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A New Class of Generalized Hermite Based
Apostol Type Polynomials

Saniya Batra, Prakriti Rai

Abstract—In recent years, various mathematicians (such as
Ernst, U. Duran) introduced an extension of Apostol Type
polynomials of order «. Recently, W. A. Khan introduced a new
class of q- Hermite based Apostol type polynomials. Motivated
by their research, this article introduces a new class of (p,q)-
analogue of Hermite based Apostol type polynomials of order
o and investigate its characteristics.In particular, it establishes
the generating function, series expression and explicit relation
for these polynomials. It also explores the relationship between
generalized Bernoulli, Euler and Genocchi polynomials.

Index Terms—(p, q)-Calculus, (p,q)-Hermite based Apostol
polynomials, Generating function, Cauchy product.

I. INTRODUCTION

UANTUM calculus is an old area of research that
Qholds its applications widely in the field of physics,
mathematics and engineering sciences. In 2011, Kim [1]
derived various identities based on ¢ Bernstein and g-
Hermite polynomials. Later in 2014, Ernst [2] introduced
g-Apostol type numbers of order a. Very recently, Khan
[3] introduced generalized g-Hermite based Apostol type
polynomials. Motivated by the fundamental importance of
g-calculus in numerous areas, the theory of Post Quantum
Calculus, also known as (p, ¢)-Calculus, was developed. It
is the extension of g-Calculus. It should be noted that (p, g)-
numbers cannot be derived by swapping ¢ with ¢/p in g-
numbers. However, g-calculus can be derived from (p,q)-
calculus by substituting p = 1.

For p # g, the (p, g)-numbers are defined as:
pn _ qn

. (1)
P—q

[n]p,q =

n—l[

Also, [n]pq =p n|

q/p*

It should be noted that [n]; , = [n], are called g-numbers.
For n > 1, the (p, q)-factorial is defined by:

[n]p,q! = H [mp.q 2)
m=1

with initial condition [0], 4! = 1.
For n € N, the (p, ¢)-binomial coefficient, is given by:

sz) = P

Consider p = ¢ = 1, the (p, ¢)-binomial coefficient reduces
to standard binomial coefficient (Z)

0<m<n.
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The two types of (p, ¢)-exponential functions (see [4], [5])
are defined by:

€p,ql ZP ] (3)
n=0 pq
and
[e%) . "
Bpq(a) = Y ¢l ——, )
n=0 p,q-

where 0 < ‘%‘ <1;|z| < 1.

The above-mentioned exponential functions satisfy the
following relation:

ep,q(T)Epq(z) = 1.
For x # 0, the (p, ¢)-derivative is given as:

f(pz) — f(q)
Draf(®) = (p—q)z

The Hermite polynomial is (see [6]) defined as:
(%]
(=1)"n!
(@) =y

s I(n —2r)!

(&)

(2$)7L—27'
The generating function of these polynomials is given by:

Z Hy () 6)

The g-analogue of Hermite polynomial, known as ¢g-Hermite
polynomial (see [1]), is defined as:

e2ut— t?

(3] (_1)l2n—2l[x]n—21
Hyglw) =t} Nn— 21)!q

=0

The generating function of these polynomials is given by:

= Z qu(m)tn
n=0

A new g-analogue of Hermite polynomial was introduced by
Mahmudov (see [7], [3]) as follows:

ZanJ;t ] (7)

277,
L and

e2t[x]q—t2

Fy(x,t) = Fy(t)eq(xt)

where F,(t) = io: (—1)”q(n)[
n=0

2n]g!t = [2n]q[2n — 2]4 . .. [2],.

Apostol type polynomials were first introduced by Apostol
(see [8]) and investigated by Srivastava (see [9]). Sub-
sequently, Luo (see [10], [11]) established the general-
ized Apostol-Bernoulli polynomials B (z) of order a.
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Further, Luo et al. (see [12], [13]) derived the general-
ized Apostol-Euler polynomials E,(f‘)(x) and generalized
Apostol-Genocchi polynomials Gg,,a)(x), both of order «.

Later, in 2014 Ernst (see [2]) introduced the generalized
g-Apostol type polynomials of order o using the following
generating function:

(v ra) b Z"”““%u<&

(=A)I-

It should be noted that F}' (a,b; A) = F¥ (05 a,b; \) are
known as g-Apostol-type numbers of order .

where o € Ny,

Consider 4 = 0 and v = 1 in (8), the generalized ¢-
Apostol-Bernoulli polynomial of order « is defined by the
following generating function:

(m(;)a ZB xab)\)[;q! ©)

where o € No, A € C, [t] < |log(f)\)|.

Take 4 =1 and v = 0 in (8), the generalized g-Apostol-
Euler polynomial of order « is defined by the following
generating function:

(i) ot = Sty

n=0

(10)

where o € Ny, A € C, [t| < |log(—])].

Let 4 = 1 and v = 1 in (8), the generalized g-Apostol-
Genocchi polynomial of order « is defined by the following
generating function:

2t * N
<A€q(t)—|-1> eq(xt) - Z gn,q(xﬂaabv )‘) [n]q!a

n=0
where o € Ny, A € C, [t]| < |log(—])].

Y

Recently, Khan et al. introduced generalized g-Hermite
based Apostol type polynomials (see [3]) with the following
generating function:

(5o ss) Faloeatan
=Y wF &
n=0 [n]q!

where o € Ny, A\, i, v,a,b,q,p € C, 0 < |q] < |p| < 1 and
[t < [log(—=A)|-

Inspired by their research, this paper derives generalized
(p,q)-Hermite-based Apostol type polynomials and investi-
gate their properties.

x5 a,b; \; 1, v) (12)

II. (p,q)-HERMITE POLYNOMIAL

This section derives a (p,q)-Hermite polynomials and
discusses few exceptional cases.

The generating function for generalized (p, ¢)-analogue of
Hermite polynomial is defined as:

Fpq(x,t) = F 4(t)ep,q(at)

—ZHM ] : (13)
pd’
where 0 < |¢| < |p| < 1, n € Ny, ¢,p € C, and
o' n nn=1) n(nt+l)
-1 — p72 2n
Fp,q(t) = Z L) (14)

[Qn]pyq'

n=0

Remark 1. Consider p = 1, equation (13) reduces to the
generalized q-polynomial (see [3])

Fy(z,t) = Fy(t)eq(at) Z H, 4( ! ; 15)
where 0 < |q| < |p| <1, n € Ny, ¢,p € C, and
fe'e) n(n—1)
-1 n TtQ”
F,(t) = Z ()q— (16)

"0 [2n]p,q!!

Remark 2. Consider p =1 and q — 1~ then

lim F,(z,

q—1-

Theorem 1. The explicit expression of generalized (p,q)-
Hermite polynomial is given by:

m(m—1)

(=D)"[nlpqla >

m(m+1)+(n—2m)(n—2m—1)
2

Xp
" ( ) [%] in72m (17)
n,p,q\ L) = 5
P — [2m]p o1 [n — 2m], 4!
where 0 < |q| < |p| <1, n € Ny, ¢,p € C.
Proof: Using (16) and (3) in (13) we get,
o0 t”
Z Hy pq(2)
n=0 [n}paq!
)q mm=1) mm+l) o, oo
_ pT
mz:O 2m], ! Zp
(18)

On using the Cauchy product (18) transforms as follows:

m
D Hupl2)
n=0 [n]Py(I'
oo [%5] (_1)n m(vgfn 'nL('nL+1)+(n722'm.)(n72'rn71)t27n
=2 [2m]p,q!!

2mt71 —2m

— - 19
—2mp,q! 1

Now equating the coefficients of ¢™ in (19), we get the
desired result. [ |
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III. (p,q)-APOSTOL TYPE POLYNOMIALS

This section defines the (p, ¢)-analogue of Apostol type
polynomials and investigates certain exceptional cases.

For ¢,p € Cand 0 < |q| < |p| < 1, o,n € Ny,
a,b € R\ {0}, B,u,v € C the generating function for
generalized (p,q)-Apostol type polynomial of order « is
defined as follows:

21t” “ ;
(W> fralrt)

Z

g (Tayb; B, v) (20)

[1]p,q!

The conditions of convergence of generalized (p,q)-
Apostol type polynomial are:
() If a®> > 0 and B = 1 then [t| < m; B # 1, then |t| <
| log(—p)|, 1% =
(i) If a® < 0 and B = 1 then |t| < 2m; B # 1, then
[t| < [log(B)], 1 = 1.

For z = 0, F, (0;a,b; B;pu,v) = F, (a,b; B;p,v)
are known as (p, ¢)-Apostol type numbers.

Remark 3. Here we investigate few special cases of
Ee (x;a,b;8; u,v) as follows:

n,p,q
Case 1: Let a = =1, b =1, p = 0 and v = 1 in (20),
we get the generating function of generalized (p, q)-Apostol-
Bernoulli polynomial of order o (see [14]) as follows:

t “ "
(sm=i) erate) ZB

Dt @

where =1, then |t| < 2m; B # 1, then [t| < |log(5)].

Case 2: Assume a = 1, b=1, p = 1 and v = 0 in (20),
we get the generating function of generalized (p, q)-Apostol-
Euler polynomial of order « (see [14]) as follows:

2 “ t
<5ep,q(t) +1> epyq .’L‘t Z n,p,q .73 6 }

e 22)
p,q

where =1, then |t| < w; B # 1, then |t| < |log(—p)].

Case 3: Consider a = 1, b =1, p = 1land v = 1 in
(20), we establish the generating function of generalized
(p, q)-Apostol-Genocchi polynomial of order « (see [14]) as
follows:

2t “
(i) oot = St

where 3 = 1, then |t| < 7; B # 1, then |t| < |log(—25)|.

— (23)

g Jp.q!

Remark 4. For p = 1, the equation (20) reduces to
generalized q-Apostol type polynomial of order o, mentioned
in (8).

Remark 5. For p = 1 and q — 17 in (20), the following
cases hold:

lim qu( r;—1,1;8;0,1) = By (w; B),
q~>1

q—1—

lim Fnlq(x;l,l;B;Ll) =Gy (z;8),
q—1-

where B2 (x; ), £%(x;5) and G%t(x; ) are defined as
the generalization of Apostol-Bernoulli, Apostol-Euler and
Apostol-Genocchi polynomials of order o (see [11], [12],
[13]).

IV. (p,q)-HERMITE BASED APOSTOL TYPE

POLYNOMIALS
Forp,q € C,0 < |g| < |p| < 1, a,n € Ny, a,b € R\ {0},

B,u,v € C the generating function of generalized (p,q)-
Hermite based Apostol type polynomial is defined as follows:

QHV [e%
(Bepq(t)—&—ab> Fpq(t)e, ,(2)

=Y uFy, (w0, 8 1,v)
n=0

n

(24)

[1]p,q!

The conditions of convergence of generalized (p, ¢)-Hermite

based Apostol type polynomial are:

(iii) If a® > 0 and B = 1 then |t| < 7; B
| log(=p)], 1% = 1.

(iv) If a® < 0 and 8 = 1 then |t| < 27m; B # 1, then
[t| < [log(B)], 1 = 1.

# 1, then [t| <

Remark 6. For x = 0 in (24) we get,
vy, q(a,b; 850, v)
=nuFy, (05a,0; 851, v),

where By (a,b;B;u,v) are known as (p,q)-Hemite
based Apostol type numbers of order .

(25)

Remark 7. On setting =1 in (24) we have,

H‘anq(aj a, b 2284 )
=ul, ,(T50,0; 1 0,v), (26)
where pFy . (x;a,b;p,v) is known as unified (p,q)-

Hemite based Apostol type polynomial of order c.

Remark 8. If we take o = 8 =1 in (24) we get,

Hanq(a:'a,b;,uJ)

= uF} g (w5a,0;1;p,0)

27)

where yF, , ,(x;a,b;p,v) is denoted as unified (p,q)-
Hemite based Apostol type polynomial.

Let us now investigate few special cases of (p, ¢)-Hermite
based Apostol type polynomials that are summarized in
Table I.

Volume 51, Issue 4: December 2021



TAENG International Journal of Applied Mathematics, 51:4, [JAM 51 4 17

TABLE I

SPECIAL CASES OF (p, ¢)-HERMITE BASED APOSTOL TYPE POLYNOMIALS

Assumptions Generating function Name of the polynomial

p=0v=1, (W) Fpq(tle,  (xt) = Z By, (5 8) qu, (p, ¢)-Hermite based

a=—1and b = ’ n=0 Apostol  type Bernoulli

1 o polynomial of order o
where g B, , , (z;8) = Hanq (x;-1,1;8;0,1)

po=10 v =1, (ﬁ) (e, (at)= Z B, o (2) . Unified  (p, q)-Hermite

a=—-1,b=1 based Apostol type

and S =1 o o Bernoulli polynomial of
where g B, , (z) = Han . (x;-1,1;1;0,1) order o

Ho= 0,1 z/b = 1 (wﬁ) Fpq(tle,  (xt) = ZOHB npq (T )[n]t:q Enifiled A(p,q)l-Hermite

a=—1,0=1, ase posto type

=fB= . Bernoulli polynomial

where g B,, ,, ,(z) = af b (z;-1,1;1;0,1)

« n .

w =1 v =0, (W) Fyq(tle,  (xt)= Z vE p.q (T3 B) t (p, ¢)-Hermite based
a=b=1 ’ Apostol  type  Euler
o polynomial of order «
where g &, (75 8) = Han . (x;1,1; 8;1,0)

o n . .
uw =1 v =0, <7e,,,q(2t)+1) Fp,q(t)ep,q( xt)= Z Hga,pq( )[ni»q , Unified (p, q)-Hermite
a =0b=1 and based Apostol type Euler
B=1 o polynomial of order o

where g &, (z) = Han . (x;1,1;1;1,0)
w =1 v =0, (m)Fp,q(t)ep}q(xt): > Hé'n_’p,q(:z)ﬁ?q! , Unified (p, ¢)-Hermite
a=b=1a= n=0 based Apostol type Euler
g=1 L polynomial

where y&,, , ,(7) = HFn’p’q (z;1,1;1;1,0)

« n .
p=v=1a= (W) Fyq(tle,  (xt)= Z 0G0 g (23 5) [n]tp T (p, q)-Hermite based
b=1 ’ Apostol type Genocchi

o polynomial of order «
where G, (2;8) = o b (x;1,1;8;1,1)

[e%
p=v=1a= ((}pq%ﬁ) Fpq(t)e,  (xt)= Z 2G0 pq(T )m , Unified (p, ¢)-Hermite
b=1and f=1 based  Apostol  type

o Genocchi polynomial of
where G, , (7) = Hanq(x;l,l;l;l,l) order o
o0
p=v=1a= (em%ﬁ)Fp,q(t)ep}q(xt): Zo HGnpq(T )[n]tT , Unified  (p, q)-Hermite
b=1la=p=1 n= based  Apostol type
1 Genocchi polynomial
where G, , ,(z) =  F b (2;1,1;1;1,1)
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Theorem 2. For q,p € C, 0 < |q| < |p| < 1, the explicit
expression of generalized (p, q)-Hermite based Apostol type
polynomial is given by:

aFy , (zia,b; 85 1, v)

n n—k ek
= (k> pU ) g g (a,b; By )z F,
k=0 p,q

HFapqxab/67lLL’ )

n (3
() Fepaostsin i spate).
k=0 p.q

(28)

(29)

where n,« € Ng, B, u,v,a,b € C.
Proof: Substituting (25) and (3) in (24), we have:
o N t”
ZHFn,p,q(x;chb;ﬂ;:u,V)i

|
o [n]m-

]2

HFg’p,q(awb;B;ua 'Zp

0 PaQHO

S
I

(30)

On using the Cauchy product and equating the coefficients
of t" in (30), we get the desired result mentioned in (28).
On using (17) and (20) in (24), we get:

Z HF%,ZM] (',I:; a’ b’ 57 M; V)i

ne0 [n]p,q!

| E : ”7177’1
q

] [lp.q!”
31

On using the Cauchy product and equating the coefficients
of t" in (31), we get the desired result mentioned in (29). W

NE

Fp o(a,b; 85 p, v
0 p,

>
Il

Theorem 3. For ¢,p € C, 0 < |q| < |p| < 1, the following
relation holds:

wFOEY (z3a,b; By v)

npq

n
= Z (k> HEY o (a,b; By, v)
p,q

XFn kpq(x;aab§6;ﬂay)v (32)
where n, o,y € Ng, B, u,v,a,b € C.
Proof: In view of (24), (25) and (20), we have:
+ t’rl
HFg 7 LL' a, b7 57 My V)7
Z e ) (n]p.q!
0 k
H a b ﬂa”v )
2l [l
 p.g (T ab; By, v) . (33)
Z P []p,q!

Applying the Cauchy product and equating the coefficients
of t™ in (33), we get the desired result. [ |

Theorem 4. For q,p € C, 0 < |q| < |p| < 1, the following
differential equation holds:
Dy gty q(xa,b; Bs p, v)

= [n]p,qHFgfl,p,q(x;a7b;ﬁ;,u/7y)a (34)

where n,« € Ny, B, u,v,a,b € C.

Proof: Differentiating (24) with respect to x, we get:

n

DID-,Q#” Z HFz,p,q(x; a, b; 5; ey I/)i

n=0 []p,q!
QLY [
B (W) Fpq(t)Dyp g (epq(2t))
2Mtl/ @
- (6e(t)+ab> Fy q(t)ep,q(prt).
P.q

Using Cauchy product and comparing the coefficients of ¢"
in (35), we get the desired result. [ |

(35)

Theorem 5. The following relation hold:

g (T30, b5 85 11, v)
)

S (-1M T

k(k+1)

Ep ok pg(Ti0,05 85 11,v)
W n — 2k], ! :
(36)

= [2K]p.q
where q,p, B, 11, v,a,b€C, 0 < |g| < |p| < 1 and n,a€Ny.
Proof: Applying (14) and (20) in (24), we have:
ZHFg,p,q (x;avb;ﬁ;ﬂa V) [7
n=0

n]p,q!

tn
_Z n,p,q J? a‘7b761/’(‘ay)m
k(k 1)

X Z S,

Using Cauchy product and equating the coefficients of " in
(37) , we arrive at the desired result (36). |

k(k+1)
5 2k

(37)

V. RELATIONSHIPS BETWEEN BERNOULLI, EULER AND
GENOCCHI POLYNOMIALS

In this section, we derive explicit relationships between
(p, q)-Hermite based Apostol type polynomials with (p, q)
Apostol Bernoulli, (p,q) Apostol Euler and (p,q) Apostol
Genocchi polynomials.

Theorem 6. The following identity holds:
aFy o (x5a,b; 85 p,v)

HF?n,p,q(a,b;B;mu)
[n + 1]1):!1!

R, Emr

r=0

m)
p.q

X Bn+17mfr,p,q(x; B)) )
n+1
- (Z (";L 1)p’q3n+1m,p7q<x;6>> ]

m=0

(38)

o)
Be, q(t)—=1)°

Proof: Multiplying both sides of (24) with (
we have

ZH npqxa/ab;ﬁ;/”/7y)[

nlp,q!
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oupv n+1 + 1
(6ep q + ab <5ep q ) Fp,q(t) B ( Z (nm ) gn—H_m’p’Q(aj;B)
Pl " "
< ) ep.q(Tt) x gFy, o (a,b;8; 1, u))} (41)
= (@jgh) F, 4(t) <ﬁe]w(tt)—16p’Q($t)) Theorem 7. The following relation holds:

890 (50,05 8)

=20 [E00),,

)

S e
< Foal®) ( Gy nala))

1 X Hgnfkrfr,p,q(o; 6) + Hgnfk,p,q(o; 5):|
=3 KﬁZHFW (a,bs 85 o V) £

m

]P:q' x Hg?p q(aﬂb;ﬁ;/’ca V)' (42)

3 "5 (r) & Proof: Multiplying both sides of (24) h( )
X Br.p, x;ﬁ) pl2 ) 100, ultiplying both sides o wit w

Z i (n]p.q! z::() [, we get:

(ZHFm abﬂvﬂla ) L nga ({L"a bB) &

P [mlp.q! oyr R ] p,g!
t'IL 2t [e3 2

X B, = F, . (t

Z nal >:| <Bep,q(t) + ab) (/Bep,q(t) + 1> pﬂ( )

(n]p.q!
p
mpq(a b 6 22%4 )

p,
1 = (
= - t’n o0
13 |:<anom 0 g n - T P, q'[m]p,q![r]pg! ) = % [ﬁz Hg]?,p,q(m; a, b7 /8) kt
(Bn m.p.a(2: ) =

F2 o (a,b; B v )>t")]. Xign,p’q( ] q.Zp yq}

k

|
(;)Bn . r,p,q(x'ﬁ) > > (ﬂep*q(;)H ep7q(xt)

[Klp.q!

(535: I gllml, ! ;
n=0m=0 = MM g° ik
(39) [ZHgkpqxabﬁ)H '
p.q
Replacing n with n + 1 and equating the coefficients of ¢" 0o m
in (39), we get the desired result. ] X Z HEn,p,q(0 [n] '}
pq
Corollary 1. The following relations hold for (p, q)-Apostol o n n—k
Euler and (p, q)-Apostol Genocchi polynomials. — 1 [ 3 Z Z Z
Fo ; 2 n=0 k=0 r=0
T;a,0; 05 i, V ’
H pq( nB M ) o Xp(Q)Hgn k— 7pq( B)Hgkpq(l' a, b 6) :|
:;[5§:<”) o) Flpallr =k =Tl
m=0 m) pq r=0 ]_|:ZZ Hgkpq(x a, b; 5)HEn k,p)q(o ﬁ)t :|
_ _ ! | :
X (n m) gn—m—r,p,q(x;ﬁ)> 2 k=0 k=0 [n k]p a [k]p7q
" g (43)
_ — (n I . On equating the coefficients of " in (43), we get the desired
Z m n—m,p,q(T; B)
0 p.q result. [ |
x gFy, . (a,b; 85w, v). (40)  Theorem 8. The following relation holds:
and Hgg,p,q(x; (I?b; 5)
_ 153 " /n+1
HEY b g(250,0; 85 1, v) CE kz_o k)
1 = :
a 2[n + 14! Br—k,p,q(mz;a,b; B)
Hggpq(o;aab;ﬂ) :|

TR E e, 0,

—0
" ab

x gn+1mr,p,q(5€§5)> - W [ngn s.p.a(mas a, b; B)

MJ%MM@&MW> . &Mmabm} (44)

)
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Proof: Multiplying both
(ﬁep,q(;)—ab>
Praln)72 )

ZHgnpq Zz;a, bﬂ)

n=0

2 @
:<B(t)+) Fyq(t)
m t
“\Boa (L —ar ) o (mxm)
mB e . o
{t Z 1ESpq(050,6:6) [S]Ihq.

xZBnpqmmabﬁ 'Zp

n=0 p,q

m oo
N P

sides of (22) with

we get:

[n ]m-

]

]p,q-

x ZBHM ma; a, b; 5)[ ]pﬂ

ank p,q(mx; a, b; 6)

© noF > (0;a,b; )
_ (2) H $,0,q s Yy tn_l

[8]p.q[n — Klp.q!

Bn,qu(mx'a b; B)

ko (0;a,b; B)
_ qu n—1
med Lz:gz: a![n = slp.q! '
(45)

Replacing n with n + 1 and then comparing the coefficients
of t” in (45), we get the desired result mentioned in (44). B

Now we define the (p,q)-Stirling polynomials
S2.p.q(n,v;8) of the second kind of order v with the
following generating function:

S9.p.q (n,v;5) = (46)
nz% [n ] ! Vg
Remark 9. When q — p and p = B = 1, the above

polynomials reduce to standard Stirling numbers of second

kind (see [15]):

n t_ v
ZS(n,v)% Gt g 47

v!

Theorem 9. The relationship between generalized (p,q)-
Hermite based Bernoulli polynomial and (p, q)-Stirling poly-
nomials is derived as follows:

"By p, q(x' a,b; 6)

v n
X Sg7p7q( —k,v; 5) (48)
Proof: Multiplying both sides of (24) with

e (J,b v
(7(5 p[z](i)j, ) ), we get:
o tn
By, (50,05 8)
z; ’p’q< nlp,q!
t (Bep.q(t) + ab)v
=) ey, )F, (¢ T
<ﬂ€p7q(t) + ab> pa(® D) Fpq (1) [V]p.q!
[v

p,q

»
. wep,q(t) oy
tk

- MZ kaqxa,b;ﬁ)k '
[Klp.q!

3 Sapylnovi ) o (49)
n=0 p.a-
Applying Cauchy product rule in (49), it follows:
tn—i—v
ZHBnpq LC a, b ﬁ)
= (n]p.q!
o0 n n
= [U]P,Q!ZZ (k)H kpq(m a, b 6)
n=0 k=0
t’!L
X Sgﬁp’q( ]{7 v; ﬂ) | (50)
[n]p.o!

Making the powers identical and equating the coefficients in
(50), we get the desired result in (48). [ |

VI. CONCLUSION

The present paper defines (p, ¢) analogue of Hermite based
Apostol type polynomials of order «, multifarious new and
exciting relations of extended Hermite-Apostol polynomials
with Bernoulli, Euler and Genocchi polynomials were ob-
tained. Moreover, the (p, ¢) calculus has been efficaciously
used in numerous sciences such as physical sciences, field
theory, hypergeometric series, lie group, oscillator alge-
bra, differential equations. Hence, approximation functions
through polynomials based on basic twin numbers would
have a pivotal role. Thus, the (p,q) polynomials derived
in the present paper can be investigated and examined in
approximation theory.
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