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Walsh Transforms of Some Quadratic Trace Forms
with One and Two terms for Even Degree
Extension and Related Artin-Schreier Curves

Sankhadip Roy

Abstract—In this paper, we present the Walsh transform
f% . Fan — 7 of some quadratic trace forms f(z) =

Tr(37 , a;z® 1) over finite fields of characteristic two where
the degree of extension n is even. In this article, we consider only
trace forms with one or two terms where a;s are coming from
base field IF>. We use the Walsh coefficient f* (0) to investigate
the number of rational points on Artin-Schreier curves over Fan

of the form X : y*> +y = > a;z® *'. Using these results we

7

also derive some maximal Artin-Scheier curves.

Index Terms—Finite Fields, Quadratic Forms, Walsh trans-
form, Artin-Schreier curves.

I. INTRODUCTION

ET K = F5» be the finite field with 2" elements. Let

Tr denote the trace map from [Fon to [Fy defined by
Tr(z) = Z?;ol x?". For a boolean function f : K — Fy,
the Walsh transform of f is the function f%V : K — Z
defined by

fV(a) = Z (—1)f @+Tr(a),

TeEK

The Walsh spectrum of f is the set {f"(a) : a € K}.
The famous examples of functions whose Walsh spectrum is
three valued are the Gold functions [8] f(z) = Tr(z>"+1)
where gcd(a,n) = 1 and n is odd and the spectrum is
{0, +2" }. Another important set of functions are the
Kasami-Welch functions f(z) = Tr(x*"~2"+1), which have
the same transform values under the same hypotheses. Later
Lahtonen et al.[17] considered more general form of Kasami-
Welch functions, f(x) = Tr(z?),d = 2;:11 and calculated
f™ (1) under certain conditions. In his paper, Fitzgerald [6]
showed some important results for the trace forms with two
terms over characteristic two which explicitly give the two
basic invariants of quadratic forms namely dimrad(Q) and
A(Q). In this article, we have used some of the techniques
introduced in [9] and [21] to find the Walsh transforms of
some quadratic trace forms. Cusick and Dobbertin[9] were
actually confirming two cojectures of Niho. Besides, one can
check [3] for explicit evaluation of Walsh transforms of Gold
type functions.

In section 2 we mention the preliminary definitions and
symbols used throughout this paper.

In section 3 we introduce some new results for quadratic
trace forms with one or two terms. But we stick to the case
of n, degree of extension to be even.
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Algebraic curves over finite fields have various applica-
tions in coding theory, cryptography, quasi-random numbers
and related areas. For references see [13], [14], [15], [16].
For these applications it is important to know the number of
rational points of the curve. In section 4 we investigate the
the application of Walsh transform of quadratic functions to
obtain the number of rational points on Artin-Schreier curves
over Fon of the form X : 3% +y = ZZ’;O a;z% 1. Van der
Geer and Van der Vlugt [18] used p-linearlized polynomials
to find new maximal Artin-Schreier curves. Later Wilfred and
Anbar[19], [20] did a thorough study of the Artin-Schreier
curves and described the number of rational points using
Walsh transform f"(0) of quadratic trace forms. In this
regard one can also check Bartoli et al.[2]. But most of
their works are for F,» for p odd. In this section we only
consider the case p = 2 and use the theorems from section
3 to describe the number of rational points of X in terms
of Walsh coefficients Q" (0) of the quadratic trace forms

Q(z) = Tr(X o aw® *1).

II. PRELIMINARIES
Let FF = F9, K = Fy» and

where a; € {0,1}. We consider the trace forms which are
the quadratic forms QX : K — F given by QK (z) =
Tr(xR(x)). These types of trace forms have appeared in
many literature and they have been widely used to compute
weight enumerators of certain binary codes [1], [4], to con-
struct curves with many rational points and associated trace
codes [7] and to construct binary sequences with optimal
correlations [10], [11]. In each of these applications we need
the number of solutions ( in K) to Q¥ (z) = 0, denoted by
N(Qg). It has been shown [12, 6.26,6.32], for the different
type of quadratic forms:

1
N(QF) = 52" + AQF)V2r @),
where r(Q%) = dimrad(Q¥) and
0, if QK ~ 22+ Y7 2y
AQR) =41 i Qff ~ X1, mis
-1, if Qf =t +uf + 300, miw

Here rad(Q%) denotes the radical of the bilinear form
B(x, z) of the trace form Q(x) which is defined by

B(z,z) = Q(z) + Q(2) + Q(z + z) for z, z € Fas.

Volume 52, Issue 1: March 2022



TAENG International Journal of Applied Mathematics, 52:1, [JAM 52 1 10

Also v, (n) denotes the highest power of p dividing n and
X(z) = (—=1)T"®),

I11.

The first result we introduce in this section is for the
Walsh transform of trace forms with one term where n, the
degree of extension is even but 3 is odd.

We define T'rp(z) Zznolﬁ which will be used in
this section. We will also use the fact that for z,y € K,
Tr(z%y) = Tr(zy® ).

WALSH SPECTRUM OF SOME QUADRATIC FORMS

Theorem 1: Let E = Fon,n = 2m, L = Fam, m be odd

and f(z) = TT’(l”QkJrl). Then
Y(a) = Z X(J;QkH + ax)
zeE
_ 2m ZHGM X(uz)?), when k is odd
2m Z;/,EM X(u? T+ pzg), when k is even,

where M = {pu € L|p® + p> " + 2 = 0}, GF(4) =
{0,1,8,v} C E=L[f] and o = 29+ Bz € E for 29,2 €
L.

Proof: We have Fy: C E. We consider Fo: = {0,1, 5,7},
where 3+ = 1,32 = v,7? = 3. Note that E = L[f], as
m is odd. Further,

621’ _ ﬂv
s

Also Tr(A 4 pB) = Tr(A+ py)
Now for z = X + pf,

fl@) = Tr(@+)
Tr((A+ pB)> )
TT()\Q’“+1 + /\M2k52k + )\Qkﬂﬁ+ﬂ2k+lﬂ2k+l)~
So when £ is even

f(x) TrOZ 1 4 @2 A3 + 2 B + 12 )
Trp (2 A+ pn? + p2 ).

when 7 is even
when i is odd.

= Trp(n) for A\, € L.

For oo = zg + 213,

F0) = 37 X AN 4 2 N o + i)
HANEL
as
Tr(az) = Tr((z0+218)(A+ pB))

= Tr(zo\+ Az + zopB + z1107)
= Trp(Az1 + pzo + pz1).

So

P = X A A

HWAEL
+Az1 + pzo + pz1)

SX(F T pzo +pz) Y X

peL A€EL
+u2 "+ 1))
= 2" > X+ pzo + ),
pneM

where M = {p € L\qu + /ATk + 2z = 0}.
For k£ odd,
2k 41 ok 2k 2k 41

f(x) Tr(A° "+ p” Ay +pA= B+p” )

TTL(uzk)\ + p)\2k).
So

(@)

Z X(uA2 4 p2 N+ Azp 4 pzo + pz)
A EL

S Xpzo + pza) S XA + 4

neL AEL

- zmz

pneM

k+21)

(120 + pz1),

For ;1 € M we have 2" + 42 " + 2 = 0 which implies

Trp(uz1) =0.
Hence, for k£ even
fW(a) om Z X(M2k+1 T pzo _|_u2’“+1 +N2*k+1)
peM
k
= 2" ) X(EP M + pzo)
peM

and for & O

0dd fW (@) = 27, 0y X(1a20).
Corollary 1: For Theorem 1, if ged(m,k) = 1, then

Walsh spectrum is {0, £2™+1}.

Proof: For ged(m, k) = 1, p?

solution in L iff Trp(z) =

two solutions {u,p + 1}. So |M

% (a) =0 or & 2m+1,

B 0 has
n that case it has
0 or 2. Therefore,

Od

k
+ p? =
0. 1
|

In the next theorem we will consider trace forms with two
terms like f(z) = Tr(22" 1 + 22"+1). Similar result can
be found in [21] but for odd n with restrictions 0 < a < b
and ged(b — a,n) = ged(b + a,n) = 1.

Theorem 2: Let E = Fon,n = 2m, L = Fom, m be odd

and f(z) = Tr(z>"+! + 22" +1). Then
V(@) = X e p X + 22+ 4 ax)
ZueM X(p2 + 4 p2+ 4 ), if a,b even
_ ™ uem X(p20), if a,b odd
™Y e X(,u2 1 nuzg), if a even, b odd
™Y e X(1? 1y piz), if a odd ,b even
where M = {u € L|p®" + 2" +p2 + 42" +2 =

0},GF(4) ={0,1,8,v} C E=L[fland a = 29+ B2z € E
for 29,21 € L.
Proof: Using the same arguments as in Theorem 1, we have

Tr(A+uB) =Tr(A+ py) = Trr(p) for A\, p € L.

Case 1: a,b even. For x = A+ uf and o = zg + 215,

f@) = Tr(A+pB)” ™ + (A +pg)* )
TTL(///Q(LJ’_l +M2a)\+ﬂ)\2a +/J,2bA
+,U)\2b +M2b+1)
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and Trp(ax) = Trr(Az1 + pzo + p121). Therefore,
P = X M A

WU AEL

+M2b+1 + ,u2b)\ + Mz*b)\

+>\Zl + HZ0 + [LZl)

STUXEE T+ i+ iz + pz) -

nel

ST +p " i i+ 2)

el

a b
27”2)((/1'2 +1+:U/2 +1 +MZO+NZI)
pneM

where M = {u € LL/,LQQ + 2"+ u2b + uTb + z1 = 0}.
Now 12" 42 "+ —&—,uTb—i—zl = 0 implies T, (pz1) = 0.
Hence fV(a) =273 X(p2" T 4 2 pz).
Case 2: a, b odd.

7 (a) S7OX(EAY 2 A+ A+ P N+ Az
WAEL
+p20 + p121)
> X(uzo + pz1) D XA + 47
nEL A€EL
A+
+21))
2m Z X(pzo)

pneM

Case 3: a even, b odd.

M (a) 37X N+ A 2 A
HWAEL
+Az1 + pzo + pz1)
Z X(M2a+1 + pz + ,UZO) Z X()\(Mza + M27u.
pneL AEL
A 2

+21))

2" 3 X+ puzo)
neM

Case 4: a odd, b even. Same as Case 3. O
We can get the following result of [21] as a corollary
from the previous theorem.

Corollary 2: For Theorem 2, if ged(b — a,m) = 1 =
ged(b + a,m), then the Walsh spectrum is {0, £2m+1}.
Proof: when ged(b — a,m) = ged(b + a,m) = 1, we can
show that z2° + 22" + 22" + 227" 4 2, = 0 has solution
in L iff Try(z1) = 0 and in that case it has two solutions.
Hence f(a) =0 or 2m+1, |

Using the above theorem and Theorem 1.5 from
Fitzgerald’s [6], we can find the size of the set M as
follows:

Proposition 1: Having the same conditions like The-
orem 2 along with the condition 0 < a < b,
we can describe the size of the set M as |M| =

0 or 9gcd(b—a,m)+ged(b+a,m)—ged(e,m) where ¢ — ng(b _
a,b+a).
Proof: Consider ¢ : Fom — Fom as ¢(z) = 22 422 4
22"t

va(m) = 0 < max{va(b —

From [6, Theorem 1.5], we see
2gcd(b—a,m)+gcd(b+a,m)—gcd(e,m)‘ Hence

where

a),ve(b + a)}.
|Kerd|
| M|

e =

0 or 2gcd(b—a,m)+gcd(b+a,m,)—gcd(e,m)
ged(b —a,b+ a).
O

Lahtonen et al. [17] discussed the Walsh spectrum of
f(z) = Tr(z*"t) over Fou for odd k and ged(a, k) = 1
and described f"(a) in terms of f"(1). In the next
theorem we determine f" («) for k even and ged(k,a) = 1.

Theorem 3: Let K = Fqyr, k be even and ged(a, k) = 1,
f(z) = Tr(x*"*+1). Then for b € K,

0, it Tr(b) = 0 and
be Im(L)
V) = X(B> Y+ ) (1), it Tr(b) = 0 and
bel+Im(L)
X682 +aB) fV (@)
or X(ﬂ?a +042[3)fw(a2), if Tr(b) = 1

where o € K such that a® + a + 1 = 0 with Tr(a) = 1,
L(z) = 2*" + 2% " and § € K satisfying L(3) =bor 1+b
or a + b or o + b depending on the cases.

Proof: Consider 8 an element of K, which will be fixed later.

YV (b) > X(@* !+ ba)

TEK
D X((@+ B>+ bz + B))
TEK

> X 4 42 B4
zeK
+bx + bB)

SR8 28 4 57
reK
+bx + bB)

X(B* 4 68) Y X(@* T+ w(L(B) + D))

zeK

where L(3) = 5% +ﬂz_a and we have used the fact that
Tr(z* B) = Tr(zB% ).

Claim: L is linear with Kernel GF(22):

LB) =0 = B> +82" =0 = B +5=0.
So B € GF((2%) n GF(2Y GF(2?) and
Kernel(L) = {0,1,a,a*} where o> + a +1 = 0. So
K=Im(L)U(+Im(L))U(a+Im(L))U(a®+Im(L))
and Tr(a) = 1.

This follows from K Ko U K§ as Ky
Im(L)U(1+Im(L)) and K§ = (a+Im(L))U(a®+Im(L)).
Now if Tr(b) =0, then b € Im(L) or b € 1 + Im(L).

If b € Im(L), then 38 such that b = L(B) = 8> + 3> ".
So fW(b) = 0.

Ifbe 1+ Im(L), then b=1+ 5% + 52" and

Volume 52, Issue 1: March 2022



TAENG International Journal of Applied Mathematics, 52:1, [JAM 52 1 10

YV b) X7 4 b8) Y X(2* T + )
reK

= X(B+p2"THY(1)
X(B* + ¥ (1)

If Tr(b) = 1, then b € a + Im(L) or o + Im(L). So
b=a+p> +p2 "orb=0a®+p* 452",

Ifb=a+ B2 +32 ", then
() X +08) Y X + ax)

reK
= X(aB+8* "TH(a)

If b=a?+ B* 4 5% ", then
Y (b) X(BF T 4+6p8) > X(2* ! + o)
zeK
= X+ Y ().

IV. RATIONAL POINTS OF ARTIN-SCHREIER CURVES

In this section we consider the Artin-Schreier curves as

m
X : y*+y = zR(x), where R(z) = ZaixT with a; € Fs.
i=0
The Hasse-Weil bound relates the number of rational points
of X to its genus. Moreover, it states that for a smooth
geometrically irreducible projective curve X over For of
genus g(X) with V(X) rational points

1428 — 2g(X)2% < N(X) < 1+ 2F 4+ 2¢(X)2%

A curve is called maximal ( or minimal) if it attains the upper
bound (or lower bound).

Here we note that using[13, Proposition 3.7.10], the genus
of the curve x is g(X) = degR(x). Also by Hilbert’s
Theorem 90, the number of rational points N (X) of X is

N(X) =2N(QE) +1=2% 414 AQE)V2r+r

where r = dimrad(Q%). The curve is mazimal i.e. when
the equality holds in the Hasse-Weil upper bound

N(X) <28 41+ 29V2F =28 4+ 1 4 deg R(x) V2.

Clearly equality holds only if k£ is even and then X is
mazimal iff

1) deg R(r) =2% and

2) AMQF) =+1.

The next lemma whose proof is obvious or we can check
the proof in [19], is very usefull for our results.

Lemma 1: Let ) be a quadratic function from Fy. to Fs.
Then

_ 1
|Z| =251 + §QW(0)-

The next theorem follows directly from Theorem 1.

Theorem 4: LetkE = Fon,n = 2m, L = Fom, m be odd
and f(x) = Tr(x? *1). Then the number of rational points
of

X : y2+y=x2k+1
over Fon is given by
N(X) = 142" 4+ 2™ M|, . Whenk%s odd
L+27+2m370 o X(p* +1),  when k is even,
where M = {u € L|u2k + 2" =

Proof: From Theorem 1, we get

0= {

0}, GF(4) =

2m MY, when k is odd
2MY e X(u2"+1), when K is even,

where M = {u € L|u2" + 2" = 0}. The proof follows
from Lemma 1. O

Theorem 5: Let E = Fon,n = 2m,modd ,L = Fom.
Then the number of rational points of

X y2 Ty = 220+ + x2b+1

over Fon is given by

Yn,m,1, if a,b even
N = 1+2"4+2™-|M]|, ifa,bodd

Vn,m,2, if a even ,b odd

Yn,m,3, if ¢ odd , b even

where Ynmi1 = 1+ 2" + 2™ ;ZMEM X(u2"'+l + u2’7+1)’
wn,m,z =142"4+2™ 'ZHEM X(/JJQ +1)’ 'l/}n,m,S = 14927 42m.
b a —a b —b
e X2 T and M = {p € L|p* +p* " +p* +p* =0},
Proof: From Theorem 2, we have

if a,b even
if a,b odd
if a even ,b odd

m a b
2 Zuel\l X(N2 i JFNQ +1):
2| M,
2™ ZHeM X(/J‘2 +1)7
b
2™ ZHeM X(/J‘2 +1)7

o) =

if a odd , b even

where M = {u € L|p* +p* " + ,uzb + ,urb = 0}. The proof
follows from Lemma 1.
O

Now we can move towards some maximal Artin-Schreier curves.
The following theorem will introduce a collection of maximal
Artin-Schreier curves.

Theorem 6: Let E = Fan,n = 2m, L = Fam, m be odd. Then
2 2k
X:y'+y==2x

over Fan is maximal if k is odd and m = lk where ged(l,m) = 1.
Proof: From Theorem 4, we have

M={peLlp® +p*" =0} ={ue Ll +u=0}=
Fom N FQZk = FQ(m,zk) = F2(m,k). When £k is odd

N(X) = 1+2"+2™|M| which must be equal to 142" 4 2™ . 2"
for maximal curves. So 2(™*) = 2% and the result follows. 0O
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V. CONCLUSION

In this article, we have seen Walsh transforms of some quadratic
trace forms with one or two terms. Later we have considered some
Artin-Schreier curves and describe the number of rational points
on the curves using Walsh coefficient " (0). Theorem 3 describes
the Walsh transform of Q(z) = Tr(z>"*') for even degree of
extension and ged(a, k) = 1. This theorem can further be used to
find N (X) for X : y> 4y = 22" ! 4+ using the fact that f"V (1) =
QY (0), where f(z) = Tr(z*" ' + ) = Tr(z*" ' + 2?).
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