined by

d
oDju(t) = —o D7 tu(t)

S dt
1 d/[[ .
= 71“(1 _7)% </a (t—s) u(s)ds> ,
D) u(t) = f%t I u(t)

where ¢ € [a, b].

Let AC([a,b]) be the space of absolutely continuous
functions within [a, b] (see [16]).

Definition 2.2 ([16]). (Left and Right Caputo Fractional
Derivatives) Let 0 < v < 1 and u € AC([a,b]), then the
left and right Caputo fractional derivatives of order ~ for
function u denoted by &' D] u(t) and £ D] u(t), respectively,
exist almost everywhere on [a, b]. ¢ D] u(t) and § D] u(t) are
represented by

S Dju(t) = oD Ml (1) =

1 ¢ Y
m /(; (t — S) u (S)CZS7

b
EDjult) =Dy (O = [ (=0 (s,

where t € [a, b].

Let us recall that for any fixed ¢ € [0,7] and 1 < r < o0,

ol oy = ( / u<§>|’"ds> g

T I8
[l = (/O IU(S)Td€> lullog = max fu ()]

t€[0,T]

Definition 2.3 ([14]). Let o € (3,1], p € [1,00). The
fractional derivative space

E*? = {ulu € AC([0,T],R),§ Di'u € L? ([0,T],R)}

is defined by closure of C*° ([0,7],R) with respect to the
norm

1
P

T
p</0 [u(t)lp+|€D?u(t)!”}dt>. @

Lemma 2.1 ([12]). Let 0 < a < 1,1 < p < o0. For Vf €
L? ([0,T],R), V€ € [0,¢], t € [0,T], one has

<" s
Le(o4) — T (a+1)" HErdo):

Lemma 2.2 ([14]). Let 0 < aa < 1, 1 < p < 0. For Vf €
L?([0,T],R), V¢ € [t,T], t € [0,T], one has

o (T—-1)°
leDz Fll o ey < T 1y M lee ey

[[ul

Jope

Lemma 23 ([16]). Let n e Ny n—1 < a < n. If f €
AC™ ([a,b],R) or f € C™([a,b],R), then

1) (g _

oDy (SDPf (1) = f(t)gz ! j!( )(tf a)’ vt € [a,b],
n—1 (J) ]

Dy (CDeF ) = F -3 L j!(b) (b— ),V € [a,0].
J=0

In particular, if 0 < a < 1, f € AC([a,b],R) or f €
C'([a,b],R), then

oD (EDYf () = f(t) — f(a),
Dy (FDgf (1) = f(t)— £ (b).

Lemma 2.4 ([15]). Let 3 <a < 1,1 <p < oo.lfu € E*?,
then

[ulloo < Mlu]

where

a,p’
1
T »

M = <max ,1}
I'(a)(ag—q+1)

SR D

Q=
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Lemma 2.5 ([15]). Let 1/p < a < 1,1 < p < oo, by
Lemma 2.4, one has

M
(min {ao, ho})’l’

T T
X a w ()P c
(/ (£) s (8) dt+/0 h(t)|SD

where hg = essinfjg r)h (t) > 0, ag = essinf rja (t) > 0.

lulloe <

1

Remark 2.1 It’s also easy to check that, if a € C([0,T],R)
is such that 0 < a; < a(t) < a9, an equivalent norm in
E*P is the following:

T T P
u||a</0 o))+ [ h<t>ygpgu<t>|f’dt> .

3)
By combining Lemma 2.5, we can see that, for Vu € E*P,
if 1/p < a <1, then

llull,, A =min{ag,ho}. )

M
||uHoo — Al/p

Lemma 2.6 ([14]). Let 0 < o < 1, 1 < p < oo. The
fractional derivative space E“? is a reflexive and separable
Banach space.

Lemma 2.7 ([14]). Let 1/p < o < 1,1 < p < oo.
Assume that the sequence {uy} converges weakly to u in
E*P ie., up, — wu, then up — u in C([0,T],R), ie.,
llur, —ull,o =0, &k — oo.

Lemma 2.8 ([15]). Assume that I/p<a <1, 1 <p < oo,
then E*P compactly embedded in C ([0, 7], R).

Lemma 2.9 ([16]). Leta > 0,p > 1,¢ > 1,1/p+1/q < 1+
aorp#l,q#1,1/p+1/¢g=1+a. Ifu € L?([a,b] ,R),
v € L1 ([a,b] ,R), then

b b
/ [aDt_au(t)]v(t)dt:/ w(t) [(Dy v (t)]dt.  (5)

a

By multiplying the equation in (1) by any v € E*P, and
then integrating on [0, 7], one has

T « 1 C Nna .
/O +DS (Wgﬁp (h(t)ODtu(t))> v (t)dt

+/OT (£) 6 (u (8)) v (1) it = /f

(6)

t)|”dt> :

From Definition 2.1, 2.2 and Lemma 2.9, we can get

T N 1 C o .
/0 D ((h(t))p_2¢p (h(t)thu(t))> v () dt

:_/Td Dt (L () Dgu 1) ) v (1) dt
o dt (h(yr 270

515( Loy (@) (1) + g, )0 0)+

o 1 C ha ,
/0 [tDT <(h(t))p—2¢p (h(t)ODtU(t))>1 v’ (t)dt
_ B o) (u(0)) v (0)

Oélh (O)
o)+

g 1 C na a—1_7/
+ A Wd)p (h (t) 0 Dt u (t)) ODt v (t) dt

Ozlh (0)
5 v(T)+ Ty

T 1 C na C na
+ /0 W@v (h (t) o Dfu (t)) o Div (t) dt.

¢p (u(0)) v (0)

(N

Getting the similar result for the second part of equation

(1), then we can give the weak solution definition of (1),
which is as follows:

Definition 2.4. Let u € E“P be a weak solution of problem
(D), if

Brh (T)
B2

+/T ¥¢ (h(t) CD“u(t)) D (t) dt
0 (h(t))p_z i 0t ot

+/OT<>¢p< ) dt = /ftu

holds for Vv € E*P,
E“P — R as

alh( )

¢p (u(T)) v (T) +

¢p (u(0)) v (0)

Define the corresponding functional [ :
below

p 1 T p
t)| dt+§/0 a(t)|ut)Fdt

(@) 4+ 220

L e 4 B20(D)
=l + 2

T
- / F(t,u(t))dt.
0

Bih (T) S
+ B 1 (0)] / F(t, u(t))dt

P Oélh(O) w P
(D + =5, e Ol

®)
According to the definition of f, it is easy to prove that the
above functional I € C?(E*P R). For Vv € E“P, we have

T 1
(I (), v) = / Y OE D @) Dt @
T
n / a () lu (&) 2u (B) v (¢ >dt+5”;(T) b (u(T)) v (T)
alh( )¢p / ftu
©)]
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Then
T
(' (u) ) = [Jull? — / St u(t))u (t) dt
B (T) | a1 (0) (10
+ =g, P+ = = O

Therefore, the critical point of functional I corresponds to
the weak solution of (1). The ground state solution here refers
to the minimum energy solution of the functional I.

III. MAIN RESULT

The theorem and proof process of the existence of ground
state solutions of (1) are as follows.

Theorem 3.1. Let f € C' ([0, 7] x R,R). Assume that the
following conditions (H;)-(H4) hold

(Hy) the map = — f(t,z)/|=|" "
R\ {0}, for Vt € [0, T);

(Hy)  f(t,z) = o(jz|"~") as || — O uniformly with
respect to ¢t € [0,T7;

(H3) there exist Ag > 0, R > 0, 6 > p such that

xf(t,z) — OF (¢, ac) > —A0|.Z"p, vVt € 10,77, |z| > R,
where F (t,z) = [ f
(Hy) ‘ 1|1m F‘S‘f) = o0, Vt € [0,77.
T|—00
Then problem (1) has at least a nontrivial ground state
solution.

is increasing on

Remark 3.1. Reference [15] used the following classic
Ambrosetti-Rabinowitz type condition (F’) to estimate the
sequence {u,, } bounded, while this article uses the conditions
(Hs) and (Hy).

(F) There exist constants R > 0, § > p such that

0<O0F(t,x) <zf(t,x), Vt €[0,T], |x| > R.

Because the Ambrosetti-Rabinowitz type condition (F)
contains the conditions (H3) and (Hy) in Theorem 3.1, the
conditions (H3) and (H,4) are weaker than the Ambrosetti-
Rabinowitz type condition.

The set is defined as follows
N ={u e E*P\ {0} |G(u) =0}, G(u) = (I'(u),u) .

Then any non-zero critical point of I must be in N. By (H7),
for V (¢t,u) € [0,7] x R\ {0}, we have

Of(t,u(t)) o

-1 < LE Dz
So, for u € NV, by (10), (11), one has
(@' (), )
ol [ 2O / Flt,u(t
i JA0)
< [ o= seuwn - LG >} @
< 0.
(12)

The formula indicates that A has a C' structure, which is
a Nehari manifold.

Here are some lemmas to prove Theorem 3.1.
Lemma 3.1. Suppose that the condition (H;) holds. If
u € N is one critical point of I, then I’(u) = 0. In other
words, A is a natural constraint on I.

Proof. If v € N is one critical point of I|s, then there

is a Lagrange multiplier A € R, which makes the following
equation true

I'(u) = MG (u).
Therefore,
(I'(u),u)

= MG’ (u),u) = 0.

Combining with (12), we know that A=0, so I'(u)=0. O

Next, let’s examine the structure of .

Lemma 3.2. If the conditions (H;)-(H4) are met. For
YVu € E*P\ {0}, there is one unique s = s(u) > 0 such that
su€ N and I (su) = maxg>ol (su) > 0.

Proof. The first step, we will prove that there are p,o > 0
such that the following inequality holds

I(u) >0, Vu € B,\{0}; I(u) > o, Yu € 0B,,.

It is easy to know that O is a strict local minimizer of I.
From (Hs), one has

Ve >0, 30 >0, F(t,u) <elul’, |u| <4.

Thus, for Vu € E*P\ {0}, by (4), we get

lull, =0, llull, =

M
Hu”oo — Al/p|

Then by (3), (8), one has

T
1= g [P oy iz [

1
L /
p

_ ao
Select € = 55> We can get

IUIpdt>* llulle— IIUHZ~

1
I(u) > — ||ul|?.
() = o ull;

1
&}Mp, o= %. So, for u € 0B,, one has I(u) > o.

Let p =

Secondly, we prove that I(fu) — —oo, as £ — oco. In
fact, by (H,), there are ¢1, ¢o > 0 such that the following
inequality holds

F(t,u) > ci|ul® = ca, (t,u) €[0,T] x R.
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Therefore, combining (4), (8) and Holder inequality, we have
3 &r Bih(T)  a1h(0)
I (€u) < > lullg + == [lullg, +
p P B2 az

T
_0159/ uldt + ¢, T
0
£r & MP Pih(T) | o1h(0)
< > ally 4+ > = lully ==+ =
p p B2 Qg
T 7
— 18 TT/ lu(®)|Pdt | + T
0

¢ [1+ N (6152( )+O‘122(0))]llu||§

— €T |ull?, + e T.

Because 6 > p, I(§u) = —o0 (§ — o).

Let g,(s) := I(su), Vs > 0. It can be seen from the
above proof that g, has at least a maximum point s(u), and
the corresponding maximum value is greater than o. The
following proof shows that when s > 0, g, has a unique
critical point, which must be the global maximum point. In
fact, if s is the critical point of g, we can obtain

9w (s) = I'(su),u)

=t ull 4 | 22Dy
2

—/0 ft, su(t))u(t)dt
=0

Combined with (3.1), we get
9" (s) = (= 1)s? 2 Jull}, + (p — 1)s" 2

| 2Dy + Doy

_/T of(t,su)
o O(su)

2o ! { /O F(t, su(t))u(t)dt

WPy + 2 Do}

+@—mpﬂmg”u@W+m“mu@ﬂ

/T of(t, 5;1) . "

O[lh (0)
(6]

Ju (0)[”

u?(t)dt

u?(t)dt

of(t,su)

u(t)dt /OT 0 (su)

{(p 1) f(t, su(t))su(t)— af(a(su)())

u?(t)dt

52 i (su(t))ﬂdt
<0,
(13)
This means that if s is a critical point of g, then s must be
a strict local maximum point of g and the critical point is
unique. [

Remark 3.2. According to

1

g'uls) = - {'(su),5u), Vs >0, (14)

if s is the critical point of g, then su € N.

Define m = infa-I, so we can get

mZéanZcr>O.

By

Lemma 3.3. If the conditions (H;)-(H,) are satisfied, then
there is u € N such that I(u) = m holds.

Proof. First, we prove that I and G are weakly lower
semi-continuous. From Lemma 2.7, if uy — u in E%P,
then uy, — u in C([0,T],R). So, F(t,ur(t)) — F(t,u(t))
a.e.t € [0,T]. According to Lebesgue control convergence

T T .
theorem, [ F(t,u(t))dt — [y F(t,u(t))dt. That is, u —
Jo r F(t, u(t))dt is weakly continuous on E*P. Similarly,
u — fo Ft,u(t))u(t)dt is also weakly continuous on
E*P So I and G are weakly lower semi-continuous. Let
{ur}ren C N be the minimization sequence of I, then

I(ug) =m+o(1), G(ug) =0.

Next, we prove that {uy},y is bounded in E*P. Oth-
erwise, ||ugl|, — oo as kK — oo. For Yu € E“P\ {0},
choose v, = ”;’T’“Ha, then ||vi|, = 1. Since E*? is a
reflexive Banach space, there exists a subsequence of {vy}
(still denoted as {vg}) such that vy — v in E*P, then
vr, — v in C([0,T],R). On the one hand, by (4) and (8), we
have

T
/ F(t, uk)dt
0

=Hw§+ﬁh”M%@W+

2 a1h (0)
p

L 2O )1
Bih (T) alh( P
v |22 ! i + o

288 2]

_1
= [lurlla +
=7

1
< = lullg {1 + (6
P

where Cy > 0. That means that when & — co, we get

/OT F(t’ug)dt < o(1).

[kl

5)

On the other side, according to the continuity of f, there
is A1 > 0 such that

|uf(t,u) - QF(tau” < A17 V|u\ < Rv te [O7T]
Combining the condition (H3), we have

— OF(t,u) > —Ao|ul”

uf(t,u) — Ay, Viu| €R, t€[0,T).

(16)
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So, by (8), (10), (16), we have
m~+o(1) = I(uyg)

1 p ﬁlh(T) p alh(o) p
= — T _—
H kllq + pye lu (T)” + o lur, (0)]
/ F t uk dt
Bih(T) a1h (0)
> Py ug (TP + ——|ug (0)]P
> g+ 2 (@ + 2, 0)
1 [T Ao [T, AT
—5 | s =G [ i - =5
1 1 1
> (5 ) ol + 5 07 )
1 1 Blh(T) P Ollh(()) P
Z_Z (T e
(5 3) [P e or + 22O o)
Ao [T o MT
_ 20 i — 21t
g ), Il 0
1 1 TA MT
> (- ) Iz - T2 sl - =57
p
This means that there exists A2 > (0 such that
Hm |og|| . = lulloe + 4, 0.
k—oo koo HukHa
Therefore, v # 0. Let
Ay ={te[0,T]:v#0}, Ay =[0,T\A;.

According to the condition (Hy), there is Az > 0 such that
F(t,u) >0, ¥t € [0,T], |u| > As.

Combining with the condition (Hz), there exist Ay, A5 >0
such that

F(t,u) > —Aqu? — A5, VL € [0,T], u € R.
According to the Fatou lemma, one has
F(t,ug)

Rt > —
Ao lull

lim inf

Combining with the condition (Hy), we can obtain

T
F(t
likm inf ( 7ug)dt
—00
zliminf/ / ) L gt s oo,
k—oo Al AQ |uk|

This contradicts (15). So, {ux},y is bounded. Assuming
that {ug}, oy has a subsequence, still denoted as {ug}cy»
there is u € E“P such that up — v in E%P, so up — u in
C([0,T],R). Thus, when k — oo, we can get

(I' (ug) — I' (u) ,up —u) — 0,

/0 U (b, (8)) — F (6 ()] [k () — 0 (0] it — 0,

lug (T) —u (T)" — 0, Jug (0) —u (0)]” — 0.
Because
Jur — ullf, = (I" (ug) = I' (u) ,up — u)

T
+ / UF B (8)) — F (6 ()] s (1) — e (8)] it
0

B0 1)~ wiryp - 2O

- = e (0) — u (O)F

so |lur —ul|, = 0 (k — o0). This means that u;, — u in
E~P. Since G is weakly semi-continuous and {uy} C N,
S0

G (u) < lim,_, .G (uy) = 0.

Therefore, v # 0. Otherwise, if v = 0, then ux — 0 in
C([0,T],R). By G (ur) = 0, one has [Ju||, — 0. This
contradicts {uy} C N.

According to Lemma 3.2, there is a unique s > 0, such that
su € N. Combined with I is weakly lower semi-continuous,
one has

m < I(su) < lm I(sug) < hm I(sug).

k—o0
Last, for Vu;, € N, by (13) and (14), we obtain that s = 1 is a
global maximum point of g,,, , 0 I(suy) < I(ug). Combined
with (18), one has

(18)

m < I(su) < lim I(ug)=m.
k—o0
Therefore, m is obtained at su € A'. O

The proof process of Theorem 3.1 is given below.

Proof. By Lemma 3.3, there is u € A such that
I(u) = m =infy- I > 0, i.e., u is the non-zero critical point
of I'|p. By Lemma 3.1, one has I'(u) = 0, thus u is the
non-trivial ground state solution of problem (1). O

In order to prove the existence of another solution of
problem (1), the key lemma is given.

Lemma 3.4. ([17]). (Mountain Pass Theorem) Let X be a
real Banach space and I € C'(X,R). I(u) satisfies the
(PS) condition, if a sequence {uy}, .y C X which satisfies
the conditions {7 (uy)},cy is bounded and I' (u,) — 0 as
n — 00, has a convergent subsequence. Suppose that 7(0) =
0 and
(i) there exist constants p, o > 0 such that I|y B, = 0;
(ii) there exists an e € X /B, such that I(e) < 0.
Then I possesses a critical value ¢ > 0. Moreover ¢ can be
characterized as

= inf I
c= ;grgg[gﬁ] (9(s),

where
I'={geC([0,1],X):9(0) =0, g(1) =e}.

Theorem 3.2. Let f € C([0,7] x R, R). Assume that (Hz)-
(Hy4) hold. Then problem (1) has at least one nontrivial
weak solution.

Proof. Step 1. Obviously, I(0) = 0. According to Lemma
3.3, I € Ct (E“P,R) satisfies the (PS) condition.

Step 2. We will prove that the condition (i) in Lemma
3.4 holds. From (Hz), one has

Ve >0, 30 >0, F(t,u) <elul’, |u| <.
For Yu € E*P\ {0}, by (3), (4), (8), one has

T
I(u)> ;nunp / F(t, u(t))dt> ||u||”fs/ juf?dt

1
Julf—e - L /
P

IUI”dt>p lullg - IIUH§-
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Choose € = ;—;, we get
1
I(u) 2 o IIUIIP
Let p = Ml/p
o> 0.
Step 3. We will prove that there exist e € E“P and
llell, > p such that I(e) < 0, where p is defined in Step

2. By (Hy), there are c¢1, co > 0 such that the following
inequality holds

F(t,u) > ciful’ = ca, (t,u) €

o= %~ So, for u € 9B, one has I(u) >

0,7) x R.

Therefore, combining (4), (8) and Holder inequality, we have

" r h(T h (0
rew < gz + £ e, (255 4 2220)
T
—c1§9/ |u|9dt+c2T
< —||u||p+ || ||p< h(T) a1h<0>>
2 (6%)

o T p
—a T / lu(®)|Pdt | + T
0

Lo A (51 1 O

=0 g
— T HU”Lp +coT.

Since 6 > p, the above formula implies that when & is
sufficiently large, I(ou) — —oo. Let e = Eyu, one has
I(e) < 0, so condition (ii) in Lemma 3.4 holds. From Lemma
3.4, we know that I has one critical value ¢ > o > 0, as
follows:

= inf I
c= ;EFJQ[%% (g(s)),

where
I'={geC([0,1],E*P):¢(0)=0,g(1) =e}.
Therefore, there exists 0 # u € E*P such that
I(uy=c>0>0,I'(u) =0.

That is, problem (1) has at least one nontrivial weak
solution. []

Remark 3.3. Clearly, the conditions (Hs) and (Hy4) are
weaker than the Ambrosetti-Rabinowitz type condition.
Consequently, our conclusion generalizes Theorem 1.0 in
[15].

The following result shows that there are infinitely many
nontrivial weak solutions to problem (1) by using the
properties of genus.

Theorem 3.3. Suppose the following conditions hold.
(Hs) There is a constant 1 < r; < p and function b €
LY([0,T],RT) such that
1 (t,x)| < rb () |z]" 7", V(t,2) €[0,T] x R;

(Hg) There is an open interval II C [0, 7] and 7, § > 0,
1 < r9 < p such that

F(t,z) = nla|™ z) € I x [=6,6];

(H7) f(t,l') = _f(tv —.13), V(t, JJ) € [OvT} X R;
Then problem (1) has infinitely many nontrivial weak
solutions.

IV. CONCLUSION

In this paper, firstly, the Nehari manifold method is
used to study the existence of ground state solutions of
the fractional p-Laplacian equation with Sturm-Liouville
boundary conditions. When the nonlinear term satisfies
the condition weaker than the Ambrosetti-Rabinowitz type
condition, the existence theorem (see Theorem 3.1) that
problem (1) has at least one nontrivial ground state solution
is obtained. Secondly, this paper also uses the Mountain Pass
Theorem to study the existence of at least one nontrivial
weak solution of the above problem. Under the condition
that the nonlinear term satisfies the condition weaker than
the Ambrosetti-Rabinowitz type condition, the existence
result of weak solution for problem (1) is obtained (see
Theorem 3.2). Finally, the existence of infinitely many
nontrivial weak solutions of problem (1) is obtained by
using the properties of genus (see Theorem 3.3). Therefore,
the work of this paper enriches and promotes the results of
[15] to a certain extent.
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