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Finite-time Control of Complex Networked
Systems with Structural Uncertainty and
Network Induced Delay

Yanhong Yao, Hejun Yao "

Abstract—By considering the uncertainties, a new
mathematical model of the complex networked systems has been
obtained in this paper. With the appearance of the network
induced delay, the model has been transformed to a model with
control input delay. A new Laypunov function has been
constructed. Then, a finite-time stable sufficient condition has
been obtained by using linear matrix inequalities. Finally, three
simulation examples are given to verify the effectiveness of the
proposed method.

Index Terms—Finite-time control, induced delay, state
feedback, networked systems

I. INTRODUCTION

ﬁ s we know, the networked control systems have more

advantages 031 But the existence of network often

induces time delay. And the time delay usually reduces the
performance of the control systems, or makes the control
systems instable. Therefore, more and more experts and

scholars have studied the networked systems ¢ Dacic and

Nesic designed the observer of the networked systems by
using linear matrix inequalities. The state-feedback controller
has been obtained in [7]. Gao and Chen gave a new delay
systems approach to obtain a sufficient condition with less

conservatism " . Xie et al. studied the design approach of the
state feedback guaranteed cost controller for uncertain
networked systems. The sufficient condition for the existence
of the networked guaranteed quadratic cost controller was
obtained by using the matrix inequality approach. And then,

the controller design method was derived BV 1n [10], the
packet loss and network induced delay in sensor to controller
channel and network induced delay in controller to actuator
channel were fully considered. A new model of the networked
control systems was established. Based on this new model, a
new controller design method was proposed.

The above research results are mainly concerned with the
asymptotic stability of the networked control systems. In
network engineering practice, the transient performance will
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be the focus of research. Therefore, it is particularly important
to study the finite-time stability of the networked systems """
Chen et al. studied the finite-time control problem of the
uncertain switched systems with state and control input delays.
The sufficient condition of finite-time boundedness for the
networked switched systems has been obtained by using
linear matrix inequality. The average dwell time was used to
design the state feedback controller of the systems " . In [17],
the finite-time control problem of a class of networked control
systems with short time varying delay and sampling jitter have
been studied. The closed-loop systems ware described as a
discrete-time linear systems model, and a robust control
method was proposed to solve the finite-time stable problem.
Elahi et al. has studied the finite-time control problem of the
uncertain discrete-time networked control systems with
random communication delay. By using the method of cone
complementary linearization, an iterative algorithm was
proposed to calculate the parameters of the controller ™. In
[19], the finite-time stable conditions and the design strategy
of state-feedback controller for networked systems were
obtained by using Lyapunov stability theory and the linear
matrix inequality method. Elahi et al. proposed a new control
algorithm for the discrete-time networked systems, and

designed the finite-time /1 controller to overcome the

adverse effects of the limited channel, delays and packet
loss .

However, most of the above studies aim at the traditional
systems. The research result on finite-time control of the
networked systems is extremely rare, which motivates this
paper. In this paper, we will see the network induced delay as
input delay to model a new mathematical model. The effects
of the uncertainties and the network induced delay on the
systems performance are considered. With the aid of the
linear matrix inequalities, a sufficient condition can be
obtained to make the networked systems finite-time stable.

II. MODELLING AND PRELIMINARIES

Considering the following complex networked systems
with uncertainty and external disturbance
X(t) = (A+ AA(t))x(t) + Bu(t) + B,cw(t) (1)

AeR",B,eR™,BeR"™ are

systems matrices. The systems states are x(¢f) € R" , the

the constant matrices

systems input are u(t)e R™ . The external disturbance
o(t) e R' satisfies

o (Do) <d
where d > 0 is a constant. And the structural uncertainty
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AA(t) € R™" satisfying
AA(t)= DF(t)E (2)
where F'(¢) is an unknown matrix satisfying
FTOF@)<I
and D, E are constant matrices.

Due to the introduction of the network, the network
induced delay will inevitably appear in the control systems.
We use r represent the network induced delay. Moreover, in
the networked systems, the induced delay will affect the
control effect. Therefore, the induced delay should be
considered, we can obtained the mathematical model of the
networked systems such as

x(t) = (A+AA(t))x(t) + Bu(t — )+ B,ax(?) 3)
Remarkl. In the systems (3), the influence of network
induced delay is considered, especially the influence of the
delay in the controller. At the same time, the influence of
external disturbance on the system performance is also
considered.

For the above networked system, we will design the
following state- feedback controller to make the systems
finite-time stable

u(r) = Kx() 4)
where K is a constant matrix to be determined. The
closed-loop systems can be obtained as follows

%(t) = Ax(t) + BKx(t — 1) + B,o(t) (5)
where

A=A+ AA(1)

3 . . .
Lemmal®! . Fora given n-order symmetric matrix

S = |:Sll S12:|
S21 S22

where Sll is r-order matrix, then the following three
conditions are equivalent

(1) S<0

T g1

2 S,,<0, §,-5,5,5,<0

3) S, <0, S, —8,5,5,<0.
Lemma2'"*!_ For the given constant matrix Y, D and E with
appropriate dimension, where Y is symmetric matrix, then

Y+DFE+E'"F'D" <0 for
F'F<I ,if and only if there is a constant & > O , such that
Y+&DD" +&'E"E <.

matrix [ satisfying

III. RESULTS

In this section, we aim to explore a sufficient condition for
the finite-time stability of the systems (5). And then, the
controller gain matrix K will be determined. Furthermore,
the matrix inequalities are equivalent to the linear matrix
inequalities by using the matrix similarity transformation.

3.1 The nonlinear sufficient condition of the finite-time
stability

Theoreml. The time delay networked systems (5) can be
finite-time  stabilized with respect to (c¢,c,,T,R,d)

with ¢, <c¢, , if there exist positive definite matrices

P,TeR™ , SeR™ R, scalara > 0and matrix K € R™"
satisfying the matrix inequality

Z PBK PB,
* =T 0 [<0 (6a)
* *  —af
and
Vs P+ o ($YI =€ )+ T (D) r (gpy
i (P)
where

E=PA+A"P+T-aP

f — R—I/ZTR—I/Z

ﬁ — R—I/ZPR—I/Z
Proof. Using the positive definite matrix P,T to construct
the following Lyapunov function

V()= x"(O)Tx(0)do+x" (1)Px(1) (7)
With the solution of the equation (5), it is easy to obtain
V(t) = x" ()Tx(t) — x" (t = 7)Tx(t — 7) + 2x" (£) Px(¢)
=x"(OIx(t) - x" (t —)Tx(t — 1)
+2x" (t)P[Ax(t) + BKx(t —7) + Ba(1)]
=x"(t)(T+PA" + A" P)x(t)— x" (t - 7)Tx(t - 7)
+2x7 (t)PBKx(t — )+ 2x" (t)PB,oo(1)

=& (0040
where
x(t)
S()=|x(t-1)
o(t)
PA+A"P+T PBK PB,
0= * - 0

* * 0

Inserting the condition (6a) into the above inequality, we
obtain
V(t) < aV (t)+ao" (t)Sa(t) ®)

—at

Multiplying the above inequality with e

%(e””V(t)) <ae ™o’ (H)Sw(?)

, we have

Integrating from O to ¢ on the both sides of the above
inequality, it follows that

eV (1) -V (0) < jo ae o’ (0)Sw(0)do 9)

Giving some transforms such as P=R PR |
T =R"*TR™"?, it is obviously

xT () Px(t) <V (x(2))
<[ (A (P) +d 2 (S)(1 =€) + 22, (T))]
(10)
therefore
A (P)x" (t)Rx(¢) < x" (£)Px(¢)

‘min g (11)
— xT(t)Rl/ZPRl/Zx(t)

From (10) and (11), the following inequality can be
obtained

x"(t)Rx(t)
e A (PY+dA (SYM-e“Ty+7 (T (12)
ﬂmin(ﬁ)[cl( max (P)+d A (S)(1=e ) +74 (T))]

Volume 51, Issue 3: September 2021



TAENG International Journal of Applied Mathematics, 51:3, [JAM 51 3 08

Combining (6b) and (12), it implies,

x"(ORx(t)<c,,Vte[0,T]

The networked systems (5) can be finite-time stabilized.

Remark2. In theoreml, the Lyapunov function (7) with
integral term is designed to effectively compensate the
network induced delay. The delay-independence sufficient
conditions (6a) and (6b) are conservative, but they are easy to
be solved.
Remark3. The matrix inequality (6a) in theoreml is
nonlinear to the variables P and K , and the condition (6b) is
an inequality about the eigenvalue of the matrix, which cannot
be directly solved. Next, with some appropriate matrix
transformations, we will transform the condition (6a) and (6b)
into linear matrix inequalities.

3.2 The linearization of the finite time stable condition

Theorem2. The controller u(¢)= KX 'x(f) can make the
networked systems (5) finite-time stable with respect
to (¢;,¢,,T,R,d) (¢ <c,), if there exist positive definite

matrices X e R™" ,T e R"", Se R™ , matrix K € R™", and
scalars a >0, £>0,4,,4,,4, >0 satisfying the linear matrix

inequalities
AX +XA"+T-aX+eDD" BK B, XE'
* - 0 0 <0
* * —aS 0
* * * -l
(13a)
AR <X <R (13b)
AT <A X (13¢)
0<S<Al (13d)
da(-e)—c,e™ Je,
* -4 0 [<0 (13e)
* * _/12
Proof. Inserting (2) into (6a), we obtain
P(A+AA(t))+(A+AA(t)) P+T—aP PBK PB,
* -T 0 |<0
* * —-as
ie.
I1,, PBK PB
Mm=| = -T 0 |<0
* * -aS
where

I1,, = P(A+ DF({)E)+(A+ DF()E)' P+ T —aP
The above inequality can be rewritten as
PA+A"P+T-aP PBK PB, |
* -T 0
-as

* *

PDF(t)E +(DF(t)E)'P 0 0]
+ * 0 0|<0

* * (0

1.e.

PA+A"P+T-aP PBK PB,

* -T 0
* * -
PD pDT
+ 0 |F@W[E 0 0]+[E 0 0] F'(1)| 0 | <0
0 0

With lemma?2, there exists a constant & > 0, such that the
above inequality is equivalent to
PA+A"P+T-aP PBK PB,

x T 0
* *  —aS
pD][PDT
+&| 0 || 0 | +&'[E 0 O]'[E 0 0]<0

0 0

By using the lemmal, it is obvious that the inequality (6a) is
equivalent to

PA+A"P+T-aP+sPDD'P PBK PB, E’

* -T 0 0

<0
* * -aS 0
* * * —&l

The matrix diag{P"',P", I, I} is multiplied at both sides of
the above inequality, we have
T, BKP B, P'E"
5 *  —P'TP 0 0 <0
* * -as 0
* * * -l
where
S, =AP" +P'A" + P'TP" —aP "' +¢DD"
By making some substitutions such as
K=KP',T=P'TP", X =P’
the above inequality is equivalent to (13a).
In addition, the replacement is as follows
X=R"XR" P=R"PR" and T =R"?TR™* . From
the inequalities (13b-13d), we can obtain

A (P)<i,z (P)>1

‘max ‘min

and

Do () < %zm(i’), A (S) < 4, (14)

Reusing the lemmal, the inequality (13e) and the following
inequality are equivalent.

dﬂ3(l—e’“T)—cze’“T+%+i<O (15)
With (15), the condition (6b) follows that
% [e,(A, (P)+d A, (S)A—e )+ 1A, (T))]
ﬂ’min (P) (16)

T C1 -aT
<—+—L+dA(1-e“)
b A

Inserting (15) into (16), the inequality (6b) is established.
The proof is completed.
Remark4. The nonlinear conditions in theoreml have been
transformed successfully into linear conditions in theorem?2
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by some appropriate matrix transformations. Although the
number of the inequalities increases, but the obtained
conditions (13a-13e¢) are linear for the variables
X.T,8.K,a, &,4,,4,, 4, , which can be easily solved by using
the control tool box in MATLAB.

3.3 The design method of finite-time controller in the
networked systems with state delay

Considering the following complex networked systems
with state delay and external disturbance
X(¢) = Ax(t) + A, x(t — h) + Bu(t) + B o(?)

where 4, is a constant matrix, /4 is the state time delay.

(17)

With the influence of network induced delay, the
networked systems (17) can be changed as
X(¢) = Ax(t) + A, x(t —h)+ Bu(t —7) + B,ow(t) (18)
With the controller (4), the closed-loop systems can be
obtained
x(t) = Ax(t)+ A, x(t —h)+ BKx(t —7)+ Bo(t)  (19)
Theorem3. The time delay networked systems (17) can be
finite-time  stabilized with respect to (c¢,c,,T,R,d)
with ¢, <c¢, , if there exist positive definite matrices
P,OeR™ , TeR™ , SeR”™ , and matrix K eR™"
satisfying the matrix inequalities
P4, PBK PB
* =0 0 0

[1]

. . 7 0 <0 (20a)
* * * —aS
6\ s (P)+ Mo Q)+ T (1) + A2 (SY1 =€) _
A (P) i
(20b)

where

E=PA+A"P+Q0+T—-aP
Proof. Using the positive definite matrix P,Q,7T to construct
the Lyapunov function

V(x(0)) = x" () Px(t) + j[ﬂ/le (0)Ox(0)do + j,’{xf (O)Tx(0)d0

21)
With the solution of the systems (19), it is easy to obtain

V(x(t)) = x" (£)(PA+ A" P)x(t) + 2x" () PA,x(t — h)
+2x" (t)PBKx(t — 1)+ 2x" () PB,oo(t)
+x" (O)Ox(t) + x" (t = h)Ox(t — h)
+x"(OTx(@)+x" (¢t —1)Tx(t - 1)
=" ()(PA+ A" P+0+T)x(t)
+2x" () PA,x(t — h) +2x" (t)PBKx(t - 7)
+2x" () PB,e(t) + x" (t — h)Qx(t — h)
+x"(t=7)Tx(t—7)

x(1) x(t)
| x(—=h) i x(t—h)
x(t—71) x(t—7)
o(t) o(t)

where

PA+A"P+Q+T P4, PBK PB,

— * —

- 0 0 0
* * -T 0
* * * 0

Inserting the condition (20a) into the above inequality, we
obtain

V(x(1)) < ax” (1)Px(t) + ao’ (t)Sw(r)
<aV(x(t)+ao’ (H)Sw(t)
Multiplying the upper formula with e™* , we have
eV (x(t)—e ™ aV (x(t) < ae™ o (H)Sa(t)
therefore

(22)

%(e’“’ V(x(®))) < ae ™o’ ()Sw(t)

Integrating from 0 to ¢ on both sides of the above
inequality, it follows that

eV (x(t)) - V (x(0)) < jo ae 0" (0)Sw(0)d0 (23)

Giving some transforms such as P=R'?PR"? |
T =R"TR™? itis obviously
X (O)Px(0) <V (x(8)

<"V (x(0)+adi_ (S)e” Lje’"”d@

<e"[¥ (Px(0)+ [ " (0)0x(0)d0

[ A OTx(0)d0+d 2, (S)1-¢ )]

< e”[x" (0)R"> PR"*x(0)

+[ " (O)R"OR"x(0)d0

[ A ORPTR x(0)d0+d 2, ()1~ )]
< e[, (P)x" (0)Rx(0)

2, ) 5" (O)Rx(0)d0

(D) 5" ORAO)AO +d 1, (S)1 -]
<[ (A (P) + 4 (O)

i (1) + d 2 (S)(1 =€)
(24)
Obviously
x" (£)Px(t) = x" ()R PR"*x(t) > A_. (P)x" (t)Rx(t) (25)
therefore
x" (t)Rx(t)
- [, (e (P) + 12, (D) + T (1) + d A (S)(1 =€)
Ainin (P)

(26)

From (20b) and (26), the following inequality can be

obtained
x"(O)Rx(t)<c,, V1 e[0,T].

The time delay networked systems (17) can be finite-time
stabilized.

By using the proof method in theorem 2, it is easy to get the
following conclusion.
Theorem4. The controller u(f) = KX 'x(¢) can make the
delay networked systems (17) finite-time stable with respect
to (¢,,¢,,T,R,d) (¢ <c,), if there exist positive definite
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matrices X,0 € R"" , T e R"™ , S e R"™ matrix K € R"™",

and scalars a >0, A,,4,,4, >0 satisfying the linear matrix

inequalities
® 4,X BK B
*x -0 0 0
e 0 <0 (27a)
* * -T 0
* * * —aS
AR <X <R (27b)
1,0 <A X (27¢)
AT <A X (27d)
0<S<A,l (27¢)
di(-e)—c,e™ Je, Nh At
* A0 0 o 2
* * _/12
* * % —,13
where
O=AX+XA" +O0+T —aX
(The proof is omitted.)
IV. SIMULATION
Example 1

In order to illustrate the convenience of calculation of the
proposed method, the networked systems in the form of (3)
will be considered, where

-1 2 1 0.6
A = 9B = 7Bl = ’
0 -3 0.5 0.3
1
D= {0 7},F(z) =0.5cost,E =[0.5 0.2]

T=1.
By solving the linear matrix inequality (13), we obtain

{1.4650 0.6548} T_{0.6937 4.4542}

0.6548 0.4670 4.4542 3.6730

2.6735 034357 _
S:{ },K:[—1.5408 2.4068],

0.3435 1.6358
a=04359,6=13176,4, = 0.4531, 4, =1.3551,
2, =0.1392.

The state-feedback controller can be obtained
u(t) = KX 'x(t) = [—8.9882 17.7565]

Example 2

In order to verify the effectiveness of the control design
method proposed in this paper, the networked systems (3) is

considered, where

-6 1 1 0.5 0.1
A= 0 -2 0[,B=| 0 |,B=| -1 |,

0 2 -3 1 0.2
D=[0.1 02 03] ,E=[-0.1 -0.03 0.1]

F(t)=cost,7=0.5.
By solving the linear matrix inequality (13), we obtain
u(t) = KX 'x(t) = [2.5783 -3.7851 1.5546] x(¢)
If we select the initial states

3
x(0)=| -1
-6
the response curves of the systems states X, (¢), X, (£), x;()
are obtained in Fig.1-3.

3

X

! L L L
0 5 10 15 20 25
timet

Fig.1 The response curve of the systems state X, (¢)

1

w00
05

. . . .
0 5 10 15 20 25
timet

Fig.2 The response curve of the systems state X, ()

=

N . . . .
0 5 10 15 20 25
timet

Fig.3 The response curve of the systems state X, (#)

It can be seen from Fig.1-3 that the three systems states can
converge to 0 in 10 seconds. Therefore, the control design
method proposed in this paper is feasible and effective.
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Example 3

To examine our proposed controller and compare with
reference [14], for simplicity, we consider the uncertain
networked control systems (3), where

-5 1 0.1 0.1 0.01
A= B=| _|.B=| |p=| |

2 2 0.5 0.1 0.2
F(t)=sint,E=[1 1],z=0.1.

By using the algorithm in [14], the state feedback controller
can be obtained as

u(t) =[1.3445 —2.4457]x(t)
On the other, we solve the linear matrix inequality (13), the

state feedback controller can be obtained by using the
proposed approach in this paper
u(t) = Kx(t) =[0.2478 —0.1458]x(1)
(1) Comparison of the simulation results of the systems

states
By selecting the initial states as

-3
ol

the response curves of the systems states X, (¢), X, () are

obtained in Fig.4 and Fig.5.

2

— Algorithm in Theorem 2

dgpsitlin o Thepreen 2 —— = Algorithm in Reference[14]

systern state x(t)

L L L
0 5 10 15 20
timet

Fig.4 The response curves of the systems state X, (¢)

2

—— Algorithm in Theorem 2

Algorithm i Theorem 2 i AIGBH N Rotorence 1]

system state x, (t)

L L L
0 5 10 15 20
timet

Fig.5 The response curves of the systems state X, ()

In the Fig.4, the solid line is the response curve of the
systems states with algorithm in theorem2. The dot-dashed
line presents the response with algorithm in reference [14].
The convergence speed of the solid line is obviously faster
than that of the dot-dashed line. The smoothness of the solid
line is slightly better than that of the dot-dashed line. But the

overshoot of the solid line is slightly larger than that of the
dot-dashed line.

In the Fig.5, the solid line is the response curve of the
systems states with algorithm in theorem2. The dot-dashed
line presents the response with algorithm in reference [14].
The convergence speed and smoothness of solid line are
especially good. The convergence speed of the dot-dashed line
is slow, and there is a large frequency oscillation. The solid
line has no overshoot, while the dot-dashed line has larger
overshoot. The control effect of theorem 2 is obviously better
than the algorithm in reference [14].

(2) Verification of the systems performance

In order to compare the systems performance, the dispersed
IAE function will be used as performance indicators to
evaluate the system performance

IAE = j:’| e(t) | dt

The curves of IAE function that use algorithm in theorem?2
and the algorithm in reference [14] are shown in the Fig.6.

008 T T
—— Algorithm in Theorem?2
— = — Algorithm in Reference[14]
005F PET———
/
Algorithm in Reference [14] 7
004 >
i
-
-
~
Wonst A
= @
=" Algorithm in Theoren
002 7
001r
0 . . . .
0 02 04 06 08 1

timet

Fig.6 The curves of IAE of the two algorithms

The curve of IAE function obtained by the algorithm in
theorem?2 is represented by solid line, and the curve of TAE
function obtained by the algorithm in reference [14] is
represented by dot-dashed line. It can be seen from the figure
that over time, the change of algorithm used in theorem 2 is
significantly smaller than that used in reference [14].
Therefore, the algorithm in theorem2 can improve the systems
performance more effectively than that in reference [14].

V. CONCLUSION

In order to study the finite-time stabilization problem of the
networked systems, we see the network induced delay as the
input time delay to model a new mathematical model. With
the network induced delay, a new Laypunov function has been
explored to reduce conservatism of the sufficient condition.
Therefore, the results of this paper are more practical.

On the other hand, it should be pointed out that the results
based on linear matrix inequality are still conservative. With
the development of research, it will be more interesting to
explore some more effective conditions by using some
recently developed technologies dealing with delay and
uncertainty. In addition, it is worth mentioning that the results
of this paper can be extended to other networked control
systems, such as distributed delay, fast varying delay, random
delay, etc., which will be our next research work. For the
nonlinear time-delay network system, the corresponding
finite-time control problem can be solved by using T-S fuzzy
method.
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