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The Szeged Index of Polyomino Chains of
dk-cycles

Reza Mohammadyari

Abstract—In the theory of chemical graphs, several topologi-
cal indices were defined or expanded or generalized by Wiener,
Gutman and mathematicians and other chemists [1]. In this
paper, we will calculate the indices of Szeged and vertex-PI for
4k-cycle polyomino chains.

Index Terms—Topological index, Szeged index, vertex-PI
index, Wiener index, Polyomino chains.

I. INTRODUCTION

In this section, with some definitions theorem from [2]

and [3] for calculating the Szeged index of graph.
Suppose G = (V, E) is a simple and connected graph Whose
V' is the set of vertices and F is the set of edges of G, we
consider e = uv to be edge of E. The distance between two
vertices u, v is defined as the shortest path between them and
is represented by d(u,v). We define n,(e) to be the number
of vertices of V' such that these vertices are closer to the
vertex u than the vertex v. We define n,(e) similarly.

The Szeged index is defined according to the definitions
of ny(e) and n,(e) as follows:

Z ny(e)ny(e). €))

ecE(G)

Sz(GQ) =

The calculations performed in [8], are about the rela-
tionship between the Szeged index and some other indices,
including the edge-vertex and vertex-edge Szeged indices,
and revised Szeged index on. The PI index is defined in the
graph as follows Consider the edge e of the graph is the
sum of all edges that are not spaced from the two ends e,
Consider m,,(e) the number of edges of the graph that are
closer to the vertex u than the vertex v and Consider m,,(e)
the number of edges of the graph that are closer to the vertex
v than the vertex u

The PI index the molecular graph G is labeled from

D (mule) + my(e)) )

e=uv

PI(G) =

Similarly, the vertex-PI index is the sum of all vertices of
the graph that are not spaced u, v,

Z (nu(e) + ny(e)), 3)

e=uv

PI,(G) =

khalifeh also expressed the vertex pi for molecular graphs
[9]. Ashrafi in [10] for the infinite family examined the
graphs of the fullerences graphs of the vertex PI index.
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Fig. 1. The linear chain of 8-cycles

Fig. 2. The Zig-zag chain of 8-cycles
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I-type cut of polyomino chain

Fig. 3.

II. CALCULATION OF THE SZEGED INDEX OF POLYOMINO
4K-CYCLES CHAIN

In this section, we first define the k-polyomino system.
Each k-polyomino section consists of a number of 4k-cycle
chains that are in a common rim and are connected to each
other. Examples of linear and zig-zag chains can be seen in
Figures 2 and 3. A linear chain consists of one part and the
number of chains can be 1 to n and the zig-zag chain of each
part consists of two chains, and the number of 4k-cycles in
each segment is represented by [(S). A k-polyomino chain
has features that include the following: from the sections
51,52, ..., Sm, where the length of each section is defined
as [(S;) =1; fori=1,2,...,m, here

o li=n+m-1LV(G)|=ndk-2)+2 @
i=1
which we show the length of all segments as [ = (Iq, . .
., In)[6]. To calculate the Szeged index for these chains,
we used four types of cuts. In these cuts, the edges that are
located on these straight cut lines have similar calculations
that can be seen in Figures 3, 4, 5 and 6.
We start by the following theorem:
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Theorem 1 Let B, j|; be n 4k-cycle k-polyomino chain consisting of m > 1 segments S1, S2, ..., Sy, with lengths /4, .

-

.(1) If m is odd then
S2(Bpri) = <l1(2k -1)+ 1) ((n —301)(4k — 2) + 1) <l1 + 1) +

o ((Z;_i ((l2j1 + 125 — 2)(4k — 2)) + (l2i-1 —1)(2k —1) + 2k> <"(4k —2)+2- (Z;_ﬁ ((l2j1 + 125 —

RS

Zi
2)(4k — 2)) - (losr — D)2k — 1) + 2k> (z%_l N 1)) N

2y %] ( o (Z?"_f 4kl; — 20; + 4tk — 2t + 4(2k — 2ki +i— 1) + Qk) <n(4k —2)+2— <Zj."_11 1;2(2k — 1) +

22k — 1) +4(i — 1)(—2k + 1) + 2k>)> +
2o <2k: + (4ik — 2i)> (4nk: —2n) +2 — 2(k + (2ki — i))) +
i (

<Z§-_11 ((zzjl +1a;) (4k —2) —8k:+4> (20— 1)(2k—1)+ 2 ((lgi - 1)(4k—2)> +2k;> (n(4kz—2) +2—
<

2517 ( 2 (Zf—i_f 4ljk—2lj+4kzt—2t+2(—4k¢i+2i+6k—3)+2k> <4lm—2n+2— (Zj.i_f Ak —
215 +4kt—2t+2(—4ki+2i+6k—3)+2k:)>> +

2( im 2 (Z;”_f 4ljk—2lj+4kt—2t+2(4k—2km+m—2)+2k>(—2n+4nk+2— (Z;.“_ll 20;(2k — 1) +
4kt—2t+2(4k—2km+m—2)+2k)> +

sl 2(k—1)<2k+2(2k;i—z’—2k;+1) (—2n+4nk)—|—2—(2k+2(2ki—i—2k+1))) +

L] gl <z§i‘f (4klj —21j+4kt—2t+2k+4(—2ki+i+2k—1))) <2n(2k5—1)+2— (zj@'_—ll <4kgj_
2lj+4kt2t+2k+2(2kz’+z’+2k1))>><2k2) +

SEI gl (23”‘12 (4l~clj—21j+4kt—2t—8ki+6k+8k—4>) n(dk —2) +2 — (z?i‘f (41<;lj—21j_

S

2(m+1)(kz(—2n+4nk+2—2k)>2(k—1)+Zlil__12 (2k—2)<2k+4k¢i—2i) (—2n+4nkz+2—2(k+2k¢i—i>> -
j=1

S, ( A~ <2§:11 4kl — 21; + 4kt — 2t + 2(2k — 2ki +i — 1) +2k> (2n(2k 1)+2-— (zi‘l 4kl; — 215 +

4kt—2t+2(2k—2ki+i—1)+2k>)(2k—2)).

(2) If m is even then,
Sz(Bpii) = <l1(2k —1)+ 1) ((n — 1) (ak —2) + 1) (h + 1> +
soi%) ((Zj-_ll ((zzj1 + 1y — 2)(4k — 2)) + (lyicy — 1)(2k — 1) + 2k> <4kn — 2 42— (Zé_ll ((12j1 1y —

2)(4k — 2)) + (losr — D)2k — 1) + 2k> (zgi_l N 1)) N
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j=1

g ylElt ( l2: 3 (22,1‘1 Akl; — 205 4 4kt — 2t + 4(—2ki 4+ i + 2k — 1) + 2k> <4kn —2m 42— <z§’3:11 4kl; —
2lj+4kt—2t+4(—2ki+i+2k—1)+2k>)> +

gy b2 (zjm_—ll <4klj—2lj+4kt—2t+6k—2km+m—2)> <4kn—2n+2—<zm’__1 (lj(4k—2)+4k;t—2t+

j=1
6k—2km+m—2>>> +

S k+2kz—z) <2n(2k—1)+2—2(k+2ki—i))+

Il w3

iz ( yict ((sz_l ;) (4k — 2) — 8k + 4) 4 (lyiog —1)(4k—2) + L <(z% —1)(4k — 2)> + 2k> (n(4k —2)+

2 <z§j ((zzjl o) (4k — 2) — 8k + 4> - (losy — 1)(4k —2) + ;<(z% 1)k — 2)) + 2k>)> (z% + 1) N
2y ( 2t <Z§;‘f L (4k — 2) + 4kt — 2t + 2(—4ki + 2i + Tk — 3)) <2n(2k —1)+2- (25;2 1(4k —2) +
#(4k — 2) + 2(—4ki + 2i + Tk — 3))) n

S 2k — 1) (2k +2(i — 1)(2k — 1)) <2n(2k — 1) 42— (2k+2(i — 1)(2k — 1))) +

DL P (Zi”_f ((lj +1)(4k — 2) + 2k + (20 — 2)(—4k + 2))) (n(4k —2) 42— (z?i_ll ((zj F)(dk—2) +

2k +4(i — 1)(—2k + 1)))) <2k; - 2) +

ylE] grlaica2 <zji_f ((zj )4k — 2) + 2k + (20 — 2)(—4k + 2))) <n(4k —2) 42— (Z?if ((lj +1)(4k —

2) + 2k + (2i — 2)(—4k+2))>> (Zk; - 2) +

2(m+1)<k<4kn—2n+2—2k>>(2k—2)+le ? (2k—2)<2k+i(4k—2)> <4kn—2n+2—2(k+2ki—i)>+
S, ( L (2;’:11 Zj(4k—2)+4l<;t—2t—4ki+2i+10k—4) (n(4k—2)+2— (E;l:ll 20;(2k — 1) + 4kt —

2t + 2(—2ki + i + 5k — 2))> (2k — 2)).

Proof:

B, 1y cuts are divided into I-type (see figure 3), Il-type (see figure 4), Ill-type (see figure 5) and IV-type (see figure 6).
An edge is called I-type (or, II-type, or IIl-type, or IV-type) if it intersects with I-type (or, II-type or, IlI-type, or IV-type)
cut.

Therefore it is enough to calculate n,(e) and n,(e) in each section.

(1) If m is odd, consider the following four cases.

Case 1. If edge e is I-type in the j-th 4k-cycle of the r-th segment (that is, e is the edge that passed the dotted line in
figure 3). If you can see that r is odd and there are [, + 1 such edges in the r-th segment. If r is even then there are 2
such edges in j-th 4k-cycle of r-th segment, where 2 < j <[. — 1.

Subcase 1.1 If r = 1. Next, n,(e) = ;<11(4k —2)+ 2> and n,(e) = ( (4k —2)+2—1 <11(4k 2) + 2))

Subcase 1.2 If r =2s — 1, 2 < s < []. Then, we obtain n,(e) = Zg%g*l <(lgj_1 + 1y — 2)(4k — 2)) + (lopm)—1 —
1)(2k — 1) + 2k, and n, (e ( (4k —2) +2 — (Zg’ﬂl ((zgj_1 1oy —2)(4k — 2)) + (lapmy1 — 1)(2k — 1) +2/<;>.
Subcase 1.3 If r = 25,1 < s <[F]and 0 <t <[, — 3 in j-th 4k-cycle, 2 < j < [, — 1. Then, we have n,(e) =

(E?i—l Li(4k — 2) + t(4k — 2) + 2(s — 1)(—4k + 2) + 2k), and n,(e) = (n(4k —2) 42— (z?i—l 1;(4k — 2) +

j=1 j=1
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t(4k — 2) + 2(s — 1)(—4k + 2) + 2k>> .
Subcase 1.4 If r = m. Then, we get n,(e) = Zgﬂ <(l2j_1 + Uy — 2)(4k — 2)) + (I, — 1)(2k — 1) 4 2k, and

nv(e) = (’I’L(4]€ — 2) +2— (Z[ 7] ((lgj_1 + lzj - 2)(4k‘ — 2)) + (lm — 1)(2/{3 - 1) + 2/{3) .

Case 2. If the j-th 4k-cycle edge e of the r-th segment is II-type (that is, e is the edge that passed the dotted line in
figure 4).
If r is even, you can see that there are [, + 1 such edges in the r-th segment. If  is odd then there are 2 such edges in
j-th 4k-cycle of r-th segment, 2 <j< [, — 1.

Subcase 2.1 Ifr =1and 0 <i <ly—2thenn,(e) = (2k+i(4k2)), and n,(e) = (n(4k2)+2 <2k+i(4k2)>>.

Subcase 2.2 If r =2s—1, where 2 < s

[] and 0 < ¢ < I, — 3. Then we obtain n,(e) = <Z] 1 L4k —2) + 4kt —

<
2t—8kzs—|—43+14k—6> and n, (e < (4k — 2) <Z; 1 Li(4k —2) + 4kt — 2t — 8ks + 4s + 14k — 6))
Subcase 2.3 If r = 25, where 1 < s < [].

Then we get n,(¢) = Y5 ((z2j_1 L) (4k — 2) — 8k + 4) S
1)(4k‘ — 2) + %((lgs — 1)(4]{,‘ — 2)) + 2]@, and nv(e) = (n(4k - 2) +2— <Z;:11 ((12]‘_1 + lgj)(4k — 2) — 8k + 4) +

(lgs—1 — 1)(4k — 2) + ;<(123 —1)(4k — 2)> + 2k>>

Subcase 2.4 If r =mand 0 < ¢ < l,, —2. Then we have n,(e) = Z;’:ll 2lj(2k1)+4kt2t4km+2m+10k2>,

and n,(e) = (4kn —2n+2— ( 70" 205(2k — 1) + 4kt — 2t — 4km + 2m + 10k — 2

Case 3. If the j-th 4k-cycle edge e of the r-th segment is of III-type (that is, e is the edge that passed through the dotted
line in figure 5).
For each r, we see that there are 2k — 2 such edges in the j-th 4k-cycle of the r-th segment, and 1 <j< [,.

Subcase 3.1 Ifr =1,1<1i <1 then n,(e) = <2k+(i—1)(4k—2)>, and n,(e) = <4kn—2n+2— (4ki—2i—2k+2>>.

Subcase 3.2 If r =25 — 1, where 2 < s <[] and 0 <t <y, 1 — 2 then ny(e) = 23’:_12 ((lj +t)(4k — 2) + 2k +
(2i — 2)(—4k + 2)), and n,(e) = <n(4k: —2)+2- Yy ((zj + 1) (4k — 2) + 2k + (2i — 2)(—4k + 2))).

Subcase 3.3 1If r = 2s, where 1 < s <[] and 0 <t < o, — 2 then we get n,(e) = ngl ((lj +t)(4k — 2) + 2k +

(2i — 2)(—4k + 2)), and n,(e) = (n(4k —2)+2- Y7 ((zj + 1) (4k — 2) + 2k + (2i — 2)(—4k + 2))).

Subcase 3.4 1If r = m, where and 0 < ¢t < [,,, —2 then we have n,(e) = Z;n;ll (4klj —2l; + 4kt — 2t + 2k +2(—2km+

4k +m — 2)), and n,(e) = [ 4kn —2n+2 - 37" <4kzj — 2, + 2k + 4kt — 2t + 2(—2km + 4k + m — 2))

Case 4. If edge e is IV-type in j-th 4k-cycle of r-th segment ( figure 6). It is obviously the beginning and the end of
each segment we have n,(e) = 2k and n,(e) = n(4k — 2) + 2 — 2k that the number of such these 4k-cycles in B,, ;;, are
m + 1. Now, we calculate the rest below.

For each r we see that there are 2k — 2 such edges in the j-th 4k-cycle of the r-th segment, where 1 <j< ..

Subcase 4.1 If r = 1, where 1 < ¢ < I3 — 2 then we obtain n,(e) = (2k + i(4k — 2)), and
ny(e) = (n(4k—2) +2- <2k+i(4k—2)>>.

Subcase 4.2 If r = s, where 2 < s<m—1and 0 <t <[, — 3 then we get n,(e) = <Zj_} 20;(2k — 1) + 4kt — 2t +
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J=1

2(—2ks + s+ 5k — 2)) , and n,(e) = (4kn —2n+2— <ZS_1 20;(2k — 2) + 4kt — 2t + 2(—2ks + s + 5k — 2))) .
Subcase 4.3 1f r = m, where 0 < ¢ < [,,,—3 then we have n,(e) = Z;”:_ll lj(4k—2)+4kt—2t+2(—2km+m+5k—2)>,

and n,(e) = (n(2k —1)2+2 — (Z;”__ll 20;(2k — 1) — 2t + 4kt + 2(—2km + m + 5k — 2)) .

Therefore, by combining the above cases with the definition of the Szeged index, we have:

S2(Bpg) = | (=14 2k) + 1> <(n — 3h) (-2 +4k) + 1) (11 + 1) +

SEH ((z;‘-_i ((zzjl +1p; — 2)(4k — 2)) + (2o — 1)(2k — 1) + 2k> (n(—z +4k) +2 - (z;‘-_ﬁ ((zgjl +
lo; — 2)(4k — 2)) + (i — )2k — 1) + 2k> (z%_l + 1)) +

2512 ( e <Z§"_11 ;(4k — 2) + 4kt — 2t — 8ki + 4i + 10k — 4) (4kn ont2- (Z?’_f 90, (2k — 1) + 4kt —
2t — 8ki + 4i + 10k—4>) +

) DHin 2<2k—|—4k;i—2i> (4kn—2n+2—(2k+4ki—2i) +

IRE

YN ((zﬂ ((Z2j1+lgj)(4k—2)—8k:+4) +(lgi1—1)(4k:—2)+§((lgi—l)(4k—2)> +21<;> (n(4]~c—2)+2—

<Z§;11 <(12j—1 + 1) (=2 + 4k) — 8k + 4) + (l2im1 = 1D2(=1+2k) + 3 <(lzi — 1)2(2k - 1)) + 2k>)> <12i + 1) +
251%) ( fs1-3 (Ej.i_‘f Akel; — 20 + Akt — 2t — 8ki + 4i + 14k — 6) (4kn —2n 42— (z?i_—f Akl; — 20, + 4kt —
2t — 8ki + 4i + 14k6))> +

2( bm 2 (z}"_ll Akl; — 21, + 4kt — 2t — 4km + 2m + 10k — 4) (4kn —2n+2 - <2;."_11 Aklj — 21; + 4kt — 2t —
4km + 2m + 10k —4))) +

Sh2(k—1) (2k +2(i — 1)(2k — 1)) <2n(2k —1)+2— (2k+2(i — 1)(2k — 1))) +

n

L) gl (23:1 ((lj 1)(dk — 2) + 2k + 4(i — 1)(—2k + 1))) (n(4k —2) 42— (zﬁ’j ((zj L t)(4k —2) +

2% +2(i — 1)(—2k + 1)))) <2k - 2) +

SEI grlaia2 (Zji_‘f ((lj+t)(4k—2)+2k;+(2i—2)(—4k+2))>(n(4k—2)—|—2— (Z?_‘f (2(1j+t)(2k_

1) + 2k + (2i — 2)(4k+2))>> (Qk - 2) +

2(m+1) (k(n(4k; —2)+2- 2k:>> (2k—2)+ 37 (26— 2) <2k + 4ki — 2¢> (4k:n —2n 42— (Qk + 4ki — 21)) +
S, < b (Z;ﬂzll 4kl; — 21 + 4kt — 2t — 4ki 4 2i + 6k — 4) <2n(2k —-1)+2- (23,:11 4kl; — 21; + 4kt —
2t—4ki+2i+6k—4>)(2k—2)>.

(2) If m is even then we consider the flowing four cases. Now, we do the same as step (1):
Case 5. 1If edge e is I-type in the j-th 4k-cycle of the r-th segment (that is, e is the edge that passed the dotted line in
figure 3). If you can see that r is odd and there are /. + 1 such edges in the r-th segment. If r is even, then there are two
such edges at the j-th 4k-cycle of the r-th segment, where 2 < 57 <[, — 1.
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Subcase 5.1 1If r = 1. Then, we have n,(e) = ;<11(4k -2)+ 2) , and n,(e) = <n(4k -2)+2-1 <ll(4k —-2)+ 2>>

- <(12j—1 +loj — 2)(4k — 2)> + (lopp)-1 —

RS

Subcase 5.2 1f r =25 — 1,2 < s <[], Then, we obtain n,(¢) = >

[]-1

1)(2k — 1) + 2k, and n,(e) = (n(4k —2) 42— <2j_1 ((12]-_1 +ly; — 2)(4k — 2)) + (lopmy—1 — 1)(2k — 1) + 2k>.

Subcase 5.3 If r =m, and 0 <t <, — 2. Then, we get n,(e) = ZT:_ll ((l]‘ +t)(4k — 2)) + (m—2)(—4k +2) + 2k,

and n,(e) = [ 2n(2k — 1) + 2 — (Z;’L_‘ll <4klj —2l; + 4kt — 2t> — 4km + 2m + 10k — 4) .

Case 6. 1If the j-th 4k-cycle edge e of the r-th segment is II-type (that is, e is the edge that passed the dotted line in
figure 4).
If r is even, you can see that there are [, + 1 such edges in the r-th segment. If  is odd then there are 2 such edges in
j-th 4k-cycle of r-th segment, 2 <j< [, — 1.

Subcase 6.1 If r =1,0 <i<l;—2thenn,(e) = (2k+i(4k—2)>, and n,(e) = (n(4kz—2) +2— <2k:—|—i(4k:— 2)))
Subcase 6.2 1If r = 25 — 1, where 2 < s <[] and 0 <t <[, — 3. Then we obtain n,(e) = (Z;_% 4kl; — 215 + 4kt —
2t—8ks+4s+14k—6), and n,(e) = <2n(2k—1)+2— (Z;_} 2lj(2kz—1)+2t(2k—1)+2(2s—3)(—2k+1)+2k>).

Subcase 6.3 1f r = m, where 1 < s < [%]. Then we get n,(e) = Zﬂ‘l ((lzjl +19;)(4k —2) — 8k + 4) + (-1 —

IRE

1)(4k—2)+ 3 ((lm —1)(4k — 2)> + 2k, and n,(e) = (n(4k —2)+2— (ZE -1 <(12j1 +12j)(4k — 2) — 8k + 4) +

(L1 — 1)(4k — 2) + ;((Zm —1)(4k — 2)) + 2k>)

Case 7. 1If the j-th 4k-cycle edge e of the r-th segment is of IIl-type (that is, e is the edge that passes through the dotted
line in figure 5).
For each r, we see that there are 2k — 2 such edges in the j-th 4k-cycle of the r-th segment, and 1 <j< ..

Subcase 7.1 If r = 1,1 < i < [; then ny(e) = (Qk; + (i — 1)(4k — 2)), and n,(e) = (n(4k -2)4+2 -

<2k +2(i—1)(2k — 1))).

Subcase 7.2 1If r = 2s — 1, where 2 < s < [F] and 0 <t < lp,_1 — 2 then ny(e) = Z?;Q ((l]’ +t)(4k — 2) + 2k +

(2i — 2)(—4k + 2)), and n,(e) = (n(4k —2)+2- Y77 ((zj +t)(4k — 2) + 2k + (2i — 2)(—4k + 2))) :

Subcase 7.3 If r = m, where 1 < s <[] and 0 <t < [,,, — 2 then we get ny(e) = Z;":_ll 4kl; — 21j + 4kt — 2t —

=1

4km + 2m + 10k —4), and ny(e) = | 2n(2k — 1) +2 - 37! (4k:lj —2lj + 4kt — 2t — 4km + 2m + 10k —4> .

Case 8. If the j-th 4k-cycle edge e of the r-th segment is IV-type (that is, e is the edge that is passes through
the dotted line in the figure 6). It is obviously the beginning and the end of each segment we have n,(e) = 2k and
ny(e) = n(4k —2) +2 — 2k that the number of such these 4k-cycles in B,, ;;, are m + 1. Now, we calculate the rest below.
For each r we see that there are 2k — 2 such edges in the j-th 4k-cycle of r-th segment, where 1 <j< ..

Subcase 8.1 If r = 1, where 1 < i < [; — 2 then we obtain n,(e) = (Qk + i(dk — 2)) and

ny(e) = (n(4k —2)+2- (Qk +i(4k — 2))).

s—1

Subcase 8.2 1If r = s, where 2 < s <m —1and 0 <t <[, — 3 then we get n,(e) = (Zj_l 4kl; — 215 + 4kt — 2t +

2(—2ks + s+ 5k — 2)), and n,(e) = <2n(2k -1)+2- <Zji 4kl; — 215 + 4kt — 2t + 2(—2ks + s + 5k — 2)))
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Subcase 8.3 If r = m, where 0 < t < [,,,—3, then we have n,,(e) = (Z;."_ll 4klj—2lj+4kt—2t+2(—2km+m+5k—2)>,

and n,(e) = | 2n(2k — 1) +2 — (ZT_ll 4kl; — 215 + 4kt — 2t + 2(—2km + m + 5k — 2)) .
Therefore, by combining the above case with the definition of the Szeged index, we have:

Sz(By k1) = <ll(2k 1)+ 1) ((n — L)k —2) + 1) <z1 + 1) +

i, ((Zﬁiﬁ ((lzj—l +1aj = 2)(4k — 2)) + (laim = 1)(2k = 1) + 2k:> (n(4k —2)+2- (2;‘:11 ((12],_1 bl —
2)(4k — 2)) (s — D)2k — 1) + 2k> (zzﬂ + 1)) N

DD ( fa;~3 <Z§":11 20;(2k — 1) + Akt — 2t — 8ki + 4i + 10k — 4) (2n(2k —1)+2- (251—11 20;(2k — 1) +
Akt — 2t — 8ki + 4i + 10k —4))) +

255 (E}”__f (4%- — 215 + 4kt — 2t + 2(—2km + m + 5k — 2))) <2n(2k 1) +2— <z;?“_—11 <4klj 2l +
Akt — 2t + 2(—2km + m + 5k — 2)>>> +

Y Ak 42k — 1)> (4kn — 2 42— 2(k + 2ki — i)) +

S ( > <(12j_1 + o) (4k — 2) — 8k + 4) + (laiy — 1)(4k — 2) + ;(am —1)(4k — 2)> + 2k> (n(4k —-2)+
2= <Z§:11 (Uza'l + ;) (4k — 2) — 8k + 4> + (laio1 = 1)(4k = 2) + §<(lgi —1)(4k — 2)) + 2k>)> (z% + 1) +
231 ( P (Z?Z‘f 1;(4k — 2) + 4kt — 2t — 8ki + 4i + 14k — 6) <2n(2k ~1)+2- (251—12 1;(4k — 2) +
Akt — 2t — 8ki + 4i + 14k —6>)> +

Sty 20— 1) (k4200 - (k- 1) (20026 - ) 42206+ (- D2k - 1)) +

S (Z?’;f ((z]— FO)(4k — 2) + 2k + (20 — 2)(—4k + 2))) <2n(2k 1) 42— <z§i_11 <(lj o)k —

2) +2k+43 —1)(—2k + 1)))) (% - 2) +

L] gl <§j§i_f ((zj )4k — 2) + 2k + (20 — 2)(—4k + 2))) (n(4k —2)4+2— (Zﬁ"_f ((lj +t)(dk —
2) + 2% + (2i — 2)(—4k + 2)))) (Zk; - 2) +

2(m+1) (2k (4kn —2n+1— k)) (2k—2)+ 3157 (2k—2) <2k +i(dk— 2)> (2n(2k —1)+2-2 <k +i(2k— 1)>) +
S, < b (z;’.‘ll 1;(4k — 2) + 4kt — 2t — 4ki + 2 + 10k — 4) (n(4kz —2) 42— (zjﬂ 1;(4k — 2) + t(4k —

2) 4+ 2(i — 2)(—2k + 1) +2k)>(2k2)> n

Corollary 1 Let B, j; be n 4k-cycle k-polyomino chain consisting of m > 1 segments Si, S, ..., Sy, with lengths /1,

S

(1) If m is odd, then
PI, (B, k) = <<ll(2k —-1)+ 1) + ((n — 2lh)(4k —2) + 1)) (ll + 1) +
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slEl+ <<<Z§111 <(zgj_1+12j—2)(4k—2))+(zgi_1—1)(2k—1)+2k +(n@k-2)+2- | X0 <(12j_1+

12]' — 2)(4]€ - 2)) + (lzifl — ].)(Qk — ].) + 2k>> <12¢1 + 1)> +

g yol%] ( fai 3 ((zjﬁf Akel; — 215 + Akt — 2t — Ski + 4i + 10k — 4) + (2n(2k —1)+2- (Z?_—f Akl; — 215 +
4kt—2t—8ki+4i+10k—4>>>> +

2o (% +i(4k — 2)) + <2n(2k: —1)+2—2(k+i(2k — 1)))) +

yols) ( (Zj_ll <(12j1 + 1) (4k — 2) — 8k + 4) + (loiy — 1)k —2) + ;<(12i —1)(dk — 2)> + 2k> + <n(4k -
2)+2— <z§:11 ((zgj_1 + ;) (4k —2) —8k+4) + (Izi—a —1)(4k—2)+§<(12i— 1)(4k—2)> +2k)>>> <z2i+1> +
2y0%) ( faisa =3 ((25;12 20;(2k — 1) + 4kt — 2t — 8ki + 4i + 14k — 6) + <2n(2k —1)+2- (2?;12 (4 —
2)+4kt—2t—8kz’+4i+14k—6))>> +

2(2@;02 ((2;”‘:11 1;(4k — 2) + t(dk — 2) + 2(—2km + m + 5k — 2)> - (2n(2k 1) +2- (Z;’;ll 1;(4k —2) +
4k:t—2t+2(—2km+m+5k—2)>)>> +

S Ak —1) <2kiik+l> + <4kn2n+2(2kiik+1))) +

DOIELED P (z?i_ll (((zj +)(4k — 2) — 8ki + 4i + 10k — 4)> + <4kn — 42— (Z?_f ((lj )4k —2) —
8ki + 4i + 10k — 4) ) <2(k - 1)) +

PUEP D Sl ll (D Deiee ((lj )4k — 2) + 2k + (20 — 2)(—4k + 2))) + (n(4k —2) 42— (E?_f (2(@- +
£)(2k — 1) + 2k + 4(i — 1)(—2k+1)> <2k—2>

+2(m+1) <<k+ <2kn—n+1—k> )) (2k—2)+317% (2k—2) <<2k+i(4k—2)> + <4kn—2n+2— (2k+4kz’—2i) )) +

DI I Pl ((2;:11 lj(4k—2)+4kt—2t—4ki+2i+10k—4> + (n(4k—2)+2— (zj:ll 1;(4k — 2) + 4kt —

2t—4ki+2i+10k—4>)>(2k—2)>.

(2) If m is even then

PI,(By 1) = <<11(2k —1)+ 1) + ((n —2l)(4k — 2) + 1)) (11 + 1) +

i (((z;‘-_i ((lzjl +1p; — 2)(4k — 2)) + (loim1 — 1)(2k — 1) +2k> + <4kn —2n 42— ( Yo ((lzjl +

ly; — 2)(dk — 2)) (o — D2k — 1) + 2k>> <z%_1 + 1)) N

2y lE ( 2 <<Z?_f 90;(2k — 1) + 4kt — 2t — 8ki + 4i + 10k — 4) + <4lm o2 (Z?_ll 21, (2k —

1)+4kt—2t—8ki+4i+10k—4))>> +
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23 m 2 <<z}"_‘11 <2zj(2k — 1) + 4kt — 2t — 4km + 2m + 10k — 4>> + <2n(2k —1)+2- <Z§"__11 (zj(4k -2)+

4kt—2t—4km+2m+10k—4)>>> +

Yy 2<2(k+2ki —z‘) + (2n(2k— 1) + 2 — 2(k + 2ki —z‘))) +

] (((z;i_i ((lzj1+zzj><4k—2>—8k+4)+<z2i1—1><4k—2>+;(<12i—1><4k—2>)+2k>+(n<4k—
2)+2—( Y0 ((lzj_l +125) (4k — 2) —8k+4) +(l2i1 —1)(4k = 2) + 3 ((lm - 1)(4k—2)> +2k>>>> <l2i+1> +
23 #] [yl ((z?_f 2(2h = 1)+ Akt = 2 Ski + 4i-+ 14k = 6) + (2n(2k — 1)+ 2 (2352 21,026 -
1)+4kt—2t—8ki+4i+14k—6>) +

S ok 1) ((% 2= 1)k 1) + (20026~ 1) 42— 2k 6 (2K - 1>>>> "

PEHD Sl Il (D Deiey ((zj 1)(4k — 2) + 2k + (2 — 2)(—4k + 2)) + (n(ak—2)+2- (zﬁi—f <<zj +t)(dk —

2) + 2k + 4(i — 1)(2k+1))>>> (2k2) +

S S ((E?Zz ((lj+t)(4k:—2)+2k+(2i—2)(—4k+2)>>—|— n(4k—2)+2— <Z§i_‘12 ((lj+t)(4k—

2) + 2k + (2i2)(4k+2))>)) (sz) +

2(m+1)<k+ (2kn—n+1—k)>(2k—2)+2§1_12 (2k—2)<(2k+4ki—2i) + (4kn—2n+2—2<k:+2k:i—i)>) +

S, < b ((z;:ll 2zj(2k—1)+4kt—2t—4kz‘+2i+10k—4>+<4im—2n+2—<Zj:11 1;(4k — 2) + 4kt —

2t—4ki+2i+10k—4>)>(2k—2)>.

Proof:  Similar to Theorem 1. [ |
Example 1

Consider a polyomino with k¥ = 2 and length [; = 2, Iy = 3 and I3 = 2, see figure 7. Therefore, m = 3 and n = 5. Please
indicate it as Bs 2.
Clearly, by four types of cuts we get Sz(Bs2) = (T*8%254+2%16% 164+ 3% 7+25) + (2% 4%28 + 4+ 16% 16 +2x4%28) +
(2%4%28+2%10%224+2+16%16+2x10%22+ 2% 4% 28) + (2% 4% 284+ 244 %28+ 2% 16%x 16 +2 x4 % 28+ 2+ 4% 28) = 6282
By Theorem 1, we will have:
Corollary 2 (Linear chain). For m = 1 and l; = n, graphs B,, ; are linear chains L, ; with n 4k-cycles. Of Theorem 1
is the Szeged index of the linear chain L, ; given by the following equation

S2(Lny) = (n+1)(n(2k—1)+1)2+(4k—2)(2;11 2<2ki—(i+k‘—1)> (4Im—2n—|—2—2(2ki—(i+k—1)>)>.

Corollary 3 (Linear chain). For m = 1 and [; = n, graph B, g1 are linear chains L, j with n 4k-cycles. Of Theorem 1
is the vertex-PI index of the linear chain L,, ;, given by: by

PI(Ly, ) = 2(n+1) (n(2k‘—1)—|—1) +(4k—2) <Z$1 (2 <2k:i— (i+l<:—1)> + <4kn—2n+2—2 <2k:z'— (i+k—1)> ) ) ) .
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gy

Fig. 4. II-type cut of polyomino chain
%
Fig. 5. 1IIl-type cut of polyomino chain
%
Fig. 6. IV-type cut of polyomino chain
Oé)
Fig. 7. The graph Bs 2
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