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Permanence and Stability for a Competition and
Cooperation Model of Two Enterprises with
Feedback Controls on Time Scales

Ying Wang

Abstract—By using some differential inequalities on time
scales and constructing a suitable Lyapunov function, some
new conditions are obtained for the permanence and uniformly
asymptotical stability of a competition and cooperation model
of two enterprises with feedback controls on time scales. Our
results indicate that feedback controls are irrelevant to the
permanence of this model which improve and complement some
existing ones.

Index Terms—Permanence, Uniformly asymptotical stability,
Competition and cooperation model, Feedback controls, Time
scales.

I. INTRODUCTION

S an effective tool to depict real ecological system,

mathematical ecological model has become more and
more important in the study of modern applied mathematics.
Differential equations and difference equations are two main
tools for the description of species relationship. However, due
to the different concepts, theoretical knowledge and research
methods, differential equations and difference equations al-
ways appear separately and people need to study twice for
a complete and comprehensive understanding for systems.
Furthermore, only using differential equations or difference
equations is ineffective for describing the law of those species
whose development process are both continuous and discrete
in the real world [1, 2]. In order to unify both differential and
difference analysis, Hilger [12] introduced the theory of time
scales in his Ph.D. thesis. After then, many researchers pay
attentions to the study of dynamic equations on time scales,
such as permanence [5, 14, 15], global attractivity [11, 18],
periodic solution and almost periodic solution [4, 7, 16, 19—
21, 25] and so on. In particular, Zhi, Ding and Li [25]
considered the following competitive and cooperation model
of a satellite enterprises and a dominant enterprise with
feedback controls on time scales T

zf(t) =a(t) — b (t)exp{a(t)}
—er(t)[exp{y(t)} — da(t)]* — fu(t)u(?),

y©(t) =az(t) — ba(t)exp{y(t)}
+ea(t)[exp{a(t)} — di ()] — fa(t)o(t),

uf (t) = = n(t)u(t) + mt)exp{z(t)},

vA(t) = = n2()v(t) + n2(t)exp{y(t)},
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in which {a;(t)}, {b:;(1)}, {c;(O)}, {d:i(D)}, {fi(®)}, {1}
and {n;(¢t)} are all bounded nonnegative functions on T
satisfying

0<al<a;(t)<a", 0<bl <b(t) <bY,
0<c<elt)<c', 0<d<d(t)<dy,
0< fi<filt) < S 0<af <mlt) < B

0<m <mit) <ty i=1,2,
where we using the following notations:

l : u
Rt = %Ielfr h(t), h* = §1€1Tp h(t),
for any A(t) which is a continuous bounded function defined
on T. We also suppose that 1 —(¢);(t) > 0 (u(t) is defined
in Section II) and there exists a positive constant L such that
wu(t) < L. Consider system (1) together with the following
initial conditions:

x(0) > 0,y(0) > 0,u(0) > 0,v(0) > 0, )

by using the comparison theorem of dynamic equations
on time scales, Zhi, Ding and Li [25] got the following
permanent result for system (1):

Theorem A ([25]). Assume

7 l +
—bi, = €R (@1)
and
l wi y* w2 u, ok l u, %
al_cl(eJ +d2) - 1u >0, a/2_f2'U >0 (Q2)
u_pl u 2x* u_pl u
hold, where y* = %2=221c2€" g — 01-0 4x — MC
. by by 71
* nze’ i
and v* = T then system (1) is permanent.

Remark 1.1. There is a mistake in (H3) of Proposition 12
in Zhi, Ding and Li [25]. Although exp{y(t)} — da(t) <
e¥” —db, however we can not obtain [exp{y(t)} —da(t)]> <
(v — db)? but lexp{y(t)} — da(D)]? < (¥ + d§)2 So
inequation (35) in [25] is invalid and (H>) i.e. a! —c“{(ey* —
d5)?— fitu* > 0, ab— fiv* > 0 should be changed to (Qs).

According to Theorem A, feedback controls can affect
the permanence of system (1) which is also supported by
Lu, Lian and Li [26] who investigated the discrete version
of system (1) with time delays. However, some results (see
such as [8-10, 14, 15] and so on) have shown that feedback
controls have no impact on the permanence of ecological
system. In particular, by using some differential inequalities
on time scales, Wang and Fan [15] showed that feedback term
is irrelevant to the permanence of a Nicholson’s blowflies
model with feedback control on time scales. Their results
motivated us to consider the permanence of system (1) again.
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In fact, in this paper, by utilizing the analytical skills of Wang
and Fan [15] , we ultimately get the following result:
Theorem B. Assume

ay —ci(e"? +d3)? > 0 (A1)
holds, where W1 = a{'L + ln% and Wo = [a¥ + ¢4 (e +
%2 aj+cy (e +di)? :

4L + In o , then system (1) is permanent.

One can easily find that (A1) in Theorem B is weaker
than (Q1) and (Q2) in Theorem A and feedback terms are
harmless to the permanence of system (1), hence our results
improve those in [25, 26]. For more similar problems, one
could refer to [3, 6, 17, 22-24] and references therein.

The organization of this paper is as follows. In Section II,
we give some foundational definitions and results on time
scales. The permanence and uniform asymptotical stability
of the model are discussed in Section III and IV. Then,
in Section V, our results are verified by one example with

numerical simulations. Finally, we conclude in Section VI.

II. PRELIMINARIES

In this section, we shall present some foundational
definitions and results on time scales and one can refer to
[13] for more detail.

Definition 2.1. ([13]) A time scale is an arbitrary nonempty
closed subset T of the real numbers R. The set T inherits
the standard topology of R.

Definition 2.2. ([13]) Fort € T, the forward jump operator,
the backward jump operator o, p T — T, and the
graininess ;i : T — RT = [0, +00) are defined by

o(t)=inf{s € T:s > t},
p(t) =sup{s € T:s <t}

p(t) = o(t) = t,

respectively. If t < sup T and o(t) = t, then t is called
right-dense, and if t > inf T and p(t) = t, then t is called
left-dense.

Definition 2.3. ([13]) A function f : T — R is said to be
rd-continuous if it is continuous at right-dense points in
T and its left-sided limits exist (finite) at left-dense points

in T. The set of rd-continuous functions is denoted by
Crq = Crq(T) = Cpq(T, R).

Definition 2.4. ([13]) Suppose f : T — R is a function and
let t € T. Then we define f2(t), the delta-derivative of f
at t, to be the number (provided it exists) with the property
that, given any € > 0, there is a neighborhood U of t (i.e.,
U= (t—96,t+0)NT) for some 6 > 0 such that

[ (o(0)~F(s)]—F*(O)[o()=s]| < elo(t)=s|, forall s € U,

Thus, f is said to be delta-differentiable if its delta-derivative
exists. The set of functions f : T — R that are delta-
differentiable and whose delta-derivative are rd-continuous
functions is denoted by C}, = C},(T) = C!,(T,R).

Definition 2.5. ([13]) A function F : T — R is called a
delta-antiderivative of f : T — R provided F*(t) = f(t),
for all t € T. Then, we write

/S f)At = F(s) — F(r), forall s,r € T.

Definition 2.6. ([13]) A function f : T — R is regressive if
14+ u(t)f(t) #£0 for all t € T and is positively regressive if
14 u(t)f(t) > 0 for all t € T. Denote by R and R the set
of regressive and positively regressive functions from T to R,
respectively. If p € R, we define the exponential function by

ep(a,b) = exp{ /ba §H(t)(p(t))At}, a,be T,

where the cylinder transformation &,,(z) = (1/p)log(1+zp),
Sor u>0and &(z) = z, for p=0.
Lemma 2.1. ([13]) Suppose that p,q € R, then for all
a,beT,
(i) ep(a,b) > 0;
(i) if p(a) < g(a) for all a € T, then ey(a,b) < e4(a,bd)
for all a > b.

Lemma 2.2. ([13])

(i) (1 f+v29)® =1 f®+ag”, for any constants vy, vs;
(ii) if f® >0, then f is nondecreasing.

Lemma 2.3. ([14]) Suppose A, B > 0 and x(0) > 0, further
assume that

®
z®(t) < B — Aexp{z(t)}, Vt >0,
then
. B
limsupz(t) < BL 4 In—.
t—400 A
(i)

z?(t) > B — Aexp{z(t)}, Vt >0,

and there exists a constant M > 0, such that

limsup x(t) < M, then

t— o0

B

o . B b

ltlin-ﬁgx(t) > (B — Aexp{M})L + lnA.

Lemma 2.4. ([14]) Assume that C(t), D(t) > 0 are bound-

ed and rd-continuous functions, —C € R and ct > 0.
Further suppose that

()
z?(t) < =C(t)z(t) + D(t), Vt > Ty,

then there exists a constant Ty > Ty, such that for t >

Ty,
D(t)

Especially, if D(t) is bounded above with respect to Hy,
then o

limsupz(t) < —.

t—)+oop t) < C!

(i1)
() > —=C(t)z(t) + D(t), Vt > Ty,
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then there exists a constant Ty > Ty, such that for t >

Ty,
o) 2 (272 - 25 Jeort. ) + 25

Especially, if D(t) is bounded below with respect to h,
then

lminfz(t) > —.
t——+oo

Definition 2.7. System (1) is said to be permanent if for
any solution (x(t),y(t),u(t),v(t))T of system (1), there exist
Sour constants w;, ki, W; and K; (i =1,2) such that

wy < liminf z(¢) < limsup x(t) < Wy,
t—+oo t—4o00

wy < hmmf y(t) <limsupy(t) < Wa,

—+oo t—+o0

< limi <l <
ki1 < 1t1£>n+1£10f u(t) < limsupu(t) < Ky,

t—+4oo

ko < ltlin—ﬁgof v(t) < limsupw(t) < K.

t—+oo

III. PERMANENCE

We shall investigate the permanence of system (1) in this
part. Similarly to the proof of [15, Lemma 18], we can obtain
Lemma 3.1. For any solution (x(t),y(t),u(t),v(t))T of
system (1) with initial condition (2), we have

exp{z(t)} > 0, exp{y(t)} >0, u(t) >0, v(¢t) >0, Vt € T.
Lemma 3.2. For any solution (z(t),y(t),u(t),v(t)T of
system (1) with initial condition (2), we have

limsup z(t) < Wy, limsupy(t) < Wh
t——+o0

t—+oo

limsupu(t) < Kj, limsupo(t) < Ko,
t—+oo

t—+oo
where
u u W1 ueWQ
Wi =alL+Inik, K =B g, = Y
by 71 V2
ay + c4 (e 4 dy)?

Wa = [a¥ + 4 (e +d%)?|L 4 In

by

Proof. From the positivity of u(¢) and the first equation of
system (1), we get
a(t) <ay(t) — by (t)exp{x(t)}
<af — bexp{x(t)}.

According to Lemma 2.3 (i), we obtain

u
limsupz(t) < afL + lna—l1
t— 400 by

2wy 3)

Thus, for any gy > 0, there exists a large enough ty € T,
such that for all ¢ > ty, we have
l‘(t) < Wi + ep.

Then, for ¢ > ty, we can get from the second equation and
the third equation of system (1) that

Yy~ (t) <ay — bhexp{y(t)} + cy (e T +dy)?,
ut (1) < — 7 (tu(t) + nie'r e,

Using Lemma 2.3 (i) and Lemma 2.4 (i), we further obtain

limsupy() <[aj + c3 ("7 +df)’]L
o0
ag + cg (e 4 dy)?
+ In bl2 4)
u ,Wi+eg
lim sup u(t) < #
t—+oo 71

Setting €9 — 0, it follows from (4) that

limsupy(t) <[ay + c5 (™ +dy)?|L
t—+oo
a¥ + c4 (e +d¥)? A
+In 7 =Wy (5)
2
Wi
lim sup u(t) < 771el 2 K.
t—+o0 ’71
Similarly, we have
Wa
limsupv(t) < L el 2 2.
t—+oo b
The proof is completed. (]
Lemma 3.3 Assume
al — (™2 +dy)? >0, (A1)

then there exists two constants w and k such that

liminf x(t) > wq, Iminfu(t) > kq,
t——+o0 t——+o0

where wy and ki can be found in the proof.
Proof. It follows from the third equation of system (1) that

ut(t) < —y1(t)u(t) + niexp{z(t)}.
By Lemma 2.4 (i), there exists a constant ¢; > tg, such that
for t > tq,
niexp{z(t)}
"
Since u(t1)e(—~,)(t,t1) — 0 as t — +oo, then there exists
a positive integer to > ¢; such that

u(t) <u(ti)e—q)(t, ) +

1
flut)e—y,)(ta, t1) < 5[ — i (" +d3)?. (6
Fix to, for t > t9, we have
Yexp{x(t
u(t) < ulty)e(ny (tartr) + niexple®)} )

"
One can get from (6), (7) and the first equation of system (1)
that

28(t) ak — blexpfa(t)} — ("2 +d§)* — fru(t)
>a} — bexpla(t)} — ¢} (e + d3)>?
u niexp{z(t)}
Fi [t e (t2, 1) + PR
71
=a' — ¢} (™2 +dy)? — flu(ti)e(— ) (t2, t1)
f;"1>exp{w<>}

1

— (b7 +

1 U\ U
> Lt e 4 ayy - oy
2 ’Yl

Jexp{z(t)},
®)
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for ¢ > t5. Using this and Lemma 2.3 (ii), we get
1 finy
(31 "

lim inf z(t) >
t—+o0

— (™2 4+ dy)?] — (by +
71

)er)L
lloh — i+ 5] o
2(7ibY + fint)

)
So for any €1 > 0, there exists enough large ¢35 > t5, such
that for t > t3,
x(t) > wy — €.

This together with the third equation of system (1) results in

ub(t) > —y1(t)u(t) + nie® =1, for t > ts. (10)
It follows from (10) and Lemma 2.4 (ii) that
l w1 —E€1
lim inf u(t) > 2 (11)
t——+oo 1
Setting €1 — 0, we get from (11) that
I jwq
liminfu(t) > B 2. (12)
t—+oo Y1
The proof is completed. (|

Lemma 3.4 Assume (Ay) holds, then there exists two
constants wo and ko such that

lim inf y(t)

> wo, liminfu(t) > ko,
t——+o0 t——+o0

where wy and ko can be found in the proof.

Proof. For any €5 > 0 small enough, by Lemma 3.2 and

Lemma 3.3, there exists a point ¢4 > 0, such that for ¢ > ¢4,
y(t) SWl +€2, x(t) Zwl — &9, 'U(t) §K2+€2. (13)

One can get from the fourth equation of system (1) that

v2(t) < —ya(t)u(t) + nyexp{y(t)}.

By Lemma 2.4 (i), there exists a constant {5 > t4, such that
for t > t5,

nzexpiy(t)}

gk
Since v(t5)e(—~,)(t, t5) — 0 as t — +oo, then there exists
a positive integer tg > ¢5 such that

’U(t) S v(t5)e(—’72)(t7t5) +

1
a
Fav(ts)e(—ny (te, ts) < 32 (14)
Fix tg, for t > tg, we have
Yex t
V(t) < 0(ts)e(_ny) (e ts) + W. (15)
2

One can get from (14), (15) and the second equation of
system (1) that

YA (t) >ah — byexp{y(t)} — fav(t)
>ah — byexp{y(t)}

Y t
— f; U(t5)6(_72)(t67t5) + UQQngy( )}
2
b — fEu(ts)e( (o, ts) — (08 + L Eexp(u(0)
2
l U U
=% = 5+ ER o),
? (16)

Volume 51, Issue 3:

for ¢ > tg. Using this and Lemma 2.3 (ii), we get

l U U
lim inf y(%) 2(% — (b5 + /3 7,72 )6W2>L
t—+o0 2 V5
S . 17)
+ln——022 = .
2(77bY + fsng)

So for the above €5 > 0, there exists enough large t; > g,
such that for ¢ > tg,

y(t) > we — €.

This together with the fourth equation of system (1) results
in

v (t) > —ya(t)u(t) + nhe™22, for t > ty. (18)
It follows from (18) and Lemma 2.4 (ii) that
) W2 —E2
liminfo(t) > 25— (19)
t——+o0 Y2
Setting €2 — 0, we get from (19) that
me o
im i > = Ko.
ltlglﬁgof u(t) > 3 ka (20)
The proof is completed. (]

Theorem B can be obtained directly from Lemma 3.2-
Lemma 3.4.

IV. UNIFORM ASYMPTOTICAL STABILITY

In this part, we will investigate the uniform asymptotical
stability of system (1) by the method of Lyapunov function.
Theorem 4.1. Assume (A1), further suppose that

V> b = e (2™ + 2dy) >y, (A3)

(A3)

where W, (i = 1,2) is defined in Lemma 3.2, then system (1)
with initial conditions (2) is uniformly asymptotically stable.
Proof. It follows from (A3) and (As) that there exists a
small enough € > 0 such that

vy > fy, bh— (2" + 2d%) > Y,

NS> e e b - b2 e 4 2ay) — ] > ¢,

Ay — fi > e, ev2E [bé — c¥(2eW2FE 1 24y) — 77%} > €.
(21
Suppose Z1 (t) = (.’1?1(t>,y1 (t),u1 (t),’l)l (t))T, ZQ(t) =
(w2(t), y2(t), ua(t), v2(t))T are two solutions of system (1)
with initial conditions (2). For above ¢, according to Lemma
3.2-Lemma 3.4, there exist a tg > 0, when t > tg, for

i =1,2, we have

wy —e <xi(t) <Wi+e, wy—e<y(t) <Wa+te
ki —e<wui(t) <Ky +e ke —e<u(t) < Ky +e.
(22)
Consider the following Lyapunov function
VI(t, 21, Z2) =21 (t) — 22 ()] + [y1(8) = w2(1)]
+ Jua(t) = w2 ()] + | (F) — va(2)]-

September 2021
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Calculating DTV2(t, Zy, Z3) of V(t,Z1, Z2) along system
(1) leads to

DYVA(t, Z1, Zs)
=sgn(a1(t) — a2(1)) | ~ bi(Dlexpfa1(t)} — expfaa(1)}]
= e1(®) ([exp{mn (0} = da(0)) — [exp{p2(t)} — da(0)]?)
— it)(n(t) = ua(1))]
+ sgn(y (1) = 2(6)) | = ba(8) [exp{un ()} — exp{ya(t)}]
+ cZ<t>([exp{x1<t>} (O] = lexp{aa(t)} - di(1))?)
— fa(t)(0 () = v2(1))]

o sgn(un (1) = ua(t) | = 3 () (wr (1) — wa(t))

(1) [exp {1 (1)} — expiaa(t)}]
+sgn(v1 (1) = va(8) | = w2 (D)0 () -
+ ma(t) [exp{y1 (1)} — exp{y=(1)}]

=sgn(21(t) — 2(1)) | - b1 (1) [exp{a1 (1)} — explaa(t)}]
—c1(t)[exp{y1 (1)} — exp{ya2(t)}] [exp{yi (t)}
+ explya(t)} = 2dx(8)] = f1(8)(wr (1) — ua (1))
+sgn(yn () = 2(6)) | — ba(8) [exp{un ()} — exp{ya()}]
+ ca(t) [expa1 (1)} — expfwa(t)}] [exp{a (1)}
+explaa(t)} - 24 (0)] — fa(t) (02() = v ()]

— (O (1) = u2(D)] = 72 (B)lr (1) ~ va(0)

+sgn(u (t) — uz(t))m (t) [exp{a1 ()} — exp{z2(t)}]
+sgn(va(t) — va(t))n2(t) [exp{y (1)} — exp{ya(t }]

Using the mean value theorem, we get

exp{z1(t)} — exp{wz(t)} = &1()(21(2) — z2(1)),
exp{y1(t)} — exp{ya2(t)} = &) (y1(t) — v2(t)),
where & (t) lies between exp{z1(t)} and exp{x2(t)} and

& (t) lies between exp{yi(t)} and exp{y2(t)}. We can
obtain from (21)-(24) that

va ()

(24)

DYVA(t, Zy, Z,)

<& (la1(t) = 2(0)][ = bi(t) + ca(t)(2e™ + 21 (1))
(0] + (A = n@O)u(t) - w ()]
Ol (t) — (][~ ba(t) + 1 (1)(2e™2 + 2a3(1))

+ ma(8)] + (f2t) = 12 (O)r(8) = va(0)]
<—em- 5|x1<t>—x2<>\[bl — 5(2e"e 4 2d7) —
— (3 = O (8) = wa (1)
— ey (8) — ya()] b — i (2672 + 24) — g
— (5 = ) 0a () = va(0)

S — EV(t, Zl7 ZQ), for t > ts.
(25)
Therefore, V (¢, Z1, Z3) is non-increasing. Integrating (25)

from tg to t (t > tg) leads to
t

V(t, AR ZQ)—HE/ V(S, 7, ZQ)AS < V(tg, Z, ZQ) < +00.
8

Hence,
+oo

V (s, Z1, Z3)As < +00,

ts
which means that

Jim (8 — @) = lim |y (t) -

Jim 0 (0 =0,

Jim ()~ ()] = T o (1) — es(6) =0

Therefore, system (1) is uniformly asymptotically stable. [
Remark 4.1. By constructing a different Lyapunov function
with ours, Zhi, Ding and Li [25] established sufficient con-
ditions on the uniformly asymptotical stability of the system
(1) (see Theorem 15 in [25]) which are more complex than
conditions (As) and (As) in Theorem 4.1.

V. EXAMPLE AND NUMERIC SIMULATION

In this part, we will give some numerical simulations to
support our results.
Example 5.1. Consider the following system:

x®(t) =0.35 + 0.02sin(2t) — 0.33exp{z(t)}
—0.02[exp{y(t)} — 0.06]* — 0.2u(t),
=0.38 4 0.01 cos(3t) — 3exp{y(t)}
+ 0.03[exp{z(t)} — 0.05]% — 0.55v(t),
u?(t) = — (0.6 + 0.03sin(V7t))u(t) + 0.2exp{=(t)},
v®(t) = — (0.57 + 0.01 cos(V/5t))v(t) + 1.5exp{y(tgé)

y°(t)

By simple calculation, we get
— f3v* &~ —0.231 < 0,

which implies that we can’t judge the permanence by Theo-
rem A since (Q2) does not hold.

On the other hand, z1(t) = exp{z(t)} and 2z3(t) =
exp{y(t)}, then system (26) reduces to the following con-
tinuous system:

2 =1 (1) (0.35 +0.02sin(2¢) — 0.332,(¢)
—0.02(2a(t) — 0.06)% — 0.2u(t)),

Za(t) =2(t) (0.38 +0.01 cos(3t) — 32(t)

(27)
+0.03(21(t) — 0.05)2 — 0.55v(t)),
a(t) = — (0.6 + 0.03sin(V/7t))u(t) + 0.2z (t),
o(t) = — (0.57 + 0.01 cos(V5t))v(t) 4+ 1.522(t).

Since u(t) = 0, we can choose L = 0 for convenience. Thus,
for system (27), we have

al — (™2 +d¥)? ~0.3292 > 0,

0 (A1) holds and system (26) is permanent according to
Theorem B.
Moreover, since

— f¥=0.37>0, v, — f&*=0.01 >0,
bh — c4(2e™ 4 2d%) — nt =~ 0.0597 > 0,
b — c¥(2e"2 4 2dY) > nY ~ 1.4921 > 0,
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0 5 10 15 20 25 30
timet

Fig. 1.  Numeric simulations of system (27) with the initial condition
(21(0), 22(0), u(0),v(0))T = (0.2,0.4,0.1,0.2)T, (1,0.5,0.7,0.3)T,
(0.8,0.8,0.1,0.5)T and (0.6,0.2,0.3,0.8)T, respectively.

so all conditions in Theorem 4.1 are satisfied and system (27)
is permanent and uniformly asymptotically stable which is
supported by Fig. 1.

When T = Z, if we also set z1(t) = exp{x(¢)} and
z9(t) = exp{y(t)}, then system (26) reduces to the following
discrete system:

2 (t+1) =2 (t)exp [0.35 +0.02sin(2¢) — 0.332, (1)
—0.02(2a(t) — 0.06) — 0.2u(t)],

25(t+ 1) =25(t)exp [0.38 +0.01 cos(3t) — 32(t)
+0.03(z1 () — 0.05)2 — 0.55v(t)} ,

Au(t) = — (0.6 + 0.03sin(V/7t))u(t) + 0.2z (t),
Au(t) = — (0.57 4 0.01 cos(v/5t))o(t) + 1.5z(t),
(28)

Since p(t) = 1, we choose L = 1 for convenience. Thus,
we have

al — c(e™? + dy)? ~ 0.3292 > 0,
A= =10.37> 0,4 — f£ =0.01 > 0,
By — c4(2e™1 + 2d%) — i ~ 0.0296 > 0,
bl — c(2eW? + 2d%) > n¥ ~ 1.4881 > 0,

so all conditions in Theorem B and Theorem 4.1 are satis-
fied, system (28) is permanent and uniformly asymptotically
stable. Our numerical simulation also supports this result (see
Fig. 2).

VI. CONCLUSION

In this paper, we consider a competition and cooperation
model of two enterprises with feedback controls on time
scales which was investigated by Zhi, Ding and Li [25]. By
using some differential inequalities on time scales, we obtain
a new condition on the permanence of system (1) which
is weaker than those in [25] and [26]. This result shows
that feedback terms are irrelevant to the permanence of this
model. By constructing a different Lyapunov function with
Zhi, Ding and Li [25], we established some new sufficient
conditions on the uniformly asymptotical stability of the

z,Z,u and v

0 5 10 15 20 25 30

Fig. 2. Numeric simulations of system (28) with the initial condition
(21(0), 22(0), u(0),v(0))T = (0.2,0.4,0.1,0.2)T, (1,0.5,0.7,0.3)T,
(0.8,0.8,0.1,0.5)T and (0.6,0.2,0.3,0.8)T, respectively.

considered system which are more simpler and easier to
verify then those in [25]. Therefore, our results improve and
complement those in [25, 26].
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