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Abstract—In the theory of chemical graphs, several topologi-
cal indices were defined or expanded or generalized by Wiener,
Gutman and mathematicians and other chemists [1]. In this
paper, we will calculate the indices of Szeged and vertex-PI for
4k-cycle polyomino chains.
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I. INTRODUCTION

In this section, with some definitions theorem from [2]
and [3] for calculating the Szeged index of graph.
Suppose G = (V,E) is a simple and connected graph Whose
V is the set of vertices and E is the set of edges of G, we
consider e = uv to be edge of E. The distance between two
vertices u, v is defined as the shortest path between them and
is represented by d(u, v). We define nu(e) to be the number
of vertices of V such that these vertices are closer to the
vertex u than the vertex v. We define nv(e) similarly.

The Szeged index is defined according to the definitions
of nu(e) and nv(e) as follows:

Sz(G) =
∑

e∈E(G)

nu(e)nv(e). (1)

The calculations performed in [8], are about the rela-
tionship between the Szeged index and some other indices,
including the edge-vertex and vertex-edge Szeged indices,
and revised Szeged index on. The PI index is defined in the
graph as follows Consider the edge e of the graph is the
sum of all edges that are not spaced from the two ends e,
Consider mu(e) the number of edges of the graph that are
closer to the vertex u than the vertex v and Consider mv(e)
the number of edges of the graph that are closer to the vertex
v than the vertex u

The PI index the molecular graph G is labeled from

PI(G) =
∑
e=uv

(mu(e) +mv(e)) (2)

Similarly, the vertex-PI index is the sum of all vertices of
the graph that are not spaced u, v,

PIv(G) =
∑
e=uv

(nu(e) + nv(e)), (3)

khalifeh also expressed the vertex pi for molecular graphs
[9]. Ashrafi in [10] for the infinite family examined the
graphs of the fullerences graphs of the vertex PI index.
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Fig. 1. The linear chain of 8-cycles

Fig. 2. The Zig-zag chain of 8-cycles

Fig. 3. I-type cut of polyomino chain

II. CALCULATION OF THE SZEGED INDEX OF POLYOMINO
4K-CYCLES CHAIN

In this section, we first define the k-polyomino system.
Each k-polyomino section consists of a number of 4k-cycle
chains that are in a common rim and are connected to each
other. Examples of linear and zig-zag chains can be seen in
Figures 2 and 3. A linear chain consists of one part and the
number of chains can be 1 to n and the zig-zag chain of each
part consists of two chains, and the number of 4k-cycles in
each segment is represented by l(S). A k-polyomino chain
has features that include the following: from the sections
S1, S2, ..., Sm, where the length of each section is defined
as l(Si) = li for i = 1, 2, ...,m, here

m∑
i=1

li = n+m− 1, |V (G)| = n(4k − 2) + 2 (4)

which we show the length of all segments as l = (l1, . .
. , lm)[6]. To calculate the Szeged index for these chains,
we used four types of cuts. In these cuts, the edges that are
located on these straight cut lines have similar calculations
that can be seen in Figures 3, 4, 5 and 6.

We start by the following theorem:
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Theorem 1 Let Bn,k|l be n 4k-cycle k-polyomino chain consisting of m ≥ 1 segments S1, S2, ..., Sm with lengths l1, .
. . , lm.
(1) If m is odd then

Sz(Bn,k|l) =

(
l1(2k − 1) + 1

)(
(n− 1

2 l1)(4k − 2) + 1

)(
l1 + 1

)
+

∑[m2 ]+1
i=2

((∑i−1
j=1

(
(l2j−1 + l2j − 2)(4k− 2)

)
+(l2i−1 − 1)(2k− 1)+ 2k

)(
n(4k− 2)+ 2−

(∑i−1
j=1

(
(l2j−1 + l2j −

2)(4k − 2)

)
+ (l2i−1 − 1)(2k − 1) + 2k

)(
l2i−1 + 1

))
+

2
∑[m2 ]

i=1

(∑l2i−3
t=0

(∑2i−1
j=1 4klj − 2lj +4tk− 2t+4(2k− 2ki+ i− 1) + 2k

)(
n(4k− 2) + 2−

(∑2i−1
j=1 lj2(2k− 1) +

2t(2k − 1) + 4(i− 1)(−2k + 1) + 2k

)))
+

∑l1−2
i=0 2

(
2k + (4ik − 2i)

)(
4nk − 2n) + 2− 2(k + (2ki− i))

)
+

∑[m2 ]
i=1

((∑i−1
j=1

(
(l2j−1+ l2j)(4k−2)−8k+4

)
+(2l2i−2−1)(2k−1)+ 1

2

(
(l2i−1)(4k−2)

)
+2k

)(
n(4k−2)+2−(∑i−1

j=1

(
(l2j−1+l2j)(4k−2)−8k+4

)
+4k(l2i−1−1)−2(l2i−1−1)+ 1

2

(
4k(l2i−1)−2(l2i−1)

)
+2k

)))(
l2i+1

)
+

2
∑[m2 ]

i=2

(∑l2i−1−3
t=0

(∑2i−2
j=1 4ljk − 2lj + 4kt− 2t+ 2(−4ki+ 2i+ 6k − 3) + 2k

)(
4kn− 2n+ 2−

(∑2i−2
j=1 4ljk −

2lj + 4kt− 2t+ 2(−4ki+ 2i+ 6k − 3) + 2k

)))
+

2

(∑lm−2
t=0

(∑m−1
j=1 4ljk − 2lj + 4kt− 2t+ 2(4k − 2km+m− 2) + 2k

)(
− 2n+ 4nk + 2−

(∑m−1
j=1 2lj(2k − 1) +

4kt− 2t+ 2(4k − 2km+m− 2) + 2k

)))
+

∑l1
i=1 2(k − 1)

(
2k + 2(2ki− i− 2k + 1)

)(
− 2n+ 4nk) + 2− (2k + 2(2ki− i− 2k + 1))

)
+

∑[m2 ]
i=1

∑l2i−2
t=0

(∑2i−1
j=1

(
4klj − 2lj + 4kt− 2t+ 2k + 4(−2ki+ i+ 2k − 1)

))(
2n(2k − 1) + 2−

(∑2i−1
j=1

(
4klj −

2lj + 4kt− 2t+ 2k + 2(−2ki+ i+ 2k − 1)

)))(
2k − 2

)
+

∑[m2 ]+1
i=2

∑l2i−1−1
t=0

(∑2i−2
j=1

(
4klj − 2lj + 4kt− 2t− 8ki+ 6k + 8k − 4

))(
n(4k − 2) + 2−

(∑2i−2
j=1

(
4klj − 2lj −

8ki+ 6k + 8k − 4

)))(
2k − 2

)
+

2(m+1)

(
k

(
− 2n+4nk+2− 2k

))
2(k− 1)+

∑l1−2
i=1 (2k− 2)

(
2k+4ki− 2i

)(
− 2n+4nk+2− 2

(
k+2ki− i

))
+

∑m
i=2

(∑li−3
t=0

(∑i−1
j=1 4klj − 2lj + 4kt − 2t + 2(2k − 2ki + i − 1) + 2k

)(
2n(2k − 1) + 2 −

(∑i−1
j=1 4klj − 2lj +

4kt− 2t+ 2(2k − 2ki+ i− 1) + 2k

))
(2k − 2)

)
.

(2) If m is even then,

Sz(Bn,k|l) =

(
l1(2k − 1) + 1

)(
(n− 1

2 l1)(4k − 2) + 1

)(
l1 + 1

)
+

∑[m2 ]
i=2

((∑i−1
j=1

(
(l2j−1 + l2j − 2)(4k − 2)

)
+ (l2i−1 − 1)(2k − 1) + 2k

)(
4kn− 2n+ 2−

(∑i−1
j=1

(
(l2j−1 + l2j −

2)(4k − 2)

)
+ (l2i−1 − 1)(2k − 1) + 2k

)(
l2i−1 + 1

))
+
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2
∑[m2 ]−1

i=1

(∑l2i−3
t=0

(∑2i−1
j=1 4klj − 2lj + 4kt − 2t + 4(−2ki + i + 2k − 1) + 2k

)(
4kn − 2n + 2 −

(∑2i−1
j=1 4klj −

2lj + 4kt− 2t+ 4(−2ki+ i+ 2k − 1) + 2k

)))
+

2
∑lm−2

t=0

(∑m−1
j=1

(
4klj − 2lj +4kt− 2t+6k− 2km+m− 2

))(
4kn− 2n+2−

(∑m−1
j=1

(
lj(4k− 2)+ 4kt− 2t+

6k − 2km+m− 2

)))
+

∑l1−2
i=0 4

(
k + 2ki− i

)(
2n(2k − 1) + 2− 2(k + 2ki− i)

)
+

∑[m2 ]
i=1

((∑i−1
j=1

(
(l2j−1 + l2j)(4k − 2)− 8k + 4

)
+ (l2i−1 − 1)(4k − 2) + 1

2

(
(l2i − 1)(4k − 2)

)
+ 2k

)(
n(4k − 2) +

2−

(∑i−1
j=1

(
(l2j−1 + l2j)(4k − 2)− 8k + 4

)
+ (l2i−1 − 1)(4k − 2) + 1

2

(
(l2i − 1)(4k − 2)

)
+ 2k

)))(
l2i + 1

)
+

2
∑[m2 ]

i=2

(∑l2i−1−3
t=0

(∑2i−2
j=1 lj(4k− 2)+ 4kt− 2t+2(−4ki+2i+7k− 3)

)(
2n(2k− 1)+ 2−

(∑2i−2
j=1 lj(4k− 2)+

t(4k − 2) + 2(−4ki+ 2i+ 7k − 3)

)))
+

∑l1
i=1 2(k − 1)

(
2k + 2(i− 1)(2k − 1)

)(
2n(2k − 1) + 2− (2k + 2(i− 1)(2k − 1))

)
+

∑[m2 ]
i=1

∑l2i−2
t=0

(∑2i−1
j=1

(
(lj + t)(4k− 2) + 2k+ (2i− 2)(−4k+ 2)

))(
n(4k− 2) + 2−

(∑2i−1
j=1

(
(lj + t)(4k− 2) +

2k + 4(i− 1)(−2k + 1)

)))(
2k − 2

)
+

∑[m2 ]
i=2

∑l2i−1−2
t=0

(∑2i−2
j=1

(
(lj + t)(4k − 2) + 2k + (2i − 2)(−4k + 2)

))(
n(4k − 2) + 2 −

(∑2i−2
j=1

(
(lj + t)(4k −

2) + 2k + (2i− 2)(−4k + 2)

)))(
2k − 2

)
+

2(m+ 1)

(
k

(
4kn− 2n+ 2− 2k

))
(2k − 2) +

∑l1−2
i=1 (2k − 2)

(
2k + i(4k − 2)

)(
4kn− 2n+ 2− 2

(
k + 2ki− i

))
+

∑m
i=2

(∑li−3
t=0

(∑i−1
j=1 lj(4k − 2) + 4kt− 2t − 4ki + 2i + 10k − 4

)(
n(4k − 2) + 2−

(∑i−1
j=1 2lj(2k − 1) + 4kt −

2t+ 2(−2ki+ i+ 5k − 2)

))
(2k − 2)

)
.

Proof:

Bn,k|l cuts are divided into I-type (see figure 3), II-type (see figure 4), III-type (see figure 5) and IV-type (see figure 6).
An edge is called I-type (or, II-type, or III-type, or IV-type) if it intersects with I-type (or, II-type or, III-type, or IV-type)
cut.
Therefore it is enough to calculate nu(e) and nv(e) in each section.
(1) If m is odd, consider the following four cases.
Case 1. If edge e is I-type in the j-th 4k-cycle of the r-th segment (that is, e is the edge that passed the dotted line in
figure 3). If you can see that r is odd and there are lr + 1 such edges in the r-th segment. If r is even then there are 2
such edges in j-th 4k-cycle of r-th segment, where 2 ≤ j ≤ lr − 1.

Subcase 1.1 If r = 1. Next, nu(e) =
1
2

(
l1(4k − 2) + 2

)
and nv(e) =

(
n(4k − 2) + 2− 1

2

(
l1(4k − 2) + 2

))
.

Subcase 1.2 If r = 2s− 1, 2 ≤ s ≤ [m2 ]. Then, we obtain nu(e) =
∑[m2 ]−1

j=1

(
(l2j−1 + l2j − 2)(4k − 2)

)
+ (l2[m2 ]−1 −

1)(2k− 1) + 2k, and nv(e) =

(
n(4k− 2) + 2−

(∑[m2 ]−1
j=1

(
(l2j−1 + l2j − 2)(4k− 2)

)
+ (l2[m2 ]−1 − 1)(2k− 1) + 2k

)
.

Subcase 1.3 If r = 2s, 1 ≤ s ≤ [m2 ] and 0 ≤ t ≤ lr − 3 in j-th 4k-cycle, 2 ≤ j ≤ lr − 1. Then, we have nu(e) =(∑2s−1
j=1 lj(4k − 2) + t(4k − 2) + 2(s − 1)(−4k + 2) + 2k

)
, and nv(e) =

(
n(4k − 2) + 2 −

(∑2s−1
j=1 lj(4k − 2) +
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t(4k − 2) + 2(s− 1)(−4k + 2) + 2k

))
.

Subcase 1.4 If r = m. Then, we get nu(e) =
∑[m2 ]

j=1

(
(l2j−1 + l2j − 2)(4k − 2)

)
+ (lm − 1)(2k − 1) + 2k, and

nv(e) =

(
n(4k − 2) + 2−

(∑[m2 ]
j=1

(
(l2j−1 + l2j − 2)(4k − 2)

)
+ (lm − 1)(2k − 1) + 2k

)
.

Case 2. If the j-th 4k-cycle edge e of the r-th segment is II-type (that is, e is the edge that passed the dotted line in
figure 4).
If r is even, you can see that there are lr + 1 such edges in the r-th segment. If r is odd then there are 2 such edges in
j-th 4k-cycle of r-th segment, 2 ≤j≤ lr − 1.

Subcase 2.1 If r = 1 and 0 ≤ i ≤ l1−2 then nu(e) =

(
2k+i(4k−2)

)
, and nv(e) =

(
n(4k−2)+2−

(
2k+i(4k−2)

))
.

Subcase 2.2 If r = 2s− 1, where 2 ≤ s ≤ [m2 ] and 0 ≤ t ≤ lr − 3. Then we obtain nu(e) =

(∑r−1
j=1 lj(4k− 2)+ 4kt−

2t− 8ks+ 4s+ 14k − 6

)
, and nv(e) =

(
n(4k − 2) + 2−

(∑r−1
j=1 lj(4k − 2) + 4kt− 2t− 8ks+ 4s+ 14k − 6

))
.

Subcase 2.3 If r = 2s, where 1 ≤ s ≤ [m2 ]. Then we get nu(e) =
∑s−1

j=1

(
(l2j−1 + l2j)(4k − 2)− 8k + 4

)
+ (l2s−1 −

1)(4k − 2) + 1
2

(
(l2s − 1)(4k − 2)

)
+ 2k, and nv(e) =

(
n(4k − 2) + 2−

(∑i−1
j=1

(
(l2j−1 + l2j)(4k − 2)− 8k + 4

)
+

(l2s−1 − 1)(4k − 2) + 1
2

(
(l2s − 1)(4k − 2)

)
+ 2k

))
Subcase 2.4 If r = m and 0 ≤ t ≤ lm−2. Then we have nu(e) =

(∑m−1
j=1 2lj(2k−1)+4kt−2t−4km+2m+10k−2

)
,

and nv(e) =

(
4kn− 2n+ 2−

(∑m−1
j=1 2lj(2k − 1) + 4kt− 2t− 4km+ 2m+ 10k − 2

))
.

Case 3. If the j-th 4k-cycle edge e of the r-th segment is of III-type (that is, e is the edge that passed through the dotted
line in figure 5).
For each r, we see that there are 2k − 2 such edges in the j-th 4k-cycle of the r-th segment, and 1 ≤j≤ lr.

Subcase 3.1 If r = 1, 1 ≤ i ≤ l1 then nu(e) =

(
2k+(i−1)(4k−2)

)
, and nv(e) =

(
4kn−2n+2−

(
4ki−2i−2k+2

))
.

Subcase 3.2 If r = 2s − 1, where 2 ≤ s ≤ [m2 ] and 0 ≤ t ≤ l2s−1 − 2 then nu(e) =
∑2i−2

j=1

(
(lj + t)(4k − 2) + 2k +

(2i− 2)(−4k + 2)

)
, and nv(e) =

(
n(4k − 2) + 2−

∑2i−2
j=1

(
(lj + t)(4k − 2) + 2k + (2i− 2)(−4k + 2)

))
.

Subcase 3.3 If r = 2s, where 1 ≤ s ≤ [m2 ] and 0 ≤ t ≤ l2s − 2 then we get nu(e) =
∑2i−1

j=1

(
(lj + t)(4k − 2) + 2k +

(2i− 2)(−4k + 2)

)
, and nv(e) =

(
n(4k − 2) + 2−

∑2i−1
j=1

(
(lj + t)(4k − 2) + 2k + (2i− 2)(−4k + 2)

))
.

Subcase 3.4 If r = m, where and 0 ≤ t ≤ lm−2 then we have nu(e) =
∑m−1

j=1

(
4klj −2lj +4kt−2t+2k+2(−2km+

4k +m− 2)

)
, and nv(e) =

(
4kn− 2n+ 2−

∑m−1
j=1

(
4klj − 2lj + 2k + 4kt− 2t+ 2(−2km+ 4k +m− 2)

))
.

Case 4. If edge e is IV-type in j-th 4k-cycle of r-th segment ( figure 6). It is obviously the beginning and the end of
each segment we have nu(e) = 2k and nv(e) = n(4k − 2) + 2− 2k that the number of such these 4k-cycles in Bn,l|k are
m+ 1. Now, we calculate the rest below.
For each r we see that there are 2k − 2 such edges in the j-th 4k-cycle of the r-th segment, where 1 ≤j≤ lr.

Subcase 4.1 If r = 1, where 1 ≤ i ≤ l1 − 2 then we obtain nu(e) =

(
2k + i(4k − 2)

)
, and

nv(e) =

(
n(4k − 2) + 2−

(
2k + i(4k − 2)

))
.

Subcase 4.2 If r = s, where 2 ≤ s ≤ m− 1 and 0 ≤ t ≤ ls − 3 then we get nu(e) =

(∑s−1
j=1 2lj(2k − 1) + 4kt− 2t+
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2(−2ks+ s+ 5k − 2)

)
, and nv(e) =

(
4kn− 2n+ 2−

(∑s−1
j=1 2lj(2k − 2) + 4kt− 2t+ 2(−2ks+ s+ 5k − 2)

))
.

Subcase 4.3 If r = m, where 0 ≤ t ≤ lm−3 then we have nu(e) =

(∑m−1
j=1 lj(4k−2)+4kt−2t+2(−2km+m+5k−2)

)
,

and nv(e) =

(
n(2k − 1)2 + 2−

(∑m−1
j=1 2lj(2k − 1)− 2t+ 4kt+ 2(−2km+m+ 5k − 2)

))
.

Therefore, by combining the above cases with the definition of the Szeged index, we have:

Sz(Bn,k|l) =

(
l1(−1 + 2k) + 1

)(
(n− 1

2 l1)(−2 + 4k) + 1

)(
l1 + 1

)
+

∑[m2 ]+1
i=2

((∑i−1
j=1

(
(l2j−1 + l2j − 2)(4k − 2)

)
+ (l2i−1 − 1)(2k − 1) + 2k

)(
n(−2 + 4k) + 2 −

(∑i−1
j=1

(
(l2j−1 +

l2j − 2)(4k − 2)

)
+ (l2i−1 − 1)(2k − 1) + 2k

)(
l2i−1 + 1

))
+

2
∑[m2 ]

i=1

(∑l2i−3
t=0

(∑2i−1
j=1 lj(4k− 2) + 4kt− 2t− 8ki+ 4i+ 10k− 4

)(
4kn− 2n+ 2−

(∑2i−1
j=1 2lj(2k− 1) + 4kt−

2t− 8ki+ 4i+ 10k − 4

)))
+

∑l1−2
i=0 2

(
2k + 4ki− 2i

)(
4kn− 2n+ 2− (2k + 4ki− 2i)

)
+

∑[m2 ]
i=1

((∑i−1
j=1

(
(l2j−1+ l2j)(4k− 2)− 8k+4

)
+(l2i−1− 1)(4k− 2)+ 1

2

(
(l2i− 1)(4k− 2)

)
+2k

)(
n(4k− 2)+2−(∑i−1

j=1

(
(l2j−1 + l2j)(−2 + 4k)− 8k + 4

)
+ (l2i−1 − 1)2(−1 + 2k) + 1

2

(
(l2i − 1)2(2k − 1)

)
+ 2k

)))(
l2i + 1

)
+

2
∑[m2 ]

i=2

(∑l2i−1−3
t=0

(∑2i−2
j=1 4klj − 2lj +4kt− 2t− 8ki+4i+14k− 6

)(
4kn− 2n+2−

(∑2i−2
j=1 4klj − 2lj +4kt−

2t− 8ki+ 4i+ 14k − 6

)))
+

2

(∑lm−2
t=0

(∑m−1
j=1 4klj − 2lj + 4kt− 2t− 4km+ 2m+ 10k− 4

)(
4kn− 2n+ 2−

(∑m−1
j=1 4klj − 2lj + 4kt− 2t−

4km+ 2m+ 10k − 4

)))
+

∑l1
i=1 2(k − 1)

(
2k + 2(i− 1)(2k − 1)

)(
2n(2k − 1) + 2− (2k + 2(i− 1)(2k − 1))

)
+

∑[m2 ]
i=1

∑l2i−2
t=0

(∑2i−1
j=1

(
(lj + t)(4k− 2) + 2k+ 4(i− 1)(−2k+ 1)

))(
n(4k− 2) + 2−

(∑2i−1
j=1

(
(lj + t)(4k− 2) +

2k + 2(i− 1)(−2k + 1)

)))(
2k − 2

)
+

∑[m2 ]+1
i=2

∑l2i−1−2
t=0

(∑2i−2
j=1

(
(lj + t)(4k− 2)+ 2k+ (2i− 2)(−4k+2)

))(
n(4k− 2)+ 2−

(∑2i−2
j=1

(
2(lj + t)(2k−

1) + 2k + (2i− 2)(−4k + 2)

)))(
2k − 2

)
+

2(m+ 1)

(
k

(
n(4k− 2) + 2− 2k

))
(2k− 2) +

∑l1−2
i=1 (2k− 2)

(
2k+ 4ki− 2i

)(
4kn− 2n+ 2−

(
2k+ 4ki− 2i

))
+

∑m
i=2

(∑li−3
t=0

(∑i−1
j=1 4klj − 2lj + 4kt − 2t − 4ki + 2i + 6k − 4

)(
2n(2k − 1) + 2 −

(∑i−1
j=1 4klj − 2lj + 4kt −

2t− 4ki+ 2i+ 6k − 4

))
(2k − 2)

)
.

(2) If m is even then we consider the flowing four cases. Now, we do the same as step (1):
Case 5. If edge e is I-type in the j-th 4k-cycle of the r-th segment (that is, e is the edge that passed the dotted line in
figure 3). If you can see that r is odd and there are lr + 1 such edges in the r-th segment. If r is even, then there are two
such edges at the j-th 4k-cycle of the r-th segment, where 2 ≤ j ≤ lr − 1.
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Subcase 5.1 If r = 1. Then, we have nu(e) =
1
2

(
l1(4k− 2)+ 2

)
, and nv(e) =

(
n(4k− 2)+ 2− 1

2

(
l1(4k− 2)+ 2

))
.

Subcase 5.2 If r = 2s− 1, 2 ≤ s ≤ [m2 ]. Then, we obtain nu(e) =
∑[m2 ]−1

j=1

(
(l2j−1 + l2j − 2)(4k − 2)

)
+ (l2[m2 ]−1 −

1)(2k− 1) + 2k, and nv(e) =

(
n(4k− 2) + 2−

(∑[m2 ]−1
j=1

(
(l2j−1 + l2j − 2)(4k− 2)

)
+ (l2[m2 ]−1 − 1)(2k− 1) + 2k

)
.

Subcase 5.3 If r = m, and 0 ≤ t ≤ lm − 2. Then, we get nu(e) =
∑m−1

j=1

(
(lj + t)(4k− 2)

)
+(m− 2)(−4k+2)+2k,

and nv(e) =

(
2n(2k − 1) + 2−

(∑m−1
j=1

(
4klj − 2lj + 4kt− 2t

)
− 4km+ 2m+ 10k − 4

))
.

Case 6. If the j-th 4k-cycle edge e of the r-th segment is II-type (that is, e is the edge that passed the dotted line in
figure 4).
If r is even, you can see that there are lr + 1 such edges in the r-th segment. If r is odd then there are 2 such edges in
j-th 4k-cycle of r-th segment, 2 ≤j≤ lr − 1.

Subcase 6.1 If r = 1, 0 ≤ i ≤ l1−2 then nu(e) =

(
2k+ i(4k−2)

)
, and nv(e) =

(
n(4k−2)+2−

(
2k+ i(4k−2)

))
.

Subcase 6.2 If r = 2s− 1, where 2 ≤ s ≤ [m2 ] and 0 ≤ t ≤ lr − 3. Then we obtain nu(e) =

(∑r−1
j=1 4klj − 2lj +4kt−

2t−8ks+4s+14k−6

)
, and nv(e) =

(
2n(2k−1)+2−

(∑r−1
j=1 2lj(2k−1)+2t(2k−1)+2(2s−3)(−2k+1)+2k

))
.

Subcase 6.3 If r = m, where 1 ≤ s ≤ [m2 ]. Then we get nu(e) =
∑[m2 ]−1

j=1

(
(l2j−1 + l2j)(4k− 2)− 8k+4

)
+ (lm−1 −

1)(4k− 2) + 1
2

(
(lm − 1)(4k− 2)

)
+2k, and nv(e) =

(
n(4k− 2) + 2−

(∑[m2 ]−1
j=1

(
(l2j−1 + l2j)(4k− 2)− 8k+4

)
+

(lm−1 − 1)(4k − 2) + 1
2

(
(lm − 1)(4k − 2)

)
+ 2k

))
.

Case 7. If the j-th 4k-cycle edge e of the r-th segment is of III-type (that is, e is the edge that passes through the dotted
line in figure 5).
For each r, we see that there are 2k − 2 such edges in the j-th 4k-cycle of the r-th segment, and 1 ≤j≤ lr.

Subcase 7.1 If r = 1, 1 ≤ i ≤ l1 then nu(e) =

(
2k + (i − 1)(4k − 2)

)
, and nv(e) =

(
n(4k − 2) + 2 −(

2k + 2(i− 1)(2k − 1)

))
.

Subcase 7.2 If r = 2s − 1, where 2 ≤ s ≤ [m2 ] and 0 ≤ t ≤ l2s−1 − 2 then nu(e) =
∑2i−2

j=1

(
(lj + t)(4k − 2) + 2k +

(2i− 2)(−4k + 2)

)
, and nv(e) =

(
n(4k − 2) + 2−

∑2i−2
j=1

(
(lj + t)(4k − 2) + 2k + (2i− 2)(−4k + 2)

))
.

Subcase 7.3 If r = m, where 1 ≤ s ≤ [m2 ] and 0 ≤ t ≤ lm − 2 then we get nu(e) =
∑m−1

j=1

(
4klj − 2lj + 4kt− 2t−

4km+ 2m+ 10k − 4

)
, and nv(e) =

(
2n(2k − 1) + 2−

∑m−1
j=1

(
4klj − 2lj + 4kt− 2t− 4km+ 2m+ 10k − 4

))
.

Case 8. If the j-th 4k-cycle edge e of the r-th segment is IV-type (that is, e is the edge that is passes through
the dotted line in the figure 6). It is obviously the beginning and the end of each segment we have nu(e) = 2k and
nv(e) = n(4k− 2)+2− 2k that the number of such these 4k-cycles in Bn,l|k are m+1. Now, we calculate the rest below.
For each r we see that there are 2k − 2 such edges in the j-th 4k-cycle of r-th segment, where 1 ≤j≤ lr.

Subcase 8.1 If r = 1, where 1 ≤ i ≤ l1 − 2 then we obtain nu(e) =

(
2k + i(4k − 2)

)
, and

nv(e) =

(
n(4k − 2) + 2−

(
2k + i(4k − 2)

))
.

Subcase 8.2 If r = s, where 2 ≤ s ≤ m− 1 and 0 ≤ t ≤ ls − 3 then we get nu(e) =

(∑s−1
j=1 4klj − 2lj + 4kt− 2t+

2(−2ks+ s+ 5k − 2)

)
, and nv(e) =

(
2n(2k − 1) + 2−

(∑s−1
j=1 4klj − 2lj + 4kt− 2t+ 2(−2ks+ s+ 5k − 2)

))
.
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Subcase 8.3 If r = m, where 0 ≤ t ≤ lm−3, then we have nu(e) =

(∑m−1
j=1 4klj−2lj+4kt−2t+2(−2km+m+5k−2)

)
,

and nv(e) =

(
2n(2k − 1) + 2−

(∑m−1
j=1 4klj − 2lj + 4kt− 2t+ 2(−2km+m+ 5k − 2)

))
.

Therefore, by combining the above case with the definition of the Szeged index, we have:

Sz(Bn,k|l) =

(
l1(2k − 1) + 1

)(
(n− 1

2 l1)(4k − 2) + 1

)(
l1 + 1

)
+

∑[m2 ]
i=2

((∑i−1
j=1

(
(l2j−1 + l2j − 2)(4k − 2)

)
+ (l2i−1 − 1)(2k − 1) + 2k

)(
n(4k − 2) + 2−

(∑i−1
j=1

(
(l2j−1 + l2j −

2)(4k − 2)

)
+ (l2i−1 − 1)(2k − 1) + 2k

)(
l2i−1 + 1

))
+

2
∑[m2 ]−1

i=1

(∑l2i−3
t=0

(∑2i−1
j=1 2lj(2k − 1) + 4kt− 2t− 8ki+ 4i+ 10k − 4

)(
2n(2k − 1) + 2−

(∑2i−1
j=1 2lj(2k − 1) +

4kt− 2t− 8ki+ 4i+ 10k − 4

)))
+

2
∑lm−2

t=0

(∑m−1
j=1

(
4klj − 2lj + 4kt − 2t + 2(−2km +m + 5k − 2)

))(
2n(2k − 1) + 2 −

(∑m−1
j=1

(
4klj − 2lj +

4kt− 2t+ 2(−2km+m+ 5k − 2)

)))
+

∑l1−2
i=0 4

(
k + i(2k − 1)

)(
4kn− 2n+ 2− 2(k + 2ki− i)

)
+

∑[m2 ]
i=1

((∑i−1
j=1

(
(l2j−1 + l2j)(4k − 2)− 8k + 4

)
+ (l2i−1 − 1)(4k − 2) + 1

2

(
(l2i − 1)(4k − 2)

)
+ 2k

)(
n(4k − 2) +

2−

(∑i−1
j=1

(
(l2j−1 + l2j)(4k − 2)− 8k + 4

)
+ (l2i−1 − 1)(4k − 2) + 1

2

(
(l2i − 1)(4k − 2)

)
+ 2k

)))(
l2i + 1

)
+

2
∑[m2 ]

i=2

(∑l2i−1−3
t=0

(∑2i−2
j=1 lj(4k − 2) + 4kt − 2t − 8ki + 4i + 14k − 6

)(
2n(2k − 1) + 2 −

(∑2i−2
j=1 lj(4k − 2) +

4kt− 2t− 8ki+ 4i+ 14k − 6

)))
+

∑l1
i=1 2(k − 1)

(
2k + 2(i− 1)(2k − 1)

)(
2n(2k − 1) + 2− 2(k + (i− 1)(2k − 1))

)
+

∑[m2 ]
i=1

∑l2i−2
t=0

(∑2i−1
j=1

(
(lj + t)(4k − 2) + 2k + (2i − 2)(−4k + 2)

))(
2n(2k − 1) + 2 −

(∑2i−1
j=1

(
(lj + t)(4k −

2) + 2k + 4(i− 1)(−2k + 1)

)))(
2k − 2

)
+

∑[m2 ]
i=2

∑l2i−1−2
t=0

(∑2i−2
j=1

(
(lj + t)(4k − 2) + 2k + (2i − 2)(−4k + 2)

))(
n(4k − 2) + 2 −

(∑2i−2
j=1

(
(lj + t)(4k −

2) + 2k + (2i− 2)(−4k + 2)

)))(
2k − 2

)
+

2(m+1)

(
2k

(
4kn− 2n+1−k

))
(2k− 2)+

∑l1−2
i=1 (2k− 2)

(
2k+ i(4k− 2)

)(
2n(2k− 1)+2− 2

(
k+ i(2k− 1)

))
+

∑m
i=2

(∑li−3
t=0

(∑i−1
j=1 lj(4k − 2) + 4kt − 2t − 4ki + 2i + 10k − 4

)(
n(4k − 2) + 2 −

(∑i−1
j=1 lj(4k − 2) + t(4k −

2) + 2(i− 2)(−2k + 1) + 2k

))
(2k − 2)

)

Corollary 1 Let Bn,k|l be n 4k-cycle k-polyomino chain consisting of m ≥ 1 segments S1, S2, ..., Sm with lengths l1,
. . . , lm.
(1) If m is odd, then

PIv(Bn,k|l) =

((
l1(2k − 1) + 1

)
+

(
(n− 1

2 l1)(4k − 2) + 1

))(
l1 + 1

)
+
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∑[m2 ]+1
i=2

(((∑i−1
j=1

(
(l2j−1 + l2j − 2)(4k− 2)

)
+ (l2i−1 − 1)(2k− 1) + 2k

)
+

(
n(4k− 2) + 2−

(∑i−1
j=1

(
(l2j−1 +

l2j − 2)(4k − 2)

)
+ (l2i−1 − 1)(2k − 1) + 2k

))(
l2i−1 + 1

))
+

2
∑[m2 ]

i=1

(∑l2i−3
t=0

((∑2i−1
j=1 4klj − 2lj + 4kt− 2t− 8ki+ 4i+ 10k − 4

)
+

(
2n(2k − 1) + 2−

(∑2i−1
j=1 4klj − 2lj +

4kt− 2t− 8ki+ 4i+ 10k − 4

))))
+

∑l1−2
i=0 2

((
2k + i(4k − 2)

)
+

(
2n(2k − 1) + 2− 2(k + i(2k − 1))

))
+

∑[m2 ]
i=1

(((∑i−1
j=1

(
(l2j−1 + l2j)(4k − 2)− 8k + 4

)
+ (l2i−1 − 1)(4k − 2) + 1

2

(
(l2i − 1)(4k − 2)

)
+ 2k

)
+

(
n(4k −

2)+2−

(∑i−1
j=1

(
(l2j−1+ l2j)(4k−2)−8k+4

)
+(l2i−1−1)(4k−2)+ 1

2

(
(l2i−1)(4k−2)

)
+2k

))))(
l2i+1

)
+

2
∑[m2 ]

i=2

(∑l2i−1−3
t=0

((∑2i−2
j=1 2lj(2k − 1) + 4kt− 2t− 8ki+ 4i+ 14k − 6

)
+

(
2n(2k − 1) + 2−

(∑2i−2
j=1 lj(4k −

2) + 4kt− 2t− 8ki+ 4i+ 14k − 6

))))
+

2

(∑lm−2
t=0

((∑m−1
j=1 lj(4k − 2) + t(4k − 2) + 2(−2km+m+ 5k − 2)

)
+

(
2n(2k − 1) + 2−

(∑m−1
j=1 lj(4k − 2) +

4kt− 2t+ 2(−2km+m+ 5k − 2)

))))
+

∑l1
i=1 4(k − 1)

((
2ki− i− k + 1

)
+

(
4kn− 2n+ 2− (2ki− i− k + 1))

))
+

∑[m2 ]
i=1

∑l2i−2
t=0

(∑2i−1
j=1

((
(lj + t)(4k − 2)− 8ki+ 4i+ 10k − 4

))
+

(
4kn− 2n+ 2−

(∑2i−1
j=1

(
(lj + t)(4k − 2)−

8ki+ 4i+ 10k − 4

))))(
2(k − 1)

)
+

∑[m2 ]+1
i=2

∑l2i−1−2
t=0

((∑2i−2
j=1

(
(lj + t)(4k − 2) + 2k + (2i − 2)(−4k + 2)

))
+

(
n(4k − 2) + 2 −

(∑2i−2
j=1

(
2(lj +

t)(2k − 1) + 2k + 4(i− 1)(−2k + 1)

))))(
2k − 2

)
+2(m+1)

((
k+

(
2kn−n+1−k

)))
(2k−2)+

∑l1−2
i=1 (2k−2)

((
2k+i(4k−2)

)
+

(
4kn−2n+2−

(
2k+4ki−2i

)))
+

∑m
i=2

(∑li−3
t=0

((∑i−1
j=1 lj(4k− 2)+ 4kt− 2t− 4ki+2i+10k− 4

)
+

(
n(4k− 2)+ 2−

(∑i−1
j=1 lj(4k− 2)+ 4kt−

2t− 4ki+ 2i+ 10k − 4

)))
(2k − 2)

)
.

(2) If m is even then

PIv(Bn,k|l) =

((
l1(2k − 1) + 1

)
+

(
(n− 1

2 l1)(4k − 2) + 1

))(
l1 + 1

)
+

∑[m2 ]
i=2

(((∑i−1
j=1

(
(l2j−1 + l2j − 2)(4k − 2)

)
+ (l2i−1 − 1)(2k − 1) + 2k

)
+

(
4kn − 2n + 2 −

(∑i−1
j=1

(
(l2j−1 +

l2j − 2)(4k − 2)

)
+ (l2i−1 − 1)(2k − 1) + 2k

))(
l2i−1 + 1

))
+

2
∑[m2 ]−1

i=1

(∑l2i−3
t=0

((∑2i−1
j=1 2lj(2k − 1) + 4kt − 2t − 8ki + 4i + 10k − 4

)
+

(
4kn − 2n + 2 −

(∑2i−1
j=1 2lj(2k −

1) + 4kt− 2t− 8ki+ 4i+ 10k − 4

))))
+
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2
∑lm−2

t=0

((∑m−1
j=1

(
2lj(2k− 1) + 4kt− 2t− 4km+2m+10k− 4

))
+

(
2n(2k− 1) + 2−

(∑m−1
j=1

(
lj(4k− 2) +

4kt− 2t− 4km+ 2m+ 10k − 4

))))
+

∑l1−2
i=0 2

(
2

(
k + 2ki− i

)
+

(
2n(2k − 1) + 2− 2(k + 2ki− i)

))
+

∑[m2 ]
i=1

(((∑i−1
j=1

(
(l2j−1 + l2j)(4k − 2)− 8k + 4

)
+ (l2i−1 − 1)(4k − 2) + 1

2

(
(l2i − 1)(4k − 2)

)
+ 2k

)
+

(
n(4k −

2)+2−

(∑i−1
j=1

(
(l2j−1+ l2j)(4k−2)−8k+4

)
+(l2i−1−1)(4k−2)+ 1

2

(
(l2i−1)(4k−2)

)
+2k

))))(
l2i+1

)
+

2
∑[m2 ]

i=2

(∑l2i−1−3
t=0

((∑2i−2
j=1 2lj(2k − 1) + 4kt− 2t− 8ki+ 4i+ 14k − 6

)
+

(
2n(2k − 1) + 2−

(∑2i−2
j=1 2lj(2k −

1) + 4kt− 2t− 8ki+ 4i+ 14k − 6

)))
+

∑l1
i=1 2(k − 1)

((
2k + 2(i− 1)(2k − 1)

)
+

(
2n(2k − 1) + 2− 2(k + (i− 1)(2k − 1))

))
+

∑[m2 ]
i=1

∑l2i−2
t=0

((∑2i−1
j=1

(
(lj + t)(4k− 2) + 2k+ (2i− 2)(−4k+ 2)

))
+

(
n(4k− 2) + 2−

(∑2i−1
j=1

(
(lj + t)(4k−

2) + 2k + 4(i− 1)(−2k + 1)

))))(
2k − 2

)
+

∑[m2 ]
i=2

∑l2i−1−2
t=0

((∑2i−2
j=1

(
(lj + t)(4k− 2)+2k+(2i− 2)(−4k+2)

))
+

(
n(4k− 2)+2−

(∑2i−2
j=1

(
(lj + t)(4k−

2) + 2k + (2i− 2)(−4k + 2)

))))(
2k − 2

)
+

2(m+1)

(
k+

(
2kn−n+1−k

))
(2k−2)+

∑l1−2
i=1 (2k−2)

((
2k+4ki−2i

)
+

(
4kn−2n+2−2

(
k+2ki− i

)))
+

∑m
i=2

(∑li−3
t=0

((∑i−1
j=1 2lj(2k− 1)+ 4kt− 2t− 4ki+2i+10k− 4

)
+

(
4kn− 2n+2−

(∑i−1
j=1 lj(4k− 2)+ 4kt−

2t− 4ki+ 2i+ 10k − 4

)))
(2k − 2)

)
.

Proof: Similar to Theorem 1.
Example 1

Consider a polyomino with k = 2 and length l1 = 2, l2 = 3 and l3 = 2, see figure 7. Therefore, m = 3 and n = 5. Please
indicate it as B5,2.
Clearly, by four types of cuts we get Sz(B5,2) = (7∗8∗25+2∗16∗16+3∗7∗25)+(2∗4∗28+4∗16∗16+2∗4∗28)+
(2∗4∗28+2∗10∗22+2∗16∗16+2∗10∗22+2∗4∗28)+(2∗4∗28+2∗4∗28+2∗16∗16+2∗4∗28+2∗4∗28) = 6282
By Theorem 1, we will have:
Corollary 2 (Linear chain). For m = 1 and l1 = n, graphs Bn,k|l are linear chains Ln,k with n 4k-cycles. Of Theorem 1
is the Szeged index of the linear chain Ln,k given by the following equation

Sz(Ln,k) = (n+1)

(
n(2k−1)+1

)2

+(4k−2)

(∑n
i=1 2

(
2ki− (i+k−1)

)(
4kn−2n+2−2

(
2ki− (i+k−1)

)))
.

Corollary 3 (Linear chain). For m = 1 and l1 = n, graph Bn,k|l are linear chains Ln,k with n 4k-cycles. Of Theorem 1
is the vertex-PI index of the linear chain Ln,k given by: by

PIv(Ln,k) = 2(n+1)

(
n(2k−1)+1

)
+(4k−2)

(∑n
i=1

(
2

(
2ki−(i+k−1)

)
+

(
4kn−2n+2−2

(
2ki−(i+k−1)

))))
.
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Fig. 4. II-type cut of polyomino chain

Fig. 5. III-type cut of polyomino chain

Fig. 6. IV-type cut of polyomino chain

Fig. 7. The graph B5,2

REFERENCES

[1] I. Gutman, “A formula for the Wiener number of trees and its extension
to graphs containing cycles,” Graph Theory Notes, no. 27, pp. 9–15,
1994.

[2] M. R. Darafsheh, “Computation of topological indices of some graphs,”
Acta Appl. Math., no. 110, pp. 1225–1235, 2010.

[3] M. R. Darafsheh, “The Wiener, Szeged and PI-index of the triangle
graph,” In Lee See Keong and Hailiza Kamarul Haili (eds) 5th Asian
Mathematica Conference Proceedings, no. 1, pp. 81–89, 2009.

[4] H. Deng, and S. Chen, “PI indices of perocondensed benzenoid graphs,”
J. Math. Chem., no. 43, pp. 19–25, 2008.

[5] A. Loghman, and A. R. Ashrafi, “PI index of zig-zag polyhex nan-
otubes,” MATCH Commun. Math. Comput. Chem., no. 55, pp. 447–452,
2006.

[6] M. Mansour, and T. Mansour, “The PI index of polyomino chains of 4k-
cycles,” Acta Applicandae Mathematicae, no. 109, pp. 671–681, 2010.

[7] H. Wiener, “Structual determination of paraffin boiling points,” Journal
of the American Chemical Society, vol. 1, no. 69, pp. 17–20, 1947.

[8] Kinkar Chandra Das, A. Ghalavand, and A. R. Ashrafi, “Comparison
between Szeged indices of graphs,” Quaestiones Mathematicae, vol. 8,
no. 43, pp. 1031–1046, 2020.IAENG International Journal of Applied
Mathematics, vol. 45, no. 2, pp. 138–150, 2015.

[9] H. Yousefi-Azari, M. H. Khalifeh, and A. R. Ashrafi, “Vertex and edge
PI indices of cartesian product graphs,” Discrete Appl. Math., vol. 156,
pp. 1780–1789, 2008.

[10] M. Ghorbani, A. R. Ashrafi, and M. Jalali, “The vertex PI and Szeged
indices of an infinite family of fullerenes,” J. Theor. Comput. Chem.,
vol. 7, no. 2, pp. 221–231, 2008.

[11] H. Yousefi-Azari, M. H. Khalifeh, and A. R. Ashrafi, “A matrix method
for computing Szeged and vertex PI indices of join and composition of
Graphs,” Linear Alg. Appl., vol. 429, no. 11-12, pp. 2702–2709, 2008.

IAENG International Journal of Applied Mathematics, 52:3, IJAM_52_3_12

Volume 52, Issue 3: September 2022

 
______________________________________________________________________________________ 




