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Bipolar Fuzzy Comparative UP-Filters

T. Gaketem, P. Khamrot, P. Julatha and A. lampan

Abstract—The concept of UP-algebras was introduced by
Iampan in 2017 as a generalization of KU-algebras. In UP-
algebras, several types of bipolar fuzzy sets (BFSs) are intro-
duced and studied. Therefore, in this article, we will introduce
a new concept of BFSs called bipolar fuzzy comparative UP-
filters (BFCUPFs) and investigate their essential properties.
The relationship between comparative UP-filters (CUPFs) and
BFCUPFs is shown. Finally, we’ll express a BFCUPF in terms
of its cuts, fuzzy sets, and neutrosophic sets.

Index Terms—UP-algebra, bipolar fuzzy set, comparative UP-
filter, bipolar fuzzy comparative UP-filter, cut.

I. INTRODUCTION AND PRELIMINARIES

HE concept of UP-algebras was introduced by Iampan

[1] in 2017 as a generalization of KU-algebras [2].
Many researchers study the concept of fuzzy sets and its
generalization on UP-algebras as interval-valued fuzzy sets,
intuitionistic fuzzy sets, picture fuzzy sets, neutrosophic sets,
BFSs, hesitant fuzzy sets, cubic sets, etc.

Fuzzy sets are a kind of tools use solve uncertainties
mathematical structure to supersede a collection of objects
whose boundary is vague with initiated by Zadeh in 1965
[3]. In fuzzy set theory, there are numerous types of fuzzy set
extensions, such as intuitionistic fuzzy sets, interval-valued
fuzzy sets, vague sets, and so on. The fuzzy set is expanded
by a bipolar-valued fuzzy set with a membership degree
range of [—1,0] U [0,1], which was studied by Zhang in
1994, [4]. Jun and Song [5] utilized the notion of BFSs
in BCH-algebras in 2008. Many researchers studied BFSs
in algebraic structures such that in 2011, Lee and Jun
[6] studied bipolar fuzzy a-ideals of BCI-algebras. Jun et
al. [7] investigated bipolar fuzzy Cl-algebras in 2012. In
2018, Kawila et al. [8] introduced the concept of bipolar
fuzzy UP-algebras. The concept of doubt bipolar fuzzy H-
ideals of BCK/BCI algebras was presented by Al-Masarwah
and Ahmad [9]. They distinguished between the BCK/BCI-
algebras’ strong doubt positive ¢-level cut set and strong
doubt negative s-level cut set. In 2021, Muhiuddin and Al-
Kadi [10] studied bipolar fuzzy implicative ideals of BCK-
algebras. Gaketem and Khamrot [11] introduced the concepts
of bipolar fuzzy weakly interior ideals of semigroups. The
relationship between bipolar fuzzy weakly interior ideals and
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bipolar fuzzy left (right) ideals, and the relationship between
bipolar fuzzy weakly interior ideals and bipolar fuzzy interior
ideals are also discussed. Gaketem et al. [12] introduced the
concept of bipolar fuzzy implicative UP-filters (BFIUPFs) in
UP-algebras.

The remainder of the article is structured as follows.
After this, in Section 1, definitions, examples, and some
properties of UP-algebras are provided and used in the next
section. Section 2 will introduce the concept of BFCUPFs in
UP-algebras and investigate some properties of BFCUPFs.
Finally, we’ll express a BFCUPF in terms of its cuts, fuzzy
sets, and neutrosophic sets. Section 3 will include a summary
and a plan.

Before we discussed the concept of UP-algebras, and basic
properties for the study of next sections.

A UP-algebra [1] is defined as X = (X,¢,0) of type
(2,0), where X is a nonempty set, © is a binary operation on
X, and 0 is a fixed element of X if it satisfies the followings:
Ve,y,z € X,

(yoz)o((xoy)o(roz)) =0, ()
Oox =, 2)
xo0=0, 3)
zoy=0yocrx=0=>2=1y. @

According to [1], UP-algebras are a generalization of KU-
algebras, as we well know (see [2]).
Unless otherwise indicated, we will assume that X is a
UP-algebra (X, ¢,0).
The binary relation < on X is defined as follows: Va,y €
X,
r<y&szrzoy=0 ®)

and the statements that follow are true (see [1], [13]).
Va,z,y,z € X,

r <, (6)
r<yys<z=>r<z, (N
r<y=zo0x <20y, (8)
r<y=yoz<x02, )
x < youw, in particular, y o 2 < z o (y ¢ 2), (10)
yox<rer=yox, (11
r<yoy, (12)
zo(yoz)<zo((aoy)o(acz)), (13)
((aoz)o(acy))oz<(zoy)oz (14)
(xoy)oz<yoz, (15)
r<y=z<z0y, (16)
(zoy)oz<xzo(yoz), (17)
(zoy)oz<yo(aoz). (18)

Tampan [1], Guntasow et al. [14], and Jun and Tampan [15],
[16] introduced the concepts of UP-subalgebras, UP-ideals,
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UP-filters, implicative UP-filters, and comparative UP-filters
of UP-algebras of as the following definition.
A nonempty subset S of X is called

(1) a UP-subalgebra of X if Vx,y € S,

zoy €S, (19)
(2) a UP-ideal of X if Vz,y,z € X,
0es, (20)
zo(yoz)eS,yeS=x0z€S, (21)
(3) a UP-filter (UPF) of X if (20) and Vz,y € X,
reS,xzoyeS=yeSs, (22)

(4) an implicative UP-filter (IUPF) of X if (20) and
Ve,y,z € X,

o(yoz)eS,zoyeS=ax0z€S8, (23)

(5) a comparative UP-filter (CUPF) of X if (20) and
Ve,y,z € X,

o(lyoz)oy) €eS,zeS=>yes. (24)

Jun and Iampan [16] showed that every CUPF is a UPF,
but the converse is not true in general.

The concept of BFSs in a nonempty set is now reviewed.

A bipolar fuzzy set (BES) [4] (3 in a nonempty set S is an
object having the form

8= {(z,8 (2),8% () | x € S},

where 5~ : S — [-1,0] and g7 : S — [0,1].
symbol 3 = (8=, 87) for the BFS 3 = {(z, 3~
x € S} for the purpose of simplicity.

Kawila et al. [8] and Gaketem et al. [12] introduced the
concepts of bipolar fuzzy UP-subalgebras, bipolar fuzzy UP-
filters, bipolar fuzzy UP-ideals, and BFIUPFs of UP-algebras
as the following definition.

We’ll use the
(z), 67 (2)) |

A BFS 3= (87,8") in X is called
(1) a bipolar fuzzy UP-subalgebra of X if Vx,y € X,
B~ (zoy) <max{B (z),5 ()}, (25)
fH(@oy) > min{" (). 67 (y)},  (26)
(2) a bipolar fuzzy UP-ideal of X if Vz,y,z € X,
B7(0) <57 (), 27)
B7(0) = 57 (), (28)
B (xoz) <max{f (zo(yo2)),5 (y)}, 29
f(woz) =zmin{fT(zo(yo2)),fT(y)}  (30)

(3) a bipolar fuzzy UP-filter (BEUPF) of X if if (27), (28),
and Vz,y € X,

B~ (y) <max{f (zoy), B (z)},

B*(y) > min{3* (z 0 y), 67 (2)},

(4) a bipolar fuzzy implicative UP-filter (BFIUPF) of X if
if (27), (28), and Y,y € X,

B (xoz) <max{f (zo(yo2)),8 (xoy)}, (33)

BT (zoz)>min{BT(zo(yo2)),8 (xoy)}t. (34)

€29
(32)

II. BIPOLAR Fuzzy COMPARATIVE UP-FILTERS

In this section, we introduce the concept of BFCUPFs of
UP-algebras and investigate some properties of BFCUPFs.

A BFS 8 = (37,8%) in X is called a bipolar fuzzy
comparative UP-filter (BFCUPF) of X if (27), (28), and
Vr,y,z € X,

B7(y) <max{f~ (zo((yoz)oy)),f ()},  (35)
B (y) Zmin{B*(zo ((yoz)oy)), 8 (2)}.  (36)
Example II.1. Consider a UP-algebra X =

{ap, a1, as,as,as} with the following Cayley table:

S lap a1 a2 a3z a4
apg | ap a3y az asz Qg
ap | ap ap a2 aop a4
az | ap a1 Gp a3z G4
as |ap a3 a2 ap a4
a4 | Ao Go Go ap Go

Define a BFS = (37,37") in X as follows:

X ‘ Qg aq as as a4
g~ |-08 —-08 —-0.8 —-0.8 -0.1
BT 0.7 0.7 0.7 0.7 0.2

Then (3 is a BFCUPF of X.

Example IL2. Consider a UP-algebra X =

{bo, b1, b2, b3, by} with the following Cayley table:

< bo b1 b2 b3 b4
bo [bp b1 by b3 by
by [bo bo b2 b3 by
by [bg bo by b3 by
bs [bo bo b1 by b4
by | bg bg b2 b3 bo

Define a BFS 3 = (87,67) in X as follows:

X ‘ bo b1 b2 b3 b4
6-1-09 —-09 -03 —-03 -0.3
Bt 0.7 0.7 0.5 0.5 0.5
Then (3 is a BFIUPF of X, but is not a BFCUPF of X.
Indeed, 7 (2) = —0.3 > —0.9 = max{f~ (00 ((2¢3) ¢
2)),67(0)}.
Open problem: Prove that every BFCUPF of X is a

BFIUPF or give a contradictory example.
The following theorem is easy to prove.

Theorem IL3. [f 3 = (87,57) is a BFS in X with 3~ and
BT are constant, then it is a BFCUPF of X.

Theorem 11.4. Every BFCUPF of X is a BFUPF.

Proof: Let 3 = (37, 3") be a BFCUPF of X. We are
left only to show that (31) and (32) are true. Let x,y € X.
Then

B (y) <max{f (zo((yo0)oy)),B (x)} by (35)
=max{f (zo (0oy)),5 (x)} by (3)
=max{f (zoy),0 (2)} by (2)
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and
A7 (y) =2 min{B* (z o ((yo0)oy)),B%(2)} by (36)
— min{5* (z 0 (00)), B+ (x)) by (3)
— min{3* (z 0 y), 8 (2)}. by 2)
Hence, 3 is a BFUPF of X. |

Example IL.5. Consider a UP-algebra X = {co, c1,¢2,c3}
with the following Cayley table:

S|l g €1 C2 C3
Co|C €1 C2 C3
Ci1 | C Co C2 C2
C2 | Cp €1 Co C3
€3 | € Co Co Co

(87,B87) in X as follows:

Define a BFS 3 =

X‘ Co C1 C2 C3
61 -06 —04 —02 —02
Bt 1 0.9 0.6 0.3 0.3

Then 3 = (87,87) is a BFUPF of X, but it is not a
BFCUPF of X. Indeed, 37 (1) = 0.6 < 0.3 = min{87(2¢

(103)),87(2)}
Theorem IL.6. If 0 =
kerf = {x € X | B~ ()
CUPF of X.

Proof: Clearly, 0 € ker 3. Let x,y,z € X be such that
xo((yoz)oy) € ker f and x € ker 8. Then 8~ (zo ((yoz)o

y)) =pB7(0) =B~ (x) and f*(zo((yoz)oy)) = 57(0) =
BT (x). Thus

(8~,87%) is a BFCUPF of X, then
= 37(0),8(z) = pT(0)} is a

B(0) < B () by (27)
<max{f~(z o ((yoz)oy)),f (x)} by (35
=max{8"(0),57(0)}
=37(0)

and

BH(0) > 57 (y) by (28)

>min{BT(zo ((yoz)oy)),8 ()} by (36)

(
= min{3"(0), 57(0)}
= 57(0).

That is, 8~ (y) = 87(0) and 8F(y) = 87(0), so y € ker 5.
Hence, ker 3 is a CUPF of &A. |

Let 8= (87,87%) be a BFS in X. For r~ € [—1,0] and
T €[0,1], the sets
Ly(@;r7) ={z e X[ (x) <7},
Un(Bir7) ={zeX | (x) 2r 1},
Lp(BirT) ={zeX|pT(z) <r'},
Up(B;r™) ={z e X | ¥ (z) 217"}

are called the negative lower r~ -cut, the negative upper r~ -
cut, the positive lower rT-cut and the positive upper v -cut
of 3, respectively. The set C'(3; (r—,rT)) = Ly(8;77) N
Up(B;r™) is called the (r—,r™)-cut of 3. For any r € [0, 1],
we denote the set C'(8;r) = C(8; (—r,r)) is called the r-cut
of (.

Theorem I1.7. A BFS 3= (37,3%) in X is a BFCUPF of
X if and only if the followings are valid:

(1) forall = € [—1,0], Ln(8;7~) is a CUPF of X if it
is nonempty,

(2) for all v+ €[0,1], Up(B;r™) is a CUPF of X if it is
nonempty.

Proof: Suppose that § is a BFUPF of X. Let r~— €
[—1,0] be such that Ly (3;77) # 0 and let a € Ly (5;77)
Then 5~ (a) < r~. By (27), we have 7 (0) < 8 (a) < r~
Thus 0 € Ly (B;77).

Let z,y,z € X be such that z o ((yoz)oy) (B;717)
and x € Ly(B;r7). Then 8~ (z o ((yoz)oy)) < r~ and
B(x) < r~. By (35), we have 5 (y) < max{g~ (zo((yo=)o
y)), 8 (x)} <r~.Thus y € Ly(B;7~). Hence, Ly(03;77)
is a CUPF of X.

Let 7+ € [0,1] be such that Up(B;7") # () and let a €
Up(B;rT). Then S+ (a) > r*. By (28), we have 57(0) >
Bt (a) > 7. Thus 0 € Up(B;1T).

Let z,y,2 € X be such that zo ((yoz)oy) € Up(3;rT)
and © € Up(B;rt). Then St (z o ((yoz)oy)) > rt
and 87 (z) > r*. By (36), we have 3T (y) > min{8"(z ¢
((yoz)oy)),B(x)} > r*. Thus y € Up(B;r"). Hence,
Up(B;rT) is a CUPF of X.

For the converse, suppose that r— € [0,1], Ly (G;77) is a
CUPF of X if it is nonempty and 7+ € [0,1],Up(B;r™") is
a CUPF of X if it is nonempty.

Let x € X. Then 5~ (x) € [-1,0]. Choose r~ = 5~ (x).
Then 3~ (z) <r~.Thus x € Ly(8;77) # 0, so Ly(8;77)

€ Ly

is a CUPF of X. By (20), we have 0 € Ly(3;r). Thus
5-(0) <= = 5~ (2).

Let z,y,z € X. Then 8~ (z o ((y o 2)oy)),0 (x) €
[—1,0]. Choose 7~ = max{f (z o ((y o 2)oy)), B (z)}.
Then S~ (z o ((yoz)oy)) < r~ and B~ (x) < r~. Thus
zo((yoz)oy),x € Ly(B;77) # 0,0 Ly (B;77) saCUPF
of X. By (24), we have y € Ly (8;77). Thus 8~ (y) <
max{5~ (¢ ((y o 2) 0 9)), 5~ (2)}.

Let x € X. Then 3% (x) € [0,1]. Choose r* = 1 (z )
Then 37 (x) > r*. Thus z € Up(B;rT) # 0, so Up(B;rT)
is a CUPF of X. By (20), we have 0 € Up(83;r™). Thus
B(0) > 1+ = B+ (2).

Let z,y,z € X. Then 8t (z o ((y ¢ 2) oy)),B8"(z) €
[0,1]. Choose r™ = min{B*(zo((yoz)oy)), 3T (x)}. Then
BT (xo((yoz)oy)) >rt and 1 (x) > rT. Thus (zo((yo
z)oy)),z € Up(B;rt) # 0, so Up(B;rt) is a CUPF of
X. By (24), we have y € Up(B3;r™). Thus gt (y) > rt =
min{ 3+ (o (3 2) 0 1)), B* ()},

Hence, 3 is a BFCUPF of X. |

Corollary IL8. If 3 = (37, 3%) is a BFCUPF of X, then
forall v €10,1], C(B;7) is a CUPF of X if it is nonempty.

Let 3 = (87,87) be a BFS in X. The BFS 3. =
(B, 8F) defined by for all z € X, 37 (z) = —1 — BF(x)
and 8 (z) = 1— % (z) is called the complement [17] of (3
in X.

Lemma I1.9. [12] Let 3 = (3~,3") be a BFS in X. For

all r= € [-1,0] and r* € [0, 1), the followings are true:
(1) Ly(Be;r™) =Un(B;—1—17),
(2) UN(ﬁCa )_LN(Bv_l_T )’
(3) Lp(Be;rt) =Up(B;1—1rT),
4) Up(Be;rt) = Lp(B;1—rT).
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Theorem IL10. Let 8 = (87,87) be a BES in X. Then
Be = (B7,BF) is a BECUPF of X if and only if the
followings are true:
(1) forall v~ € [-1,0], Un(B;77) is a CUPF of X if it
is nonempty,
(2) forall v+ € [0,1], Lp(B;7") is a CUPF of X if it is
nonempty.

Proof: Tt follows from Theorem II.7 and Lemma II.9.
|
A neutrosophic set (NS) N in a nonempty set S as a
structure of the form N = {(z, f(z),g(x),h(z)) | € S}
when the fuzzy sets f : § — [0,1], ¢ : S — [0,1] and
h :S — [0,1] are called a truth membership function, an
indeterminate membership function, and a false membership
function, respectively. For the sake of simplicity, we shall
denote the symbol (f, g, h) of the NS {(z, f(z), g(z), h(z)) |
x € S}. Songsaeng and Iampan [18] and Songsaeng et
al. [19] applied neutrosophic set theory to UP-algebras,
introduced many concepts of neutrosophic UP-substructures
and investigated their properties. The concept of neutrosophic
comparative UP-filters of UP-algebras is one of important
concepts of neutrosophic UP-substructures and defined the
following definition.

Definition IL.11. [19] A NS (f,g,h) in X is called a
neutrosophic comparative UP-filter (NCUPF) of X if the
following conditions hold: for all z,y, z € &,

f(0) > f(x), (37
9(0) < g(z), (38)
h(0) > h(x), 39)
f(y) = min{f(z o ((yoz)oy)), f(z)} (40)
9(y) < max{g(z o ((yoz)oy)) g(x)} (41)
h(y) > min{h(z o ((yo z)oy)), h(x)}. (42)

Example II.12. Consider the UP-algebra X =
{ap,a1,as,a3,a4} defined in Example II.1. Define a
NS (f,g,h) in X as follows:

X‘ ap aq as as Q4
f106 06 06 0.6 0.2
g|04 04 04 04 06
h]109 09 09 09 01

Then (f, g,h) is a NFCUPF of X.

Definition II.13. A fuzzy set f in X is called a fuzzy com-
parative UP-filter (FCUPF) of X’ if it satisfies the conditions
(37) and (40).

Definition I1.14. A fuzzy set g in X is called an anti-
fuzzy comparative UP-filter (AFCUPF) of X if it satisfies
the conditions (38) and (41).

Example II.15. Consider the UP-algebra X =
{ag,a1,as,a3,a4} defined in Example II.1. Define
fuzzy sets f and g in X as follows:

X ‘ aop aq a9 as a4
f103 03 03 03 02
g|05 05 05 05 1

Then f is a FCUPF and g is an AFCUPF of X

Proposition I1.16. A NS (f, g, h) in X is a NCUPF of X if
and only if f and h are FCUPFs of X, and g is an AFCUPF
of X.

Proof: 1t is clear. |

For a function f from a nonempty set S into the set of all

real numbers R, the functions —f, 1 — f, 1+ fand f —1
are defined as follows:

—f:S—=Rz— —f(x), (43)
1-f:S—>Rxz—1-— f(x), (44)
1+f:S— Rz 1+ f(z), (45)
f-1:S—= Rz f(z)—1. (46)

Then f=1-(1-f)=—(—f)=1+(f-1and 1+ f =
1= (=)
Lemma IL1.17. Let f be a fuzzy set in X. The following are
true.
(1) fisa FCUPF of X if and only if 1 — f is an AFCUPF
of X.
(2) fisan AFCUPF of X if and only if 1 — f is a FCUPF
of X.

Proof: (1) Assume that f is a FCUPF of X. Then for
all x,y,z € X, we have
(1=/)0)=1=f(0) <1-f(x) = (1= /=)

and

(1= =1-1(y)
<1-—min{f(zo((yoz)oy)), f(x)}
=max{l — f(zo((yoz)oy)),1— f(z)}
=max{(1 - f)(z o ((yoz)oy)), (1-f)(x)}
Hence, 1 — f is an AFCUPF of X.
Conversely, assume that 1 — f is an AFCUPF of X. Since

f=1—010-f), we get
fO)=1-010=1)0) 21— (1= f)z) = f(z)

and

[ =1-0- )
>1—max{(1—- f)(zo((yeoz)oy)),(l—f)z)}
=min{l— (1 - f)(zo((yoz)oy),1 - (1— f)(z)}
=min{f(zo ((yoz)oy)), f(x)}

for all z,y,z € X. Hence, f is a FCUPF of X.

(2) It follows from (1) and f=1— (1 — f). [ |
Theorem I1.18. Let f be a fuzzy set and 3 = (3, 3%) be
the BFS in X such that 3~ = —f and BT = f. Then f is a

FCUPF of X if and only if 8 is a BFCUPF of X.

Proof: Let f be a FCUPF of X. Then ( satisfies the
conditions (28) and (36). Next, let z,y,z € X. Then

B7(0) = —f(0) < —f(z) = 5 ()

and
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Thus [ satisfies the conditions (27) and (35). Hence, [ is a
BFCUPF of X.

Conversely, let 8 be a BFCUPF of X. Then the conditions
(28) and (36) hold. Thus f = 31 is a FCUPF of X. [ |

Theorem IL.19. A BFS 3 = (3~,8%) in X is a BEFECUPF
of X if and only if 3T and —3~ are FCUPFs of X.

Proof: Assume that 3 is a BFCUPF of X. Then 3+
satisfies the conditions (28) and (36) which imply that 3+
is a FCUPF of X. Since [ satisfies the conditions (27) and
(35), we have —3~(0) > -3~ (z) and

—B7(y) = —max{B~ (zo ((yo2)oy)), B ()}
=min{—-F"(zo ((yoz)oy)),—0 (x)

for all z,y,z € X. Thus —3~ is a FCUPF of X.
Conversely, assume that 3% and —3~ are FCUPFs of X,
Then (3 satisfies the conditions (28) and (36). Since 3~ =
—(—p7), we get that (3 satisfies the conditions (27) and (35).
Hence, 3 is a BFCUPF of X. |

Theorem I1.20. Let f be a fuzzy set and 3 = (3=, 8%) be
the BFS in X such that 3~ = f —1 and 3t =1 — f. Then
f is an AFCUPF of X if and only if 3 is a BFCUPF of X.

Proof: Assume that f is an AFCUPF of X'. By Lemma
I1.17(2), we get that 3+ = 1 — f is a FCUPF of X. Thus
[ satisfies the conditions (28) and (36). By the assumption
and f~ = f — 1, we get

B7(0) = f(0) =1< flz) —1=p5"(2)

}

and

B (y)=fly) -1
<max{f(zo((yoz)oy)) flz)} -1
=max{f(zo((yoz)oy)) -1, f(x) -1}
=max{f" (zo((yo2)oy)), (z)}
for all z,y, z € X. Hence, (3 satisfies the conditions (27) and

(35). Therefore, 3 is a BFCUPF of X.
Conversely, it follows from Lemma II.17(2). |

Theorem IL.21. A BFS 3 = (3~,8%) in X is a BEFECUPF
of X if and only if 1 — 3% and 1+ 3~ are AFCUPFs of X.

Proof: Tt follows from Lemma II1.17(1), Theorem I1.19
and 1+08- =1—(—07). [ |

Theorem I1.22. Let 3 = (37,3") be a BFS in X. The
following are equivalent.

(1) 3 is a BECUPF of X.
(2) 8% is a FCUPF and 1+ 3~ is an AFCUPF of X.
(3) 1 — 7 is an AFCUPF and —(3~ is a FCUPF of X.

Proof: Tt follows from Lemma II.17(1), Theorems II.19,

M2l and 1+ 3~ =1—(=07). [

For fuzzy sets f and ¢ in a nonempty set S, we denote
(f —1,g) for the BFS {(z, (f — 1)(x),g9(z)) | z € S}.

Theorem IL.23. A NS (f,g,h) in X is a NCUPF of X if
and only if the BFSs (9—1, f) and (9—1,h) are BEFCUPFs
of X.

Proof: Assume that (f, g,h) in X is a NCUPF of X.
By Proposition 11.16, we have f and h are FCUPFs and g is

an AFCUPF of X. Then (g — 1, f) and (g — 1, h) satisfy the
conditions (28) and (36). We will show that (¢ — 1, f) and
(g — 1, h) satisfy the conditions (27) and (35). Let z,y,2 €
X. Thus

(g—1)(0)=g(0) —1<g(z) —1=(9—1)(x)

and

(g—D(y) =g(y) -1
<max{g(zo ((yoz)oy))g(x)}—1
=max{g(z o ((yoz)oy)) —1,9(z) — 1}
=max{(g — 1)(zo ((yoz)oy)) (g —1)(2)}

This is shown that (¢ — 1, f) and (g — 1,h) satisfy the
conditions (27) and (35). Therefore, (g —1, f) and (g—1, h)
are BFCUPFs of X.

Conversely, assume that (g — 1, f) and (g — 1,h) are
BFCUPFs of X. By Theorem I1.22, we have f and h are
FCUPFs and 1 + (¢ — 1) is an AFCUPF of X. Since
g =1+ (g — 1), we obtain that g is an AFCUPF of X.
It follows from Proposition II.16 that (f, g, h) is a NCUPF
of X. ]

Theorem I1.24. Let 3 = (8~,37) be a BFS in X. Then (3
is a BFSUPF of X if and only if the NS {(1T,1+3~,—37)
is a NCUPF of X.

Proof: 1t follows from Proposition 1I.16 and Theorem
11.22. u

III. CONCLUSION

In this paper, we have introduced the concept of BFCUPFs
of UP-algebras and provided some properties of BFCUPFs.
The results showed that BFECUPFs and CUPFs are related as
described by their cut. In this study we have an open problem
to prove that every BFCUPF of & is a BFIUPF or give a
contradictory example.

In the future, we will extend go to hesitant fuzzy compar-
ative UP-filters in UP-algebras and provide some properties.
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