TAENG International Journal of Applied Mathematics, 52:2, IJAM 52 2 13

Array Cyclic (37,4)-Cycle Design

Khaled Matarneh, Ahmad Abubaker”, and Suha Al-Shaikh

Abstract— This paper aims to propose a new design known
as array cyclic (k*,4)-cycle design. The development of this
design is by forming a combination between a cyclic (k4, k;)-
cycle system and a near-two-factor that will be constructed.
To do so, we need to introduce a new cycle system, namely a
(3*,4)-cycle system. Thereafter, we present an analysis for the
case, v = 8,4 (mod 12).

Index Terms— Near-two-factor, simple cyclic, difference set,
cyclic (kq, ..., k,)-cycle system.

I. INTRODUCTION

hroughout this paper, all graphs will be finite and

undirected. A k-cycle, written C,, = (bg, by, ..., bx_1),
consists of k distinct vertices by, by, ...,bx_1, and k
edges {b;, b;4;1}, 0 < i < k—2 and {by, by_,}. Let ky, ..., k,
be integers greater than two, a (kq, ..., k,.)-cycle is the union
of edge-disjoint k;-cycles for1 <i<r. A (ky, .., k,)-
cycle system of a graph G is a pair (77, G), where 77is the
vertex set of G and G is a collection of (kq, ..., k,.)-cycles
whose edges partition the edges of G. If G = K,,, the complete
graph with v vertices, then such a (kq, ..., k,)-cycle system
is called a (ky,..,k.)-cyclesystem of order v. In
particular, ifk, =- =k, =k, this is known as a k-
cycle system of a graphG, or (G,Cy)-design. A k-
cycle system is Hamiltonian if k = |V|. A trivial counting
show that the number of cycles of a Hamiltonian cycle system
of K, is(v—1)/2. Hence, a necessary condition for its
existence is that v must be odd [1, 2, 3].

Given a k-cycle C, = (bg, by, ..., bx_1), by C,+j we
mean (by + j, by +j, ..., br_1 + ), wherej € Z,,.
Analogously, if G = {Cy,, ..., Cy,} is a (ky, ..., k,)-cycle, we
use G +j instead of {Cy, +j,..,Cp, +j}. Ay, ... kr)-
cycle system of order v, (77 G), is said to be m-cyclic if 77
= Z,and form € Z,, C + m € Gwhenever C € Gand is said
to be simple when its cycles are all distinct. In particular, if
m = 1, then it is simply called cyclic. A cyclic (ky, ..., k;)-
cycle system, of course, is also an
m-cyclic (ky, ..., k,)-cycle system form € Z,. A set of
cycles that generates the cyclic (k, ..., k,)-cycle system of
K, by repeated addition of 1 modular v is called
a starter set.

The existence problem of k — cycle systems of the
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complete multigraph AK,,, a graph where any two vertices are
joined by A distinct edges, has received much attention in
recent years. For the important case of A = 1, this existence
problem has been completely solved by Alspach and Gavlas
[4] for k odd, by Sajna [5] for k even; and by Alspach et al.
[6] for the caseA = 2. The necessary and sufficient
conditions for the existence of a k-cycle system of 1K, have
been established by Bryant et al. in [7] for all values of A.
More general results, such as the existence problem for
decomposing AK,, into cycles of varying lengths, have been
presented in [8, 9]. Furthermore, the necessary and sufficient
conditions for the existence of cyclic v-cycle system of 1K,
and for the existence of simple cyclic p-cycle system of AK,,,
where p is a prime, have been provided by Buratti et al. [10].

A k-factor in a graph G is a subgraph of G each of whose
vertices has degree k, while a near-k factor is a subgraph of
G in which all but one vertex has degree k with the remaining
vertex having degree O (isolated vertex). Note that an almost
2-regular graph is equivalent to a near-2-factor [11].

The partition of an edge set of a graph G into k-factor
(respectively, near- k-factor) called a k-factorisation
(respectively, near- k-factorisation). The decomposition of
AK, into near — A — factor for A€ {2,4} and v =
2,9,10(mod 12) has been recently constructed in [12, 13,
14].

The main concern of the literature is limited to the
existence problem of cyclic k-cycle system of AK,, with 1 >
1, which lacks a complete solution given by Colbourn and
Colbourn [15] for the very special case of k = 3. In this
paper, we propose a new design that is called an array cyclic
(3%, 4)-cycle design denoted by ACC((3%,4), 2K,,), which is
obtained by merging an m-cyclic (kq, ..., k,)-cycle system
of a graph G = 2K, for k; = 4, except for k;, = 3 and near-
two-factor. In addition, ACC((3*,4),2) is an (v x E) array

design that satisfies the following conditions:

1. The cycles in row r form a near-two-factor with focus r.
2. The cycle associated with the rows contains no
repetitions.

Il. PRELIMINARY DEFINITIONS

The main results of this paper will be obtained by using the
method of difference set that we are going to explain in this
section.

Let G be a group of order v, with the operation +. A k-
subset D of G, is a (v, k, ) difference set of G if each non-
identity element g € G can be written in precisely A different
ways in the form of x — y for x,y € D, where 1 is constant.
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To construct cyclic designs or difference families, we will
use the following notations: The vertices of K,, will always be
understood as elements ofZ,. LetZ; =Z,—{0} and
arithmetic modv as follows: for x = y € Z;;, the difference
d of a pair {x,y} is defined asd = min{y — x,x — y}.
Arithmetic modv so1 < d < |v/2]. the orbit of the pairs
corresponding to the difference d is {{x,x + d}:x € Z, }.

Note that the orbit of any edge {x, y} has full length v apart
from the case that v is even and x —y = v/2, the case in
which Orbit {x, y} has length (v/2). For this reason, we say
that an edge of K, is full or short according to whether its
orbit has length v orwv/2, respectively. Of course, if
Orbit {x, y} has length (v/2) and full, then any edge in a
multi-set {{x, x + v/2}: x € Z,} appears twice.

Now, if G = 2K, then each difference d appears twice
except for the middle difference v/2 which appears once.

I1l. ARRAY CYCLIC (3%,4)-CYCLE DESIGN

In this section, we provide some definitions and results
of ACC((3%,4), 2K,,), which will be needed in the sequel.

Definition 1 A (3%, 4)-cycle system of a graph 2K, is an
m-cyclic (ky, ..., k,)-cycle system of a graphG = 2K,
fork;, =4ifi =2, ...,Zand k, = 3.

Definition 2 Let B; = {(biy, biz, by, bis) i = 2, .., 2} and

B* = {(b1, b, b3)} be cycles with vertices in Z,,, the list of
differences from B; and B* is the multi-set.

Definition 3 LetF = {B}, B,, ..., B, 4} be a set of cycles of
AK,, for A and v are even, F is called a (1K,,, F)-difference
set (D(Z,)), if the multi-set D(F) = (U2 D(B;) U D(BY))
covers each non-zero element of Zv+2 exactly A times except

2

for the middle difference v/2 which appears % times.

The following lemma is a consequence of the theory
developed in [16]. Accordingly, it will be crucial to prove our
main results.

Lemma 1 Let F be a multi-set of cycles of 1K,, for 2 and v
are even. Then, F is a starter of cyclic (kq,...,k.)-
cycle system of AK,,, if and only if F is a (1K,, F)-
difference set.

Definition 4 The array cyclic (3%, 4)-cycle design of a
graph G = 2K, denoted by ACC((3%,4), 2K,), is an (v X E)
array design that satisfies the following conditions:

1) The cycles in row r form a near-two-factor with focus r.

2) The set of cycles in the first row that generates all the
cycles in (v X z) array by repeated addition of 1
modular(v).

3) The cycle associated with the rows contains no

repetitions.
Now, we will present the following example to illustrate

the construction of ACC((3*,4), 2K,), when v = 4.

Example 1 Let G = 2K,, B* = {(2,3,4)}and B; = @, the
list of differences from B; and B* is the multi-set AB; =
@,AB* ={x(b; — b;_)Ii=1,..,4} and D(B*) =
{min{|b; — bj_,|,v—|bj — bi_;[}li=1,..,4}
where by = by = 2.

F=B"={(234)}, AF=AB*={1,3,1,3,2,2} and
D(B*) =D(F) ={d,",d,",d5"} = {1,1, 2} see Table .

TABLE |
AB*OF 2K,
3
Focus i =1 1 1
2 2 4
= 3 2 - 4 3 - 2 4
3 0 1 4 0 1 2 0 2
2 3 0 3 3 0 4 2 0
d1*=1= d2*=1= d3*:2—
min{1, 3} min{1, 3} min{2, 2}

Difference set (1,1, 2)
Starter cycles (2,3, 4)

It can be seen from Table I that each non-zero integer 1, 2,
3in Z, occurs exactly twice in the off-diagonal position. In
addition, D(F) covers each non-zero element of Z, exactly
twice except for the middle difference (4/2) = 2 which
appears once.

Now consider the graph G = 2K, of 4 vertices and one is
focus. The starter on Table | which is a near-two-factor, has
a C5 cycle and any difference in D(F) appears twice in the
cycle edges, except for the middle difference (2) which
appears once. It follows then, that a ACC((3%,4),2K,) is a
(4 x 1) array design and the starter cycles (2, 3,4) in the first
row generate all the cycles in the (4 x 1) array by repeated
addition of 1 modular(4) (see Table II).

TABLE Il

Focus ACC((3%,4),2K,)
i=1 (2,3,4)
i=2 (3,4,1)
i=3 (4,1,2)
i=4 (1,2,3)

In Table 11, we can see that every edge in K, appears two
times and is able to generate all cycles by addition of modular
4. In the next part, we will be able to find the solution for a
general case of v = 12n + 4.

Lemma 2 There exists a ACC((3%,4), 2 Ki2n44)-
Proof: Let the starter cycles be ACC((3%,4),2 Ky2n44),
as shown in Fig. 1:
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Vi) = V(i) = Viei) = . V(i) =

2i+1 4i 12n—2i+5 4i Gtz ntsivzy  12n—4i+6
3n-1 3n
! 7]
U 2i4+1 20+ 1 U 6n—2i+3 6n —2i +3

i=1 i=1
U(?'i) N {81+2.¥217i’1118i+2} VD : v(”).: o v(s’i).z
4i+ 2 12n—4i+4 6bn+2i+3 6n—2i+3
Ugl) = * *
6n+ 3 V(g = 2 2 vy =12n+4
1 1 3n+1 3n+1
2|7+ 2|F |+ 1
2 2
Vi = 2 V(g = Vie) = . 3n+ 1J vy =
6n+ 4 6n + 2 2l9n+4J+1 2 2l3n+1J+1
2 2
Fig. 1. Starter ACC((3",4), 2K12n+44)
Let us breakdown the proof into five parts as follows: Part 2: We need to prove that the ((US (v))u
. . . : j=1\"j
Part 1: We will calculate the vertices. ) )
an-1 (UJ7-=1(vj‘))) covers all vertices in Kj,n.4, except for the

Uzl:f J”(i.i) if j =1{1,2,3,4} focus one.

VeUWeUv3)U (W3 Uv)U (s Uvy) Uy, =

3n
=, e
UiZivgn  17=1567.8) (2,4, ..,30, 60 +2,..,90 + 4, .. 12n + 4} if

and {v; :j = 1, ,7} then neven (1)
{2,4,...3n+1,..,6n+2,..,9n+ 3,...,12n + 4} if
e = {{12n+3,12n+ 1,..,9n+ 7} if neven nodd
YT l{12n+3,12n 4 1,..9n 4+ 6} if nodd . . .
{3,5,...3n — 1} if neven (2 Uv;Uvg UV UV UvgU ) =
vz={{35 3n} if nodd {3,5,..,3n+1,..,6n+3,..,9n+5,..,12n + 3} if
{6,10,....3n — 2, ...,6n — 2} if n = 0(mod 4) neven , 2
(6,10, ..3n— 1, ...6n) ijj:n=1(m0d4) {3,5,...,3n+2,...,6n+3,..,9n +4,..,12n + 3} if )
v3 = P v ; — n odd
{{2"118' '"':n'_;'f’n _62}} lj{ n= 32((’”0(‘; ;})) We will use (1) and (2)
e, 0N ..,OM Iifn= mo
2 ) ) ) ) 8 7 * _
by = (Ui (@)) U (UJea(v)))) = 2.3, 12n + 3,12n +
{12n,12n—4,..9n+ 4, ...,.6n + 8} if n = 0(mod 4) 413
{12n,12n—4,....9n+ 3, ...,6n + 6} if n = 1(mmod 4)
{12n,12n — 4,..9n + 2, .. bn + 8} if n = 2(mod 4) Part 3: We will check for the difference D = {d;; : j =
{12n,12n—4,....9n+ 1, ...,6n + 6} if n = 3(mod 4) 1 ...,8} U {d’-k =1, ".,7}
Vs = ]

({12n +2,12n—-2,..9n+6,....6n+6}if n=0(mod 4) day = min{|v(1_i) — V(2,0 |, 12n+4 - |U(1,i) — Vi |}
i{un +2,12n—2,..9n+5,...6n+ 8} if n = 1(mod 4) since (1) <i< l3"2—1J then dgp = (12n +4) —

{12n+2,12n—2,..9n+4,...,.6n+ 6} if n = 2(mod 4) . .
(12n+2,12n— 2,...,9n + 3, ... ,6n + 8} if n = 3(mod 4) (12n — 4i + 4) = 4i.
o diy=min{lvey —vey| 12n+4 — vy — ven )

{4,8,...,3n, ... 6n} if n= 0(mod 4) since (1) <i < [3"2—’1J then dyy) = (2i + 1)
{4,8,..3n+3,...6n—2} if n=1(mod 4) e d o
= N =min{|van —vaepl, 12n+4 — vy — Vs
Y6 =114,8,..3n—2,..6n} if n = 2(mod 4) @0 {_| @y 6ol [veen = vaol}
4,8,..3n—1,...6n—2} ifn=3(mod4) Since (1) <i < [—2 J then
v _{{6n+5,6n+7,...,9n+3} if neven 8i + 2 if i<3—n
7T Y6n+5,6n+7,..,9n+2} ifnodd dep = - ;n = min {8i+
_{{6n+1,6n—1,...,3n+3} if neven 12n—-8i+ 2 if i >T
"8 = 6n+1,6n—1,..,3n+4} ifnodd 2,12n — 8i + 2).
“ = (6n+3), vi = (6n+4), vi = (6n+2),v] = (12 )
B v*(—n(+2) pvi=nt D vi=Gnru =0t o dyy = min{lvg — vl 120+ 4= v — veol)
y Vs = ) . . 3n-1 ,
ot = (2 y [9n+4J 1) _ {Qn +5 [fn even since (1) <i< lnTJ then d(4,i) = (Zl + 1)
i gntd ifnodd o dey =min{lvsy = veol 120+ 4= |ven = v}
. (2 % l3n+1J n 1) _ {3n +1 ifneven ) ) an
vy = > “8n+2 ifnodd since (1) =i < 171 then
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. . . 3n+2
8i—2 LflSn+ )
=min

, 3n+2 ~

12n—-8i+6 if i>

{8i — 2,12n — 8i + 6}.

o dey =min{lvey — vl 12n+4 = |ven — vepl}
since (1) <i < 137”] then d;y = (6n — 2i + 3).

o duy=min{lvey —vep| 12n+4 = |ve) — v}
since (1) < i < |2 then d; ) = (40).

o dey=min{lvsy — vl 12n+4 - |vsy — vl

since (1) <i < 137”] then dg;y = (6n — 2i + 3).

di =min{lv; —vj|,12n+4 — |v; —vj|} = 1.

d; =min{lv; —vi|,12n+ 4 — |lv; —v{|} = 1.

d; = min{lv; —vi|,12n+ 4 — |v; —vi|} = 2.

d; = min{lv; —vi|,12n+ 4 — |v; —vi|} = 2.

dé¢ = min{|vi —vi|, 12n+ 4 — |v{ — vi|} =

{311 +1 if n=0,2(mod 4) _ 2 % l(3n+1)

3n+2 ifn=1,3(mod4) 2

o di =min{|lvi —v;|,12n+4 — |v{ —v;|} =
(6n) if n=0,2(mod 4) _ (4 v l(3n+1)D
(6n+2) ifn=1,3(mod4) 2 1)

o diy=min{lv; —v;|,12n+4 —|v; —v;|} =
Bn+1) if n=0,2(mod 4) (3n+1)

=2X 1.

{(3n+2) if n =1,3(mod 4) l 2 J+

desy =

|+ 1.

Part 4: We will calculate the difference D = {d(;; : j =
L,..8tu{d :j=1..7}

l3n—1 ) )
U; 2 ‘dgpy ifj=1{1,2,3,4
Suppose d; = ll;iJ o =t ) then
U2/ dgy ifj=1{5678}

. d = {{4, 8,..,6n—4} if n =0,2(mod 4)
17 4,8, ....6n — 2} if n =1,3(mod 4)
. d = {{3, 5..,3n—1} if n=0,2(mod 4)
27 3,5, ...,3n} if n=1,3(mod 4)’
° d3 =
{10,18,..,6n+2}u{6n—5,..,18,10} if n = 0(mod 4)
{10,18,...,.6n — 4} u {6n,..,14,6 } if n=1(mod 4)
{10,18,..,6n—2}u {6n—2,..,18,10 } if n = 2(mmod 4)
{10,18,...6n}u{6n —4,...,14,6 } if n=3(mod4)
. d = {{3, 5..,3n—1} if n=0,2(mod 4)
* 7 43,5, ...,3n} if n=1,3(mod 4)
° dS =
({6,14,..,6n -2} U{6n—2,..,14,6} if n = 0(mod 4)
{6,14,..,.6n}u {6n—4,..,18,10} if n=1(mod4)
i{a 14,...6n+2}u{6n—6,..14,6} if n=2(mod 4)
(6,14, ...6n —4}uU {6n,..,18,10}  if n=3(mod 4)
o dy=
{én +1,6n—1,...,3n + 3}
{{6n +1,6n-1,..,3n+5}

if n=0,2(mod 4)

if n=1,3(mod 4)
if n=0,2(mod 4)
if n=1,3(mod 4)

. d ={{4,8,12,...,6n}
77 {4,8,12,....6n — 2}
° dS =
{én+1,6n-1,..,3n+ 3}
{{671 +1,6n—-1,..,3n+5}

if n=0,2(mod 4)
if n=1,3(mod 4)

Part 5: We need to prove that each difference in Z*¢,,,5 =
{1,2,...6n+1,6n+ 2} appears two times in D =
((U?zl(dj)) U (U?zl(d}))), except for the middle
difference (6n + 2) which appears once.

(d;ud,U(dsudy)ud, udiudy) =
({2, 4,6,..,6n,6n+2}U{6n6n—2,..,6,4,2} if

n = 0,2(mod 4) 3)
(2,4,6,..,6n—2,6n}U{6n+2,6n,..642} if
n = 1,3(mod 4)

(djud,udiudg) =(d3Ud,Udiudg) =
{1,3,5,..,3n+1,..,.6n+ 1} if n=0,2(mod 4) 4
{{1, 3,5 ..,3n+2,..,.6n+ 1} if n=1,3(mod 4) (4)
We will use (3) and (4).
(divdy,ud;udg)u(d;ud,udsUud;Uud, Ud;udy)
u(diud,udiudg) =
((1,2,..6n+16n+2}uf6n6n+1,.,21} if

n = 0,2(mod 4)
(2,4,6,...6n,6n+1}u{6n+26n+1,..,2,1} if
n = 1,3(mod 4)

It can then be seen that every difference in Z*¢,,, 5 appears
twice in D = ((U?zl(dj)) U (U]7-=1(d}‘))), except for the
middle difference (6n + 2) which appears once.

Lemma 3 There exists a ACC((3%,4),2 Ki3n—4)-

Proof: Let the starter cycles be ACC((3%,4),2 Ky2,—4), 8S
shown in Fig. 2:

If we breakdown the proof into five parts as follows:
Part 1: We will calculate the vertices {v(;; :j =1, ...,8}

and {v; :j =1,2,3}:

5 .

U;_? "vgy if j=1{1,2,3,4
Suppose v; = l;;izl Go 7=t Y then

Uil v ifj=1{56,7,8}

3n—-1
— 2 i
e v =U; vap=

{{1211 —4,12n—6,..,9n + 2,91} if neven
{12n —4,12n—-6,..9n+1,9n -1} if nodd
3n-1
° v, = Ullzl2 JU(le‘) =
{{2,4,6, w.,3n —4,3n — 2} if neven
{2,46,...,3n — 3,3n — 1} if nodd
3n-1
° V3 = Ullzl2 JU(3JL') =
{{12n—5,12n—7,...,9n+ 1,9n—1} if neven
{12n —5,12n -7, ...,9n,9n — 2} if nodd
an-1
¢ W= U!:f Yy =
{{3,5,7, ..,3n—3,3n — 1} if neven
{3,5,7,...,3n — 2,3n} if nodd
3n-2
° Vg = Ullzl2 Jv(s‘i) =
{{6n+2,6n+4-,...,9n—4,9n—2} if neven
{én+2,6n+4,..,9n —5,9n — 3} if nodd
3n-2
° Vg = Ullzl2 JU(@L-) =
{{611 —4,6n-—6,..,3n+ 2,3n} if neven
{6n —4,6n —6,...,3n +3,3n + 1} if nodd
an-z
* v =Uy Jv(m =
{{6n+ 1,6n+3,..,9n—5,9n — 3} if neven
{en+1,6n+3,...,.9n — 6,9n — 4} if nodd
3n-2
° vg = Ullzl2 JU(&L-) =
{{611— 3,6n—2>5,..,3n+3,3n+ 1} if neven
{én—3,6n—>5,...,3n 4+ 4,3n + 2} if nodd

o v =(6n—-1), v; =(6n-—2), v; =(6n).
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1]{1) = Ve = Vi = V(e,i) = V(s,i) =
6n—1 2i 4i—2  12n—2i—-2 bn—2i—2 4i+2 6n + 2i
lSn—l lSn_ZJ
1 1 z , 2 .
U 4i—1 4i—1 U 4i +1 4i+1
i=1 i=1
V) = 2 V@) = V@Ep = 4 V(ai) = voD = i VeD =
6n—2 6n 12n—2i -3 2i+1 6n+2i—1 6bn—2i—1
Fig. 2. Starter ACC((3",4), 2K12n—4)
Part 2: We m?ed t.o prove that ((U?=1(vj)) U (U?zl(v]f‘))) Partlmjl: We will calculate the difference d; =
covers all vertices in K;,,,_, except for the focus one. ut 2 ld. ., if j=1{1,2,3, 4}
L i=1 40D J » 459, h
(v U{Izji) N gvz N 123) Uz(gs LeJ 1]1)22 9n,..,12n— 4} %] e
" " nn e:;en " " v 5 Ui:f dgjiy if j = {5,6,7,8}
(24,3041, 60— 260,60 +2,..9n— 1, 12n— 4} if O . d = U[?]d B
nodd 17 V=1 @) —
{{2,6,10, ..,6n —10,6n — 6} if neven
(v Uvg) U () U (v, Uws) = {2,6,10,....,6n —8,6n —4}  if nodd
{35,...3n+1,..,6n—-36n-1,6n+1,..9n—1,..,12n -5} lSn—lJ
if neven ®) o d,= Ui=12 d(z,i) =
B8 3t 2o On =360 T L LI B 12075 {{3,7,11, ..,6n—9,6n—5} if neven
We will use (5) and (6) {3'7'113',;_';]6" —76n-3} ifnodd
((Uﬁzl(vj)) U (U?zl(vj*))) ={2,3,..,12n—5,12n — . df@ ;Jzizf 6(1(3,08:6 -
4}, { 8,12, ...,6n — 8,6n — if neven
{4,8,12,...,6n — 6,6n — 2} if nodd
3n-1
Part 3: We will check for the difference D ={d(;;: j= ® da= ULf Jd(4,i) =
1, ...,8} U { dij=1, ___’7} {{3,7,11, ...,6n —9,6n — 5} Lf neven
doo = {lv o -|12n—4—|v o |} {3,7,11,...,6n — 7,6n — 3} if nodd
® (1) = MUNY|V(q,) @l (1,0) ) l3n—2 J
since (1) <i< F’”Z—_lJ then dyp=@02n—4)— ¢ ds=U;; ‘dsp= _
ottt ongon -2 v
o dey=min{lvey —vepn|12n—4 = |vey — vepl} 610, 137{_"2']' n-86n-4} ifno
since () <i< F’”Z—_lJ then duy=12n—4)— o de=U;_{ "dep=
(121’1 —3— 4_1) =4 — 1. {{5,9,13, .,bn—7,6m — 3} I.f n even
° d(3,i) = min{|v(3,i) — 17(4_11-) |, 12n—4 — |U(3_i) — 17(4‘1-) |} {5'9,1aiﬁl6n - 9; 6n — 5} lf nodd
since (D) <i<|® then duy=02n-4)- ¢ d;=U_7 doy=
(12n — 4 — 4i) = 4i. { {4,8,12,...,.6n — 8,6n — 4} if.n even
° d(4,i) = min{|v(1'i) — 17(4_]1') |, 12n — 4 — |U(1'i) — 17(4‘1') |} {4,8’1zl;n—éj6n - 10) 6n — 6} I’f nodd
. . 3n—-1
since (1) <i< l"TJ then duy=012n—-4)— o dg=U;_? ‘dgy=
(12n —3 — 4i) = 4i — 1. {{5,9,13, .,6n—7,6n—3} if neven
[ ] d(S,L') = min{|v(5,i) - 17(6’1') |, 12n — 4 — |U(5,i) - v(6,i) |} {5,9;13; ,6Tl - 9; 6n — 5} lf n odd

since (1) <i < [—Snz_zj thends;y = 4i + 2.
o dp =min{|vey — vepl 120 — 4 = [vgy = v}
since (1) <i < lgnz—_zj thend) = 4i + 1.
o dgy=min{lvey —vepl| 12n -4 = vy — ves|}
since (1) <i < [—Snz_zj then d ;) = 4i.
o dy=min{|vsy — vl 12n =4 = vy — ves}
since (1) <i < ISnZ_ZJ thendgy = 4i + 1.
o di=min{lv; —vi|,12n -4 — |v] —vj|} = 1.
o diy=min{|lv; —v;|,12n -4 — |v; —v;|} = 2.
o di=min{|lv; —v{[,12n—4—|v; —v{|} =1

Part 5: We must prove that each difference in Z*,,_; =
{1,2,..,6n —3,6n —2} appears two times in D =

((U?zl(dj)) u (U;’-’zl(d]’-‘))), except for the middle
difference (6n — 2) which appears once.

diUd; Ud, Uds Udg

_ {{1, 2,3,45,....6n—4,6n—3} if neven %
~11,2,3,4,5,...6n—3,6n—2} ifnodd
dyudy,ud,Ud; UdgU dsg

_ {{1, 2,3,45,6,..,6n—3,6n—2} if neven ®)
~11,2,3,45,6,....6n—4,6n—3} ifnodd
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We will use (3) and (4).
(dijud,ud,uds;udg)u(diudsud,Ud,UdgUds)
({t.2,...6n —4,6n -3} U {1,2,...6n - 3,6n — 2}

if neven
{1,2,...6n—4,6n-23}u{1,2,..,6n — 4,6n —3}}
if nodd
It can then be seen that every difference in Z*4,,_; appears
twice in D = ((U?zl(d]-)) u (U?zl(d}‘))), except for the
middle difference (6n — 2) which appears once.

Example 2 letG = 2Kg, By Lemma 3, B* ={(4,5,6)}
andB; ={(8,2,7,3)}, the list of differences set
fromB; and B* is the multi-set D(B*)={1,1,2}
and D(B;) = {(2,3,4,3)}.

F=B*UB, ={(4,5,6),(2,3,4,3)},D(F) =
{1,1,2,2,3,4,3}, see Table IlI.

TABLE Il
A(F) AND D(F) OF 2Kg
, 2 2 8
/\ 3 3
6 2 4

7 4 3
-1 5|6 -1 5|4 -12|8 - 7] 2
5/0|7 5/0|1 2|02 7/0|5
6(1|0 417]0 8/6|0 2|30
d*l d*z = 1 dl = 2 dz = 3

=1
-1 6|4 -13|7 -18]|3
6|0]|2 3/0|4 8/0|5
4160 74|10 3/3|0
d*3 = 2 d3 = 4 d4 = 3

Thence,a ACC((3%,4),2Kg) isan (8 x 2) array design and
the starter cycles (4, 5, 6), (2, 3, 4, 3) in the first row generate
all the cycles in (8 x 2) array by repeated addition of 1
modular(8) (see Table IV).

TABLE IV
ACC((3",4),2K;)

Focus AcC((3%,4),2K,)

i=1 (4,5,6) (8,2,7,3)
i=2 (5,6,7) (1,3,8,4)
i=3 (6,7,8) (2,4,1,5)
i=4 (7,8,1) (3,5,2,6)
i=5 (8,1,2) (4,6,3,7)
i=6 (1,2,3) (5,7,4,8)
i=7 (2,3,4) (6,8,5,1)
i=8 (3,4,5) (7,1,6,2)

In Table IV, we can see that every edge in Kg appears twice
and is able to generate all cycles by addition of modular 8.

IV. CONCLUSION

This presents an analysis for array cyclic (k*, 4)-
cycle design for case v = 8,4 (mod 12). Furthermore,
several definitions and concepts were formulated to
construct ACC((k*,4),2K,). The algorithm proposed in
Lemma 2 and Lemma 3 will be a basis for further research in
developing designs for v = 12n. However, we are unable find
a method to construct ACC((k*,4), 2K,,) in general.
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