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Fractional-order Quadratic Time-varying
Parameters Discrete Grey Model FQDGM (1, 1)
and Its Application

Xiaogao Yang, Degiong Ding*, Youxin Luo

Abstract— Several objects in scientific research and
engineering applications present fractional-order time-varying
characteristics. When developing mathematical models of
considering fractional-order time-varying, the dynamic analysis
results are often inconsistent with the actual statistical data due
to inaccurate description of the analysis model. To solve this
problem, the present paper proposes a discrete grey model of
fractional-order quadratic time-varying parameters based on
grey fractional-order characteristics and integral theory. By
taking the minimum mean relative error and the minimum
mean square error as the objective function, two optimization
models, namely FQDGM-I and FQDGM-II, are constructed to
perform parameter estimation. A comparative analysis based
on examples shows that the background value reconstructed
using the proposed model is more accurate. The fitting accuracy
is greatly improved compared to those obtained using previous
models. These results verify the effectiveness and practicability
of the proposed fractional-order quadratic time-varying
parameter discrete grey model.

Index Terms—Fractional-order quadratic time-varying
parameters, discrete grey prediction model, least-square
estimation, optimization model

I. INTRODUCTION

HE model GM(1, 1) is the basis of grey system
prediction theory, which is widely used in data analysis
and prediction in industry, agriculture, social economy, and
other fields. The GM (1, 1) model has been universally used
in scientific research because it does not need samples to
show regular distribution and is easy to calculate and test
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[1],[2]. With its continuous application in different research
areas, the model shows many defects, such as inaccurate
background value reconstruction, inaccurate model
description, and even great differences between the analysis
results and the actual data. Therefore, scholars have modified
the GM (1, 1) to improve the prediction accuracy [3], [4], [5],
[6], [7], [8], [9]. To verify the feasibility of China’s total
poverty alleviation in 2020, Liu et al. [10] analyzed the
exogenous influence and improved the GM (1,1) model.
Based on the GM (1,1, t*) model and the fractional
accumulated generating operation, Wu et al. [11] proposed a
fractional grey model FAGM (1,1, t%. A reciprocal
accumulating and optimized background value were used in
[12] to establish a grey new information GRM (1, 1) to
improve the fitting accuracy of monotonic decreasing data.
Moreover, the non-equidistant cumulative grey theory model
NNFGM (1, 1) was established to develop a GM (1, 1)
suitable for non-uniform (or nearly non-uniform) systems
with non-equidistant sequences [13]. The developed model
relied on the non-liquidity cumulative generation operator
and the inverse cumulative generation operator.

Parameters with integer-order characteristics have been
used in several studies to establish grey theoretical models to
analyze systems with fractional-order. Indeed, choosing
parameters with fractional-order properties to describe the
object could better reveal its essential properties and
behavior. The previous studies ignored the actual order
(fractional order) of the system, mainly due to the complexity
of fractional grey theory modeling and the lack of the
corresponding theoretical basis. With the continuous
development of grey theory, this "bottleneck"” has gradually
been overcome, and related achievements have been
constantly emerged [14],[15],[16][17]. In the theoretical
research and practical application of grey theory, the model
parameters describing the object were extended from integral
calculus to fractional calculus, substantially improving the
accuracy of the model describing the research objects
[18],[19],[20],[21]. These models extended the existing
integer order grey models and played a role in promoting the
development and application of grey theory.

Because the parameters of some research objects in
engineering practice are time-varying, describing them
accurately using the previous grey theory model is
challenging. Therefore, scholars developed fractional-order
multivariable grey models [22],[23],[24],[25]. These analysis
models have greatly improved the analysis accuracy, but the
results still cannot meet the engineering requirements. In this
study, a fractional-order quadratic time-varying parameter
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discrete grey model, FQDGM (1, 1), is proposed. The
minimum relative error and the minimum mean square error
are set as optimization objectives in developing FQDGM-I
and FQDGM-II. In these models, the fractional-order and
initial value correction are used as design variables, and the
least-squares method is employed to estimate the model
parameters. The model is verified through examples and
compared with previous studies. The results show that the
background value reconstruction and data-fitting accuracy of
the model have been significantly improved, and the model
has high theoretical and application value.

Il. FRACTIONAL-ORDER QUADRATIC TIME-VARYING
PARAMETERS DISCRETE GREY PREDICTION MODEL

A. Fractional-order Generation Sequence
If there is an original sequence as shown below

XO=[xO@) x2)---xO(n)1, (1)
the cumulative generation sequence can be expressed as
X0 =[xP@) x®(2)---xO )] (2)

In (2), The x(n) can be obtained by the following expression
k

x( (k) = Zx(rfl) (i) = x( (k-1 + x(r-D (k)- 3
i=1

The X® can be obtained according to the principle of
matrix operation as follows:

X M = A&X(rfl) — Alpix(rﬁ) — P{X(O), (4)

where A" represents the cumulative generation matrices

A = (@)

(i—j+r—1)! _
@) =1 G-t ©)
0 i< j

For r in (4), the combination number is generalized from
integer to fraction. Then, the fractional-order cumulative
generating matrix is derived. The coefficient of X0 (k) in the
expansion can be obtained using the following method.

Suppose ax can be expressed as

a = k=i+D)(k—i+2)(k—i+r-1) (k=1,2---n)(6)
(r—=1n!
the ax can be evolved as
_(r+k=i+)!  I'(r+k-1) )
Y k=D)I(r-1! T(k—i+1)I(r)
in which, I' is a Gamma function. So, X® (k) can be
expressed with a series as follow,
X (K) = i I(r + k-1
= T'(k—i+DI'(r)

Note that when r is an integer, (3) is established. Equation
(8) is the general condition in which r expands the fractions
with integers. Thus, (6) is used to calculate the
fractional-order X® (k).

X (i) - 8)

B. Quadratic Time-varying Parameters Discrete Grey

Model

If X®(K) is the one-time cumulative generation sequence
of the non-negative original sequence, the quadratic
time-varying parameters of the discrete grey model can be
established as follows:

XD (k+1) = (B, + Bk + BKIXD(K) + BK* + Bk + B, (9)
in which, k=1, 2, 3... n-1.

The introduction of a quadratic time-varying term is
paramount because it causes the parameters to have
time-varying characteristics. Using quadratic time-varying
parameters in grey theory makes the model consistent with
the white exponential law, linear law, quadratic coincidence,
and stretching transformation.

The quadratic time-varying parameters extend the
application of grey theory to non-isometric sequences.
When g, = 3, =0, the QDGM (1, 1) model is transformed

into a linear time varying parameter discrete grey model
TDGM (1, 1). When 8, = 8, = 5, =0, the QDGM (1, 1)

model is transformed into the original discrete grey model
DGM (1, 1). The QDGM (1, 1) model is a general form of
discrete grey model DGM (1, 1) and linear time-varying
parameter discrete grey model TDGM (1, 1). If the initial
condition is given as follows:

X©@@)=xO@1)+cC,, (10)
the optimization model is established with C; as the initial
value and the minimum average relative error as objective.

It is not difficult to determine that the discrete gray system
model QDGM (1, 1) with quadratic time-varying parameters
has the first-order cumulative characteristic. The change of
initial conditions does not affect the simulation value of the
QDGM (1, 1) model. When the actual sequence growth is
non-negative, the simulation value is increasingly convex or
decreasingly concave. These limitations prevent the QDGM
(1, 1) model from achieving high prediction accuracy.
Therefore, the QDGM (1, 1) is extended to the FQDGM (1,
1), which more effectively reveals the essential
characteristics and behavior of the object.

C. Fractional-order Quadratic Time-varying Parameters
Discrete Grey Model

If XM(K) is a one-time cumulative generation sequence of

the non-negative original sequence, the quadratic
time-varying parameter sequence of the discrete grey model
can be expressed as follows:
X (k+1) = (B, + Bk + AKXV (k) + Bk + gk + g, (11)
where k=1, 2, 3... n-1. In the FQDGM (1,1), X® (k) is the r
order cumulative generation sequence of the non-negative
original sequence.

It is easy to determine that the fractional-order quadratic
time-varying parameters discrete grey model FQDGM (1,1)
is a general form. The model will correspond to different
models for different values of parameters r and . If the
fractional number r=1, the fractional-order quadratic
time-varying parameters discrete grey model FQDGM (1, 1)
is transformed into the quadratic time-varying parameters
discrete grey model QDGM (1, 1). When 3,=4,=0, the

fractional-order quadratic time-varying parameters discrete
grey model FQDGM (1, 1) is transformed into a fractional
linear time-varying parameter discrete grey model FTDGM
(1,1).

Furthermore, the fractional-order quadratic time-varying
parameters discrete grey model FQDGM (1, 1) is an
extension of the QDGM (1, 1), FTDGM (1, 1), TDGM (1, 1),
FDGM (1, 1), and DGM (1, 1) models. Consequently, the
values of r and g play an important role in the proposed
model. Specifically, the model has different accuracy for the
fractional-order number r. The parameter /5 can be obtained
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X (N (€}
X (2)

X (r)(l)
2X (1)

with the following equation:
A,
3 12
P: ‘ﬂZ :(BTB)T BTY ( )
B
where the matrix B can be expressed as (13).
The variable Y can be obtained as follows:
X (r) (2)

_|x@) (14)

Y
X (n)

The order parameter r of the FQDGM (1,1) can be
obtained using the following steps:

(MGiven the initial conditions X (1)=X (1) +C, (C1
is a correction), the estimation can be expressed as:
RO (k+1) = (B, + B+ BK)KO (k) + B K + pk + B, (15)
in which, k=1, 2, 3... n-1.

(A =AT y
@For A to satisfy AAT = , defining
X @ A{r Airx ) _ A['X (r)
A" as the subtraction generation matrix, £ can be

restored to the original sequence of X @ as follows:

& (0) :kfl 4y F(r+1) o (1 i 16
X0 =2 Y ripra iy ¢« i (19

I11. OPTIMIZATION MODEL

The fractional-order quadratic time-varying parameter
discrete grey model FQDGM (1, 1) is established by taking
the fractional-order r as design variables and the minimum
average relative error as the objective function (note the
optimization model of FQDGM-I).

. 13 XO ) - %9 (k)
min f(r,C,) - kzzl: NI
Moreover, if the fractional-order r is taken as a design
variable and the minimum mean square error as the objective
function, a new fractional-order quadratic time-varying
parameter discrete grey model FQDGM (1, 1) is established
(namely, FQDGM-II).

min f (r,C,)= 1 Zn:(x(o) (k) =R (k))?
| Ry

n

A7)

(18)

IVV. VERIFICATION AND APPLICATION

The per capita disposable income of urban households and
urban built-up areas are important objects of national
economic regulation, which are directly related to the

XOM-1) (-DX(n-1) (-12°XCMn-1) (n-1)° (n-1) 1

X (1) 1 11

4X (1) 4 2 1 (13)

well-being of urban residents. It is an important content of
economic analysis and regulation to analyze the data of per
capita disposable income of urban households and urban
built-up area every year and make corresponding decisions.
However, because the background value fitting in previous
studies was not accurate, the analysis results often do not
meet the requirements. Therefore, statistical data analysis and
experimental research have become the chosen research
methods, but these approaches often lead to growth in the
analysis cycle and increased research costs. In this section,
we present some FQDGM (1, 1) applications using the
proposed approach.

A. Applicationl

In this section, the per capita disposable income data for
urban households in China from 2000 to 2009 were selected
for analysis [26]. The statistical data is shown in Table I.

TABLE |
PER CAPITA DISPOSABLE INCOME OF URBAN HOUSEHOLDS IN
CHINA FROM 2000 TO 2009

Per capita disposable

Ordinal Year income (RMB ¥
1 2000 6280.0
2 2001 6859.6
3 2002 7702.8
4 2003 8472.2
5 2004 9421.6
6 2005 10493.0
7 2006 11759.5
8 2007 13785.8
9 2008 15780.8
10 2009 17174.7

The grey theory analysis models were used to calculate the
per capita disposable income of urban households. The
comparative analysis of the discrete gray model QDGM in
[26], the DGM in [27], and the proposed fractional-order
quadratic time-varying parameter discrete gray optimization
model is performed. The calculation results have been
obtained, as shown in Table 11, where x©(K) is the per capita
disposable income.

TABLE Il
COMPARISON OF FITTING VALUE ABOUT FOUR MODELS
Fitting value
k xO(k)
DGM QDGM FQDGM-I FQDGM-II

1 6280.0 6425.9 6339.2 6295.9 6295.9
2 6859.6 71225 6927.9 6818.0 6817.9
3 7702.8 7894.5 7619.8 7752.7 7752.7
4 8472.2 8750.1 8431.3 8470.6 8470.6
5 9421.6 9698.6 9385.9 9432.1 9432.1
6 10493.0 10749.8 10515.6 10485.0 10485.1
7 11759.5 11914.9 11862.4 11760.5 11760.5
8 13785.8 13206.4 13482.7 13686.6 13686.6
9 15780.8 14637.9 15452.0 15783.3 15783.2
10 17174.7 16224.5 17873.6 17309.5 17309.6
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Fig. 1 shows the curves that fit the per capita disposable
income data according to three models. The data of the
second-order FQDGM (1, 1) recommended in this paper
approaches the statistical value (solid black line).

x10*

-©-In [27]-DGM (1,1)

-5-In [26]-QDGM (1,1)
-¢-Proposed Model-FQDGM-I1
-%-Proposed Model-FQDGM-II
% Experimental data
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>

to

DGM(1,1)
FQDGM(L,1)-T

s FQDGM(L,1)-11
QDGM(1,1)
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Year
Fig.1 Comparative analysis of data fitting with three mathematical models

2
i
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Disposable income per capita/Yuan

L

The relative error ranges of fitting data of the different gray
theory analysis models are listed in Table IlI.

TABLE I
COMPARISON OF RELATIVE ERROR ABOUT FOUR MODELS

Relative Error%

kK xOK)
DGM ODGM __ FQDGM-I __ FQDGM:-II

1 62800 232 0.94 0.25 0.25
2 68596 383 1.00 -0.61 -0.61
3 77028 249 -1.08 0.65 0.65
4 84122 328 -0.48 0.02 0.02
5 94216 294 -0.38 0.11 0.11
6 104930 245 0.22 -0.08 -0.08
7 117595 132 0.88 -0.01 -0.01
8 137858  -4.2 -2.20 -0.72 -0.72
9 157808  -7.24 -2.08 0.02 0.02
10 171747 553 4.07 0.78 0.78

The results in Table 111 show that the data obtained using
FQDGM-1 and FQDGM-II are almost equal.

The error values produced by fitting analysis with the
FQDGM-1 and FQDGM-II models are smaller than those
produced by using the DGM and QDGM models (as shown
in Fig. 2).

Proposed Models
{In [26] FQDGM(1,1)-I
QDGM(1,1)YFQDGM(1.1)-IT

In[27]

%1 EDGM(I,I)

Fitting error value(%a)
o S =
e
e
r———
1

o T T T T T T T
e 03 04 05 06 07 08 09
Year
Fig2 Histogram of fitting relative error with three models on per capita
disposable income of urban households in China

00 01 02

From the comparative analysis of the mathematical models,
the DGM (1, 1) and QDGM (1, 1) fitting errors are higher
than the fitting errors for the proposed FQDGM (1, 1), which
indicates that the proposed model has good accuracy.

B. Application 2

The analysis data of urban building areas are a nonlinear
series having the property of fractional order. Due to the
inaccuracy of the parameters used in the previous analysis
model [26],[27], the fitting accuracy of the background value
was low, and there was a large gap between the analysis
results and the actual statistical data. Statistical analysis and
experimental research should be avoided in this case because
of the long analysis cycle and high research costs. Therefore,
the proposed FQDGM (1, 1) is used to analyze the urban
building area. The variable x(0)(K) is the statistical data of the
built-up area in Xinxiang central city. Moreover, the
comparative analysis of the discrete gray model QDGM in
[26], the DGM in [27], and the proposed fractional-order
quadratic time-varying parameter discrete gray optimization
model is performed. The built-up areas of downtown
Xinxiang during 2001-2008 (data from China Statistical
Yearbook 2009) are shown in Table IV.

TABLE IV
STATISTICAL DATA OF BUILT-UP AREA OF DOWNTOWN
XINXIANG FROM2001 TO 2008

Built-up area of

Ordinal Year downtown(km?)
1 2001 60.0
> 2002 62.0
3 2003 68.0
4 2004 735
5 2005 76.8
6 2006 89.5
7 2007 90.9
8 2008 94.6

The fitting data of four grey theory analysis models is
shown in Table V, where x(0)(k) corresponds to the statistical
data of the built-up area of downtown Xinxiang from 2001 to
2008.

TABLE V
COMPARISON OF FITTING VALUE ABOUT FOUR MODELS
Fitting value
©
ko xPK  pbem  opGM  FQDGM-I FQRFM
1 60.0 60.00 60.00 60.00 60.00
2 62.0 63.48 61.87 62.00 62.00
3 68.0 68.16 69.27 68.00 68.00
4 735 73.17 68.05 73.50 73.501
5 76.8 78.56 89.09 76.78 76.78
6 89.5 84.34 75.89 89.48 89.48
7 90.9 90.55 95.24 90.90 90.90
8 94.6 97.22 94.73 94.59 94.59

Through the fitting analysis of the four models on the
building area, it is found that the accuracy of the four models
is quite different, as shown in Table VI.

TABLE VI
COMPARISON OF RELATIVE ERROR ABOUT FOUR MODELS

Fitting error

(0)

k  xOKk) DGM QDGM F('\Q/II?IG FQR:}M
1 60.0 0 0 0 0

2 620 -2.3914 0.2049 0.0005 0.004
3 680 -0.2289 -1.8691 0.0013 0.0008
4 735 0.4455 7.4173 0.0011 0.0011
5 768 -2.3167 -16.0387 0.0010 0.0009
6 895 5.7426 15.1908 0.0007 0.0009
7 909 0.3852 -4.7732 0.0011 0.0007
8 946 -2.7754 -0.1464 0.0006 0.0010
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The fitting curves of the four grey theory models applied to
the Xinxiang urban built-up area are shown in Fig. 3.

As shown in the figure, the DGM and QDGM fitting data
of the discrete gray optimization model deviated from the
statistical data more than the values derived using the
proposed optimization model.

00
€ In|26]-QDGM
-B-In[27] -DGM (1,1) - -
Proposed Model-FQDGM
90 | o statistical data Q

o~

Built up area of Downtown/km?2

80+ /¢ DGM(L,1)

70r SO o

608r=" .

2001 2002 2003 2004 2005 2006 2007 2008
Year

Fig.3 Comparison of simulated values of four models of built-up area in
Xinxiang central city

This example shows that the background reconstruction
ability and data fitting accuracy of the proposed model is
better than the reference models, especially when a small
amount of information is available and data analysis is poor.
The proposed method is adaptive and scientific.

V. CONCLUSIONS

In scientific research and engineering applications, several
research objects present fractional-order time-varying
characteristics. Moreover, establishing an accurate analysis
model with the previous grey theory is challenging due to the
fractional time-varying property of the parameters. This
attribute brings inconvenience and even interference to data
analysis and decision-making. For example, inaccurate
parameter descriptions and difficulty in determining
modeling related factors often occur in the modeling-process;
In the process of analysis, the analysis results are inconsistent
with the actual statistical data. This study proposed two
optimization models, namely FQDGM-I and FQDGM-II, to
address the limitations mentioned above. In the process, the
minimum relative error and minimum mean square error
were employed as optimization objectives, and the least
square method was applied to estimate the model parameters.
In addition, we considered the fractional-order and initial
value correction as design variables to assess the
fractional-order time-varying characteristics of the
parameters. The example shows that the background value
reconstruction accuracy of the analysis model recommended
in this paper is high, and the fitting accuracy was improved
compared with previous approaches. These results verify the
effectiveness and practicability of the proposed FQDGM (1,
1).
The FQDGM (1, 1) is an extension of the QDGM (1, 1),
FTDGM (1, 1), TDGM (1, 1), FDGM (1, 1), and DGM (1, 1)
models. The proposed model addresses the problems of the
low background value reconstruction, and the data fitting
accuracy of the previous model cannot meet the actual
engineering requirements. The model established in this
paper opens up a new idea for studying objects with

fractional time-varying characteristics in business, industry
and science.
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