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The Property and Structure of Left Clifford
Bi-semirings

Mengjun Wei, Gang Li

Abstract—Based on the existing conclusions of left bi-rings
and left Clifford bi-semirings, we give the spined product
structure of left Clifford bi-semirings. Then we discuss a special
case of left Clifford bi-semirings, that is, strong distributive
lattices of left bi-rings. We also study a special class of left
Clifford bi-semirings.

Index Terms—distributive lattice congruence, band bi-
semiring, left bi-ring, left Clifford bi-semiring.

I. INTRODUCTION AND PRELIMINARIES

bi-semiring (S, +, -, *) is an algebraic system contain-
ing three binary operations "+, ”-” and ”x”. As a

more general concept than semirings and distributive lattice
ordered semigroups, the study of bi-semirings can unify the
respective research methods of semirings and lattice ordered
semigroups. Like the study of semiring theory, the study of
bi-semirings is also a very important content. References
[10], [11], [12] and [13] conduct related studies on the
Clifford hierarchy of semigroups and semirings. In this paper,
we investigate the properties and structures of left Clifford
bi-semirings and left normal Clifford bi-semirings based on
the research methods of semigroup and semiring Clifford
hierarchy.

Definition 1.1 (X, <) is a distributive lattice < The
algebraic system (X, V, A) satisfies:

(1) Commutative laws: aVb=bVa, aANb=bAa;

(2) Associative laws: (aVb)Ve=aV (bVe), (aAb)Ac =
aA(bAc);

(3) Idempotent laws: aVa =a, a Aa = a;

(4) Absorption laws: a V (a Ab) =a, a A (aVb) = a;

(5) Distributive laws: (a Vb) Ac = (a Ac)V (bAc),
aN(bVec)=(aNb)V(aAec).

Definition 1.212/ A bi-semiring (S, +,-,*) is called an
idempotent bi-semiring if Vs € S, s+ s=s-s=s%s=s.

Definition 1.30%] Let p be an equivalence relation on the
bi-semiring S. Then p is called a congruence relation on the
bi-semiring S if it is a congruence relation on (S, +), (S, )
and (S, ), respectively.

Theorem 1.1/ For an idempotent semiring (S, +, -), the
following are equivalent:

(1) S satisfies Vs,t € S, s+st+s=s,s+ts+s=s;

(2) S satisfies Vs, t € S, s+st+s = s, st+ts+ st = st;

+
(3) D is the least (distributive) lattice congruence on S.
Definition 1.4/ A bi-semiring (S, +, -, ) is called a bi-
ring if the additive reduct (S, +) of S is an Abel group.

Manuscript received December 14, 2021; revised May 3, 2022.

Mengjun Wei is a postgraduate student of the School of Mathematics and
Statistics, Shandong Normal University, Jinan, Shandong 250358 China (e-
mail: 2950643247 @qq.com).

Gang Li is a professor of the School of Mathematics and Statistics, Shan-
dong Normal University, Jinan, Shandong 250358 China (corresponding
author to provide e-mail: 1318152976 @qq.com).

Definition 1.5 Let R, S be bi-semirings. A map 7 :
R — S is called a homomorphism of bi-semirings if

(D) Vr,s € R, y(r+s) =~(r) +7v(s);

Q) Vr,s € R, y(r-s) =~(r) - v(s);

B) Vr,s € R, y(r = s) = y(r) «y(s).

If ~ is also injective (surjective, bijective), then + is called
a (an) monomorphism (epimorphism, isomorphism).

Theorem 1.2(°! Let S be a left Clifford semigroup. Then
the following conditions are equivalent:

(1) S is a left Clifford semigroup;

(2) S is regular, and £ = D is a semilattice congruence
for the Green relations £ and D;

(3) S is a semilattice of left groups (a left group is a
left simple semigroup and a right cancellative semigroup
simultaneously).

Definition 1.6!") A nonempty subset A of a semigroup S is
left (respectively, right) unitary if for any s,t € S, s,st € A
(respectively, s,ts € A ) implies that ¢t € A. If A is both a
left unitary subset and a right unitary subset, then A is called
a unitary subset.

II. CHARACTERIZATIONS AND STRUCTURE

Definition 2.118 Let (S, +, -, %) be a bi-semiring. If there
is a distributive lattice D and a family of pairwise dis-
joint bi-semirings {So|a € D} such that S = |J S,

acD
and (S, +) = ((D7 +)a (Sas+)), (S, ) = ((D7 ')7 (Saa ))’
(S,%x) = ((D,+),(Sa,*)), then S is called a distributive
lattice of bi-semirings {S,|a € D}. Denote this system by
S =(D;5,).

Definition 2.2[8] Let p be a congruence on the bi-semiring
(S,+,-,%). If (S/p,+,-) is a distributive lattice and S =
((S/p,+,-); p-class), then p is called a distributive lattice
congruence on S.

Definition 2381 Let (S,+,-, %) be an idempotent bi-
semiring. Then (S, +,-, %) is called a band bi-semiring if
Vs, t €8,

(1)s+st+s=s,s+ts+s=s;

2)s+s*xt+s=s,s+txs+s=s;

(3) stDsxt.

Lemma 2.1 An idempotent bi-semiring (S, +,-,*) is a

band bi-semiring if and only if ZJS is the least distributive
lattice congruence on S.

Proof: Let (S,4+,-,*%) be a band bi-semiring, then
(S,4+, ) and (S, +, *) are obviously band semirings. So from
Theorem 1.1 we know that 2+) is the least distributive lattice
congruence on (S, +,-) and (S, +, *). Thus (S/ 5,—1—, )is a

distributive lattice, each D-class is a bi-semiring and

(S,+) = ((S/ 73, +), (B ~class, +)),
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+ +
(S,)=((S/D,), (D-class, -)).

+
Since D is a distributive lattice congruence on (S, +, *), we
have

(S,%) = ((S/ D, #), (D-class, +)).

+
From Definition 2.3, we know that Vs, t € S, st D sx*t, that is,

+ + + o+ + +
Vs, t € S, sDtD = sDx*tD. Then (S/D,-) = (S/D,*),
and so

+ +
(S,x) = ((S/ D, ), (D-class, *)).
+

Thus D is a distributive lattice congruence on the bi-semiring
S. Let 0 be any distributive lattice congruence on the bi-
semiring S, then ¢ is a semilattice congruence on (S, +).

+
And because D is the least semilattice congruence on (S, +),

+ g e .
D C 4. Thus D is the least distributive lattice congruence on
S.

+
Conversely, suppose that D is the least distributive lattice

+
congruence on S. Then (S/D,+,-) is a distributive lattice
and
+ +
(S,x) = ((S/ D, ), (D-class, *)).
+
It is easy to prove that D is the least distributive lattice
congruence on (5, +, ), and hence Vs,t € S, s+st+s = s,

+ +
s+ts+s = s Since Vs,t € S, sxt € sDtD =
+ +
(st) D, we have Vs, t € S, stDs «t, that is, Vs,t € S,
+ + + o+ + +
sDtD = sD«tD. It follows that (S/D,-) = (S/ D, *) and
+
so (S/D,+,«) is also a distributive lattice. It is also easy

to prove that 7+) is the least distributive lattice congruence on
(S,+,%), and so Vs,t € S, s+sxt+s=3s, s+txs+s=s.
Thus S is a band bi-semiring. ]

Definition 2.4[3] A band bi-semiring (S, +, -, *) is called a
T band bi-semiring if the additive reduct (S,+) of Sisa T
band, where T band means “left (right) zero”, “’left regular”
and left normal” bands, etc.

Definition 2.5[8) A bi-semiring (S, +, -, *) is called a left
bi-ring if S can be decomposed as a direct product of a left
zero band bi-semiring L and a bi-ring R.

Theorem 2.1/ A bi-semiring (S, +, -, *) is a left bi-ring
if and only if:

(1) The additive reduct (S, +) of S is a left commutative-
group, that is, it is a direct product of a left zero band and
a commutative group, and

(2) ET(S) C E(S), ET(S) C E*(S), where E*(9)
(E(S), E*(S)) is the set of idempotents of (S,+) ((S, ),
(S, ).

Definition 2.6!8/ A bi-semiring (S, +, -, *) is called a left
Clifford bi-semiring if S is a distributive lattice of left bi-
rings.

Theorem 2.2[8/ A bi-semiring (S, +, -, *) is a left Clifford
bi-semiring if and only if the additive reduct (S,+) of S
is a left Clifford semigroup (left regular orthogroup!™) in
which each maximal subgroup is abelian, E*(S) C E*(95),
E*(S) C E*(S) and S satisfies the following conditions:

(HVseS, VT(s)+s2Ds(VT(s)+s);

(2) Vs, t €S, V*T(st)+st 2 (VT (t)+1)s;

B) Vs, t €S, V*t(s)+s2VTt(st)+ (V1 (s) +s)+ st;

@) Vs, t e S, stZs*t.

Corollary 2.18%! A bi-semiring (S, +, -, *) is a left Clifford
+
bi-semiring if and only if £ is a distributive lattice congru-

+
ence on S and each [-class is a left bi-ring.
Let S be a left Clifford bi-semiring. Vs € S, we denote the

+

group inverse of s by —s, thatis, {—s} = V1 (s)NHj. It can
be known from Theorem 2.2 that the additive reduct (.S, +)
of S is a left regular orthogroup. By using the distributive
laws, the following lemma is obvious:

Lemma 2.2 Let (S, +, -, %) be a left Clifford bi-semiring.

+ +

Let Vs,t € S, e, f € ET(S) and e s, f Ht. Then

(1) s(=t) = —st = (=8)t, s* (—t) = —s*xt = (—s) x t;

+
Q) sf=et=ef € ET(S)NHg, sxf=ext=exf €
+

ET(S)N H st

Theorem 2.3 Let (S, +, -, %) be a left Clifford bi-semiring.

+
Then 7{ is a congruence on S.
+
Proof: Tt is clear that 7{ is a congruence on (S, -) and
+ T+

(S, *). Since (S, +) is a left Clifford semigroup, H = R is

+
a left congruence on (S,+). So just need to prove that #
is a right congruence on (S,+). Let s,t € S, e € E*(S)

+ +
and e # s. We now prove that (e +t) H(s+t). Let f1, fo €

+ + +
E*(S) such that f; H(e+1t), foH(s+ t). Because # is a
left congruence on (.5, +), we have

(e + f) e +1), (e + f2) H(s + 1),

;{(s—i—t).
= fi, e+ fa = fa.

(=s+ fo) Hle+1), (s + f1)

Also since e+ f1,e+ fo € ET(S9), e+ f1
Applying Lemma 2.2, we have

fixfo=(etfi)xfo=exfot fixfo
=sxfo+ fix fo=(s+ f1) * fo
= fax fa = fa,
fixfo=fix(et+ fo) = fixe+ fixfo
= fi*x(=8)+ fix fa=fi*x(=s+ fa)
= fi*xfi=f,

+ + +
and so (e+t) H f1 = fo H(s+t). It follows that Vw H v, t €

S, (w+t) 7J-r[(v+t), that is, 7J-r[ is a right congruence on (.5, +).

|

Definition 2.7 A bi-semiring (S, +, -, %) is called a Clif-
ford bi-semiring if S is a distributive lattice of bi-rings.

Lemma 2.3 A bi-semiring (S, +, -, %) is a left regular band

bi-semiring if and only if S is a distributive lattice of left

zero band bi-semirings.
Proof Let (S,+, -, %) is a left regular band bi-semiring.

Then D j is the least semllattlce congruence on (S +)
and (S, +) is a semllattlce S /’D of left zero bands D class.
For any D class Da, D is clearly a band bi-semiring. Thus
each D-class is a left zero band bi-semiring. By Lemma 2.1,
2+) is a distributive lattice congruence on S, and so the left
regular band bi-semiring .S is a distributive lattice S/YB of

+
left zero band bi-semirings D-class.
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Conversely, let the bi-semiring S is a distributive lattice
D of left zero band bi-semirings L, (e € D). Obviously, S
is an idempotent bi-semiring and (S, +) = UD(LQ, +)isa
left regular band. We now prove that S is a band bi-semiring,

+
that is, D is the least distributive lattice congruence on S.

+ +
Since (S,4+) is a completely regular semigroup, D = J

is the least semilattice congruence on (S, +). It is easy to
+
show that D is a congruence on (5,-) and (S, #) and that

+ +
S/D = D. Thus D is a distributive lattice congruence on
S. Let i be any distributive lattice congruence on S, then 7

+
is a semilattice congruence on (S, +). Also since D is the

least semilattice congruence, D C 7. Thus 145 is the least
distributive lattice congruence on S. ]

Theorem 2.4 The spined product Lx , R of a left regular
band bi-semiring L = (D;L,) and a Clifford bi-semiring
R = (D; R,) with respect to the distributive lattice D is a
left Clifford bi-semiring. Conversely, each left Clifford bi-
semiring can be decomposed as a spined product of a left
regular band bi-semiring and a Clifford bi-semiring.

Proof: The spined product Lx , R is clearly a distribu-
tive lattice D of left bi-rings Lo X Ry, thus Lx R is a left
Clifford bi-semiring.

Conversely, let S is a left Clifford bi-semiring. Then S
is a distributive lattice D of left bi-rings L, X R,, where
Lo(ov € D) is a left zero band bi-semiring, R, (o € D)

+

is a bi-ring. By Theorem 2.3, we have 7 is a congruence

n (S,+). Thus, by a conclusion in [6], we can get that
(S,+) is a spined product of a left regular band (L, +) and
a Clifford semigroup (R, +), where (L,+) = Up+(Lqa,+)
is an upper semilattice DT of left zero bands (Lg,+),
(R,+) = Up+(Ra,+) is an upper semilattice DT of
commutative groups (R,,+). And if (i,r) € Lo X Rg,
(]78) € Lg x Rg, then

(i,?") + (.]a S) =

where ¢+ j (r+ s) is the sum of ¢ and j (r and s) in (L, +)
((R,+)). Next, we will discuss (¢,7)(4, s) and (i,7) * (4, s).
Let

(i + 4,7+ S) S La+5 X R(H_B,

(i,T)(j, S) =

(i,7) % (4,5) =

We first prove that k and [ (¢ and «) only depend on 7 and j
+

(k‘,t) S Laﬂ X Ra,(g,

(l,u) S Laﬁ X Rag.

(r and s). Note that H is a congruence on (.5, -) and (S, *),
and

(i, PG, 5) & i = 4, (9(i,), (. 5) € 9).

So it is easy to prove that k and ! only depend on ¢ and j.
For any (i',7) € Lo X Ry, let (i',7)(j,s) = (K, t'). By the
distributive laws of S, we have

(k1) =

then ¢ = t/, and hence t is independent of 4. Similarly, we can
prove that ¢ is independent of j. Let (i',7) x (j,s) = (I', ).
By the distributive laws of .S, we have

(,u) = (i,7) % (4, 5)
= [(1,0) + (", r)] % (4, s)
= (1,0)  (§, s) + (') * (4, 5)
= (1,0) + (I',u)
= (),

then u = v/, and hence u is independent of 7. Similarly, we
can prove that v is independent of j. Now we define - and
”x” on L (R) as follows: Vi € L,,j € Lg (Vr € Ry, s €
Rp),

ij =k < (4,0)(5,0) = (k,0)

(rs =t (i,7)(4,s) = (i, 1)),
ixj=1%(i,0)*(4,0) = (1,0)
(r¥s=wus(i,r)*(j,s) = (i % j,u)).

It is easy to prove that (L,+,-,%x) = (D;L,) and
(R,+,,%) = (D; Ry), that is, (L,4+,,*) is a left regular
band bi-semiring and (R, +,-,*) is a Clifford bi-semiring.
Thus the left Clifford bi-semiring S = Lx , R can be decom-
posed as a spined product of the left regular band bi-semiring

L= U L, and the Clifford bi-semiring R = UDRQ with
aE

respect t0 distributive lattice D. ]

Example 2.1 Let S = {sq1, s2, s3}. Define ”+”, ”-” and

39 i)

as below:

+ | s1| S2 | s3
S1 | 81| 81| 1
S2 | S2 | S2 | S2
S3 | 83 | S3 | S3

51 | S2 | 83
S1 181 | S1 | 51
S2 | S1 | S2 | S2
S3 S1 S3 S3

* S1 S92 S3
S1 S1 S1 S1
S2 | 82 | 52 | S2
53 | 83 | S3 | 53

In fact, (S,+) and (5,%) are left zero band, (5,-) is the
semigroup ({s2,s3},-)? with zero s;, where ({s2,s3},") is
a left zero band. It is very easy to prove that the two side
distributive laws of ”-” over "+, ”.” over "%, "+ over

”%” and 7+ over "+ hold. Therefore, (S, +,-,*) is a bi-

+
semiring. And since Vs,t € S, sLt and
s+st+s=s,5s+ts+s=s,
S+sxt+s=8,s5+t*xs5+s=s,

we have (S, +,, ) is a band bi-semiring and obviously a
left regular band bi-semiring. Let 7' = {e} and define "+,
”.” and %" as below:

et+e=ce=exe=ce¢.

Obviously, (7', +,-,*) is a Clifford bi-semiring. Thus S 2
S x T is a left Clifford bi-semiring.
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III. SPECIAL CASE

Definition 3.1 Let D be a distributive lattice, {S,|o €
D} be a family of pairwise disjoint bi-semirings. For any
a,B € D with o < B, if there is a map ¢, 8 : So — Sg,
where ¢, 3 is a monomorphism of bi-semirings and satisfies:
Yo, 5,7 € D,

(D) Ya,0 =1s,;

() Pa,BPBy = Pa,ys ifa<pB< s

3) (Sa@a,w)(sﬁﬁpﬂﬁ) C Sappapy, if a+ 5 <7,

@) (Saay) * (SB‘P,B 7) € Sappapy, if @t f <.

On S = U Sa, 7”4+ 7. and 7% are defined as follows:
Vs € Squ,t e Sﬂ,

) s+t= SPa,a+p T g, a+Ba

st = [(8¢a,a+8)(tes, (X"F;B)}(pa,é’ ath’

s*t=[(sPa,at+p) * (tep, a+B)]80a5 atBe

Denote the system by S = (D;Sq;¢a,5), and call it a
strong distributive lattice of bi-semirings

Theorem 3.1 A left Clifford bi-semiring (S, +,-,*) is a
strong distributive lattice of left bi-rings if and only if ET(S)
is a left normal band bi-semiring and E+(.9) is a right unitary
subset in (S, +).

Proof: Suppose that the left Clifford bi-semiring S =
(D; Sa;@a,p) is a strong distributive lattice of left bi-rings
Sa = Lo X Ry, where L, is a left zero band bi-semiring
and R, is a bi-ring. According to the definition of "+ of
S, ET(S) is obviously a left normal band bi-semiring. We
now prove that E*(9) is a right unitary subset in (S, +). If
(i,7) € Sa, (4,0) € ET(S3) and (k,0) € E*(Sa+p) such

that (¢,7) + (4,0) = (k,0), then
(i7 T)‘Poc,a-l—,@ + (]7 O)@,@,a-‘rﬁ = (k7 O)
Denote
(ivr)ipa,aJrﬂ = (klvrl) € Sa+ﬂ;
(7,0)¢p.a+ps = (K",0) € Sayp.
Then
(K',r") = (K',r") + (K, 0) = (k,0),
and so

(i,7)Pa,atp = (k,0) € ET(Satp).

Also since ¢ o+ is injective and (4,0)¢pq,a+5 = (k,0),
(i,7) = (i,0) € ET(S,). Thus ET(S) is a right unitary
subset in (S, +).

Conversely, let S is a left Clifford bi-semiring. Then S is a
distributive lattice D of left bi-rings S, = L, X Ry (c € D),
where L,, is a left zero band bi-semiring and R, is a bi-ring.
Va, 8 € D with o < 8 and a fixed (j,0) € ET(Sg), define

Va8 Sa = S3
(i,7) = (i,r) + (5,0) (V(i,7) € Sa).

For any (j/,0) € E*(Sg), since ET(S) is a left normal
band bi-semiring and (E*(S3), +) is a left zero band, then

we have
(i,7) + (4,0) = [(4,7) + (4,0)] + [(4,0) + (5", 0)]
= (i,7) +[(4,0) + (4,0) + (4", 0)]
= (i,7) +[(4,0) + (4, 0) + (5, 0)]
= [(i,7) + (3,0)] + [(5,0) + (5,0)]
= (i,7) + (4, 0)

Thus the definition of ¢, g is independent of the choice of
the element in E*(Sg). V(i,7), (i/,7") € Sa.
(GG r) + (@, 7)) pas = (i,7) + (I',7) + (4,0).
If (¢',7") + (4,0) = (j',5) € Sz, then
(GG 7) + (@, 7)) pa,s = (i,7) + (7, 0) + (4, 5)]
= [(6,r) + (7, 0)] + [(&", 7
= (4,7)a,p + (7', 7")pa,p-
T(S),+) is a left normal band and Vs € S,
sET(S)UET(S)s C ET(S),
s* EY(SYUET(S)*s C E*(S),

)+ (5,0)]

Also since (E

we have
[(,7)(&", 7)) pa,p
:(ia'r)(i/vrl) + (Ja 0)
=(i,7) (", 7") + (4,0) (", 7") + (i,7)(5,0) + (5,0)
=[(i,7) + (4, 0)][(¢",7") + (4, 0)]
:(i7r)§0a7ﬂ( )@a B>
[(i,7) * (', 7)]pa,p
=(i,7) * (',7') + (5,0)
=(i,7) % (i',r") + (5,0) = (¢,7") + (i,7) % (4,0) + (4, 0)
:[(ivr) + (ij ] * [(i/,T/) + (]70)]
=(i,7)¢a,p (7, /)9004 B>
this is because (7,0)(i',7") + (¢,7)(4,0) + (4,0), (4,0)
(@', r") + (i,7) * (4,0) + (4,0) € ET(Sg). Thus ¢, is a
homomorphism of bi-semirings. If (i,7), (¢',7") € S, such
that
(i,7)¢a,8 = (I',7")Pa,p,
then

i,r — 1)+ (4,0) = (i,0) + (4,0) € ET(Sp).

Since E*(S) is a right unitary subset in (S, +), (i,7 —1') €
E*(S,), and hence r = r’. Then we can see

(i,7) +(5,0) = (7',r) + (4,0)

=[(,7) + (7,0)] + [(¢, =7) + (5,0)] = [(¢',7) + (5, 0)]+
[(¢,=r) + (4, 0)]

=(1,7)Pa,p + (i, =) a,p = (', 7)Pa,s + (i, =) a,p

=[(i,7) + (4, =1)]pa,s = [(I',7) + (i, =7)]pas

=(i,0) + (5,0) = (i',0) + (4, 0)

=[(i,0) + (4,0)](¢', 0) = [(i’,0) + (4, 0)](¢", 0)

=(i,0)(i’,0) + (4,0)(¢",0) = (i,0) + (5,0)(i, 0).

Let (k,0) = (j,0)(i",0) € E*(Sga) = E*(Sa), then

(i7',0) + (k,0) = (i',0) + (k,0)
)= (i
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Similarly, we can prove that ¢ = 44/, and thus 7 = ¢/. And
we have (i,7) = (¢/,7), thus ¢, g is a monomorphism of
bi-semirings. At the same time, it is easy to verify that ¢, g
satisfies the conditions (1) ~ (5) in Definition 3.1 by using
known conditions. Thus S = (D; Sy; ©q,3)- |

A Clifford bi-semiring is clearly a left Clifford bi-semiring,
thus the following corollary is obvious:

Corollary 3.1 A Clifford bi-semiring (S,+,-, %) is a
strong distributive lattice of bi-rings if and only if E*(S5)
is unitary in (S, +) of S.

Definition 3.2 A bi-semiring (S, +, -, *) is called a left
normal Clifford bi-semiring if S is a distributive lattice of
left bi-rings and (E*(S),+) is a left normal band.

Let S be a left normal Clifford bi-semiring, then .S is a left
Clifford bi-semiring and the set of all additive idempotents
of S is a left normal band. By applying Theorem 2.2 and
Corollary 2.1, we can get Theorem 3.2 and Corollary 3.2:

Theorem 3.2 A bi-semiring (.5, +,-,*) is a left normal
Clifford bi-semiring if and only if the additive reduct (.S, +)
of S is a left normal orthogroup in which each maximal
subgroup is abelian, ET(S) C E'(S), E*(S) C E*(S) and
S satisfies the following conditions:

(HVse S, VT(s)+s2s(VT(s)+s);

(2Q) Vs, t € S, VT (st)+st 2 (VT(t)+1)s;

B) Vs, t €S, V*t(s)+s2VH(st)+ (V1 (s)+s)+ st;

+
@) Vs, t €S, stLsxt.
Corollary 3.2 A bi-semiring (S, +,-,*) is a left normal
+
Clifford bi-semiring if and only if £ is a distributive lat-

+
tice congruence on .S, each L-class is a left bi-ring and
(E*(S),+) is a left normal band.

A left normal band bi-semiring is clearly a strong distribu-
tive lattice of left zero band bi-semirings by Theorem 3.1.
Then we can verify the following theorem by the research
methods of Theorem 2.4:

Theorem 3.3 The spined product Lx R of left nor-
mal band bi-semiring L = (D; Ly; ¢a,5) and Clifford bi-
semiring R = (D; R,,) with respect to the distributive lattice
D is a left normal Clifford bi-semiring. Conversely, each left
normal Clifford bi-semiring can be decomposed as a spined
product of a left normal band bi-semiring and a Clifford bi-
semiring.

Theorem 3.4 A left normal Clifford bi-semiring S is a
strong distributive lattice of left bi-rings if and only if E+(.5)
is a right unitary subset in (S, +).

Proof: Let the left normal Clifford bi-semiring S be a
strong distributive lattice of left bi-rings. And because a left
normal Clifford bi-semiring is a left Clifford bi-semiring, we
have E1(S) is a right unitary subset in (S, +).

Conversely, suppose that S is a left normal Clifford bi-
semiring, and let £7(S) is a right unitary subset in (S, +).
Then S is a distributive lattice D of left bi-rings S, = L X
R, where L, is a left zero band bi-semiring and R,, is a
bi-ring. Thus E7(S) = | (ET(La) X ET(R,)), where

aeD
Et(Ly) x ET(R,) = Laeis a left zero band bi-semiring.
Obviously, ET(S) is a bi-semiring and is a left normal band
bi-semiring. From Theorem 3.1, we know that S is a strong
distributive lattice of left bi-rings. ]

[1]
[2]

[3]

[10]

[11]

[12]

[13]

REFERENCES

Xiaoling Zuo, Weijian Li, and Yongcai Liu, Discrete mathematics.
Shanghai: Shanghai Scientific & Technical Publishers, 1982.

Wei Zhang, “The structure and congruence of bi-semirings,” M.S. the-
sis, School of Mathematics and Statistics, Jiangxi Normal University,
Jiangxi, China, 2007.

H. J. Bandelt, and M. Petrich, “Subdirect product of rings and
distributive lattices,” Proc. Edinburgh Math. Soc., vol. 25, no. 2, pp.
155-171, Jun. 1982.

M. K. Sen, Yuqgi Guo, and Karping Shum, “A class of idempotent
semirings,” Semigroup Forum, vol. 60, no. 2, pp. 351-367, May. 2000.
J. S. Golan, The theory of semirings with application in mathematics
and theoretical computer science. New York: Addison-Wesley
Longman Ltd., 1992.

Pinyu Zhu, Yuqi Guo, and Karping Shum, “Structure and character-
istics of left Clifford semigroups,” Science in China, Ser. A, vol. 35,
no. 7, pp. 791-805, Jul. 1992.

M. Petrich, and N. R. Reilly, Completely regular semigroups.
York: A Wiley-Intersciemce Publication, 1999.

Mengjun Wei, and Gang Li, “The property and structure of left Clifford
bi-semirings,” Journal of Shandong University (Natural Science), vol.
56, no. 8, pp. 49-52, Aug. 2021.

Rui Wang, “The structure of some bi-semirings,” M.S. thesis, School of
Mathematics and Statistics, Shandong Normal University, Shandong,
China, 2011.

Yuqgi Guo, Karping Shum, and M. K. Sen, “The semigroup structure of
left Clifford semirings,” Acta Math Sinica, vol. 19, no. 4, pp. 783-792,
Oct. 2003.

Juanjuan Zhang, Yinghui Li, and Xianzhong Zhao, “The property
and structure of rectangular Clifford semiring,” Journal of Yunnan
University (Natural Sciences Edition), vol. 30, no. 4, pp. 338-343,
Jul. 2008.

Mei Zhao, “Normal subsemigroup lattices of Clifford semigroup,”
M.S. thesis, School of Science, Lanzhou University of Technology,
Gansu, China, 2019.

Jiao Han, and Gang Li, “The Structure and Characterizations of
Normal Clifford Semirings,” JAENG International Journal of Applied
Mathematics, vol. 51, no. 3, pp. 487-491, Sep. 2021.

New

Volume 52, Issue 3: September 2022





