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Palindromic Labeling on Some Graphs Related to
H —graph

Arti Salat*, Member, IAENG, Amit Sharma, Member, IAENG

Abstract—This paper deals with the palindromic labeling on
some graphs related to H—graph. A bijection f : V(G) —
{1,2,...,|V(G)|} is called palindromic labeling on graph G, if
for every edge uv € E(G), there exists an edge zy € E(G)
such that f(z) = |V(G)|+ 1 — f(u) and f(y) = |[V(G)| +
1 — f(v). If the graph G admits palindromic labeling, then the
graph G is called a palindromic graph. In this paper, discussion
on palindromic labeling for H —graph, the graph obtained by
duplication of every vertex by an edge in H —graph, the graph
obtained by duplication of every edge by a vertex in H —graph,
the graph obtained by attaching each vertex of H —graph by a
path P,,, H ® G (corona product of H and ) and the graph
H(2n,G), where G is any finite graph has been done.

Index Terms—Palindromic labeling, Automorphism of graph
G, H—graph, Duplication of a vertex by an edge in graph G,
Duplication of an edge by a vertex in graph GG, Corona product
G1 ® G2 and the graph H(2n,G).

I. INTRODUCTION

HE palindromic labeling is introduced by Beeler and

has a great impact in the field of graph theory, where
the symmetry of the graph can be studied and the complexity
of the problem can be explored. Palindromic graphs are
like palindromic numbers with their reflectional symmetry. A
graph labeling can be expressed as the allocation of integers
to the vertices or edges, or both, where some conditions are
followed [1].

In view of labeling, Beeler provided the notion of palin-
dromic labeling firstly to explore the structure of different
graphs. Palindromic graph is related to automorophisms of
the graph of order two which fixed at most one vertex of
the graph [2]. Further, in the continuation of palindromic
graph, a theory has been reported in the literature [3] which
says - “A graph G is palindromic if and only if there exists
an automorphism ¢ on the vertices of G such that ¢ is an
involution having at most one fixed vertex”.

Further, the path graph P,, cycle graph C,, complete
graph K, and the n—dimensional hypercube graph @,, are
palindromic, for all n, where it is evident that the Petersen
graph is not palindromic [3]. There are some important
results related to palindromic graph mentioned below [3]:

1) The complete bipartite graph K, ,, is palindromic if
and only if m = n or at least one of m or n is even.

2) The double star .S, ,, is palindromic if and only if m =
n.
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3) The wheel graph W,, is palindromic if and only if n is

even.

The graphs Paly (G, S, p) and Paly(G, S, p) have been in-
troduced and the conditions to be palindromic are discussed.
The join of two graphs and their cartesian product along with
necessary and sufficient conditions for palindromic labeling
are also reported in the literature [3]. Further, in view of
odd and even palindromic graphs, some researchers have
introduced the concept of even and odd palindromic graphs
which emphasizes the involution with no fixed vertices as
well as involution with exactly one fixed vertex [4] [5].

In the present study palindromic labeling for some H—
graphs have been investigated. The different graph operations
on H — graph reveal the palindromic labeling and the results
have been illustrated with the help of examples.

A. Definition:

An automorphism of graph G is a permutation of the vertices
of graph G that maps edges to edges of graph G and
nonedges to nonedges of graph G [6].

B. Definition:

The H—graph of path P, is the graph obtained from
two copies of P, with the vertices wj,us,us,...,u, and
V1, V2, V3, ..., U, by joining the vertices un+1 to Unt1 if n is
odd and Uzqp tO vz if n is even [7].

C. Definition:

Duplication of a vertex vy, b/y anew edge e = v;v;: in a}/graph
G produces a new graph G such that N (v,,) = {vg, v, } and
N(vy,) = {o, vy} [8].

D. Definition:

Duplication of an edge e = uv by a new vertex w in a graph
G produces a new graph G such that N(w) = {u,v} [8].

E. Definition:

The corona G; ® G5 of two graphs GG; (with n; vertices
and m, edges) and G5 (with ng vertices and mo edges) is
defined as the graph obtained by taking one copy of G; and
ny copies of G and then joining the i*" vertex of G| with
an edge to every vertex in the i*" copy of Gy. It follows from
the definition of the corona |V (G; ® G2)| = n1 +nins and
|E(G1 ® G2)| =mi +nimg + nine [9]

F. Definition:

The cycle union of graph G is acquired from a cycle C,
by attaching each vertex of the cycle by a graph G and is
represented by C(n,G) [10].

In a similar way to C(n,G), we have defined H(2n, Q)
which is obtained from H —graph by attaching each vertex
of the H—graph by a graph G.
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II. MAIN RESULTS.

Theorem 2.1: The H —graph admits palindromic labeling.

Proof: Let H—graph with 2n vertices and the vertex set

V(H) = {uj,v; | 1<i<n}. So, |V(H)| = 2n and

|[E(H)| =2n—1.

Case-1: If n is odd,

E(H) = {uiuiﬂ,viviﬂ,u%w%l ’1 <i<n-— 1} .

Define a function f : V(H) — {1,2,...,2n}, for all
. ) if £ = uy,

1<i<nas f(z) = on 41— i

Clearly, f is one-one and onto.

As f(v;) = |V(H)|+1- f(u;), forall 1 <4 < n, H—graph

admits palindromic labeling when n is odd.

Case-2: If n is even,

E(H) = {uiui+1,1}il}i+17U%+1U%|1 S 1 S n — 1}

Define a function f : V(H) — {1,2,...,2n}, for all

) if x = u;,

n+i ife=uv

Clearly, f is one-one and onto. As f(vn—it1) =

[V(H) + 1 — f(u;), for all 1 < ¢ < n, H—graph

admits palindromic labeling when n is even. Thus, case-1

and case-2 show that H —graph admits palindromic labeling.

if x =v;

1<i<nas f(z) =

Ilustration 2.1: Figure 1 demonstrates the palindromic
labeling for H—graph when n is odd. The left side figure
shows the vertex labeling while the right side figure shows
their corresponding palindromic labeling for H —graph
when n = 3. Further, Figure 2 demonstrates the palindromic
labeling for H—graph when n is even. The left side figure
shows the vertex labeling while the right side figure shows
their corresponding palindromic labeling for H —graph
when n = 4. Thus, both the cases are justified and admit
palindromic labeling.

Ul U1 1 6
U2 V2 2 5
us V3 3 4

Fig. 1: The H—graph and it’s corresponding palindromic
labeling when n = 3.

ur @ @ U1 10 ®5
Uz @ U2 2@ 6
us @ Us 3 o7
us @ @ V4 1@ @3

Fig. 2: The H—graph and it’s corresponding Palindromic
labeling when n = 4.

Theorem 2.2: The graph G’ obtained by duplication of

every vertex by an edge in H —graph admits palindromic
labeling.
Proof: Let H—graph with 2n vertices and the vertex set
V(H) = {uj,v; | 1<i<n}. Let G be the graph
obtained by duplication of every vertex u; by an edge
ulu? and v; by an edge v}v?, for all i = 1,2,...,n. So,
|V(G/)| = 6n and \E(G/)| =8n—1.
Case-1: If n is odd,

, { ulu?, vlo?, ‘

E(G):E(H)U 1 i Vi Yy 1§Z§n7}

J J -
U, ViU 7=12

Define a function f : V(G') — {1,2,...,6n}, for all 1 <
i<nand j =1,2 as

i if x = wu;,
6n+1—1 if x = v;,
f(z) = . . . j -
20—1)+n+y if z =u],

6n+1—[2—1)+n+j] ifz=0
Clearly, f is one-one and onto. As f(v;) = |[V(G')| + 1 —
f(u;) and f(v!) = |[V(G)|+1— f(u]), forall 1 < i <
n,j =12, G’ admits palindromic labeling when n is odd.
Case-2: If n is even,

Define a function f : V(G') — {1,2,...,6n}, for all 1 <
t<nand j=1,2as

i if x = uy;,
5n 414 if z =,
f(z) = . . . j o
20—1)+n+y if z =],

6n+1—[2n—14i)+n+j] ifz=0

Clearly, f is one-one and onto. As f(v,—iy1) =
V(G +1 = fu) and f(v;,_;11) = V(G + 1= f(u),
forall 1 <¢<n,j =1,2, G admits palindromic labeling
when n is even. Thus, case-1 and case-2 show that G

admits palindromic labeling.

Ilustration 2.2: Figure 3 demonstrates the palindromic
labeling for the graph G’ obtained by duplication of every
vertex by an edge in H—graph when n is odd. The left
side figure shows the vertex labeling while the right side
figure shows their corresponding palindromic labeling for
the graph G’ when n = 3. Further, Figure 4 demonstrates
the palindromic labeling for the graph G’ obtained by
duplication of every vertex by an edge in H—graph when n
is even. The left side figure shows the vertex labeling while
the right side figure shows their corresponding palindromic
labeling for the graph G’ when n = 4. Thus, both the cases
are justified and admit palindromic labeling.
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ul v 4 15
uy v 1 18

ud v} 5 14

u% Us Vg U% 6 2 17 13

u3 v o7 12

u? vi 8 11
usz U3 3 16

u3 vi 9 10

Fig. 3: The graph G’ obtained by duplication of every vertex
by an edge in H—graph and it’s corresponding palindromic
labeling when n = 3.

ul vl 5 14
Uy U1 1 21

ud v 6 13

ud vy 7 16
Ug Vg 2 22

u2 v 8 15

ul vi 9 18
us U3 3 23

u2 v 10 17

u} vl 11 20
Ug V4 4 24

u? v 12 19

Fig. 4: The graph G’ obtained by duplication of every vertex
by an edge in H—graph and it’s corresponding palindromic
labeling when n = 4.

Theorem 2.3: The graph G obtained by duplication of every
edge by a vertex in H—graph admits palindromic labeling.
Proof: Let H—graph with 2n vertices and the vertex set
V(H) {ui,v; | 1<i<n}. Let G be the graph
obtained by duplication of edge w,;u;41 by a vertex u;, dupli-
cation of edge v;v;41 by a vertex v; forallt=1,2,...,n—1
and duplication of edge uzjvz by a vertex w when n
is even and duplication of edge u EESEES by a vertex w

when 7 is odd in H—graph. So, [V(G')| = 4n — 1 and
|[E(G)| = 6n—3.
Case-1: If n is odd,
E(G’):E(H)U{ Yot W Um0, Uil | < }
Ui41U;, ViV;5 Vit 1V;
Define a function f: V(G') = {1,2,....,4n — 1} as
) if r =wu;,1 <i<n,
2n if z =w,
fley=<4n—1 fz=v,1<i<n,
n+1 ifx:u;,lgign—l,
3n—i ife=v,1<i<n-—1
Clearly, f is one-one and onto As f(v;) = [V(G G +1-
fui), forall 1 <i <mn, f(v;) = V(G V41— f(uy), for
alll <i<n-—1and f(w) = |V( ) +1— f(w), the graph

G’ admits palindromic labeling when n is odd.
Case-2: If n is even,

E(G) =EH)| {

’
Un_ 1W, VW, U U, .
2+1/, 2/’117’1<Z<n}.
Uit 11Uy, ViV;, Vig10;

Define a function f: V(G') = {1,2,....,4n — 1} as
7 if v =u;,1 <i<n,
2n if x =w,
f@)=493n—-1+4i ifx=v;,1<i<n,
n41 if.r:u;,lgign—l,
o2n +i ifr=v,1<i<n-1
Clearly, f is one-one and onto. As f(vn,iﬂ) =

|V(G/)| +1— f(u), f(U;),—7:+1>/: ‘V(G/” +1— f(uy), fo/r
all1 <i<nand f(w) =|V(G)|+1— f(w), the graph G
admits palindromic labeling when n is even. Thus, case-1
and case-2 show that G admits palindromic labeling.

Ilustration 2.3: Figure 5 demonstrates the palindromic
labeling for the graph G’ obtained by duplication of every
edge by a vertex in H—graph when n is odd. The left
side figure shows the vertex labeling while the right side
figure shows their corresponding palindromic labeling for
the graph G’ when n = 3.

9

Fig. 5: The graph G’ obtained by duplication of every edge
by a vertex in H —graph and it’s corresponding palindromic
labeling when n = 3.

15

Fig. 6: The graph G’ obtained by duplication of every edge
by a vertex in H —graph and it’s corresponding palindromic
labeling when n = 4.

Further, Figure 6 demonstrates the palindromic labeling for
the graph G obtained by duplication of every edge by a
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vertex in H—graph when n is even. The left side figure
shows the vertex labeling while the right side figure shows
their corresponding palindromic labeling for the graph G
when n = 4. Thus, both the cases are justified and admit
palindromic labeling.

Theorem 2.4: The graph G’ obtained by attaching
each vertex of H—graph by a path P,, admits palindromic
labeling.

Proof: Let H—graph with 2n vertices and the vertex
set V(H) = {uj,v; | 1<i<n}. Let G be a graph
obtained by attaching each vertex of H —graph by a path
P, Let ul,u?, ... ul"” L u™ be the consecutive vertices
of path P,, which is connected to vertex u; of H—graph

and vl v?, ..., 0™ 1 v be the consecutive vertices of

19 Yy Yy » Y4
path P,, which is connected to vertex v; in the graph G,
for all 1 < ¢ < n. Without loss of generality, we may

assume that v} = u; and v]" = v;, for all 1 <7 < n. So,

V(G')| = 2mn and |E(G')| = 2mn — 1.
Case-1: If n is odd,
/ u{u,jJrl, 1<i<n,

Define a function f : V(G ) —{1,2,..,
i<mand1<j3<m-—1as

2mn}, for all 1 <

i if x = wuy;,
2mn+1—1 if x = v;,
f(z) = . . . j -
(m—-1)(i—-1)+n+j if v =,
2mn+1—[(m—-1)(G—1)+n+j] ifz=1v
Clearly, f is one-one and onto. Since, f (v = V(G| +

1— f(u;) and f(v]) = [V(G)|+1—f (u 7), forall 1 <i <
n,1 < j < m — 1. Hence, the graph G admlts palindromic
labeling when n is odd.

Case-2: If n is even,

(&) =B@H)| {

Define a function f: V(G') — {1,2, ...,
i<nmnand 1 <j3<m-—1as

1
wiudt,

1
UJ Uj-i-

1<1<n,
I1<j<m-1 [~

2mn}, for all 1 <

) ifx:ui,
2mn — (n — 1 if x = v,
fla) = e fe=u
(m—-1@G—-1)+n+j if v =/,
2mn+1—[(m—1)(n—1i)+n+j] ife=1v
Clearly, f is one-one and onto. As f(v,—iy1) =
V(G +1— f(wi) and f(v;,_;11) = V(G )|+ 1= f(u]),

forall 1 <i<mn,1<j<m-—1, the graph G admits
palindromic labeling when n is even. Thus, case-1 and
case-2 show that G admits palindromic labeling.

INlustration 2.4: Figure 7 demonstrates the palindromic
labeling for the graph G’ obtained by attaching each vertex
of H—graph by a path P, when n is odd. The left side
figure shows the vertex labeling while the right side figure
shows their corresponding palindromic labeling for the
graph G’ when n = 3. Further, Figure 8 demonstrates the
palindromic labeling for the graph G’ obtained by attaching

each vertex of H—graph by a path P, when n is even. The
left side figure shows the vertex labeling while the right side
figure shows their corresponding palindromic labeling for
the graph G’ when n = 4. Thus, both the cases are justified
and admit palindromic labeling.

uf uf v} v 4 5 14 15
o9 Ui 000 o091 39009
uy u3 |y vy | V3 U3 6 7 |2 17| 1213
PNEPNEP N NP _— PP N PP
00U U 0—0—0 o003 16009
ul w2 V2 vk 8 9 10 11

Fig. 7: The graph G’ obtained by attaching each vertex of
H —graph by a path P, and it’s corresponding palindromic
labeling when n = 3.

uj ui v} o] 5 6 13 14
eoo9uU Ui 0—0-0 o9 2000
uj u3 v3 v 78 15 16

00U UVi0—0-O o0/, 2000
ul w2 V2 vl 1112 19 20

Fig. 8: The graph G’ obtained by attaching each vertex of
H —graph by a path P, and it’s corresponding palindromic
labeling when n = 4.

Theorem 2.5: The corona product H ® G, where G is any
finite graph admits palindromic labeling.

Proof: Let H—graph with 2n vertices and the vertex set
V(H) = {uij,v; | 1<i<n}. Let G be any graph with
|[V(G)| = k and |E(G)| = m. Consider 2n copies of G as
G1,Gy, ..., Gap. Let ul,u?, ..., uf ™1 u¥ be the consecutive
vertices of graph G; which are adJecent to u; in the graph
HoG, forall 1 <i < n. Let v},v7,...,0" ! vF be the
consecutive vertices of graph G; which are adjecent to v; in
the graph H © G, for all 1 < i < n. So, |[V(H © G)| =
2n(k+1)and |[E(HOG)|=2n(m+k+1)—

Case-1: If n is odd,

E(H 6 G) L_J JUE® |
{ 1§i§n,}

ulazz

1<j<k

Define a function f : V(H®G) — {1,2,...,2n(k+ 1)}, for
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all<i<mnand 1 <j<kas

) ifa:zui,
2n(k+1)+1—14 if x = v;,
fay = 2 DAL o =i,
E(i—1)+n+j if =/,
m(k+1)+1—[k(i —1)+n+j] ifex=0v
Clearly, f is one-one and onto. As f(v;) = |[V(H © G)| +

1— f(w) and f(v]) = |V(H®G)|+ 1 — f(ul), for all
1<i<n,1< 5 <k, the graph H ® G admits palindromic
labeling when n is odd.

Case-2: If n is even,

EH®G) = UE arany

Define a function f : V(H®G) — {1,2,
all<i<mnand 1 <j<kas

2n(k+1)}, for

) ifa::ui,
2n(k+1)— (n—1 if x =v;,
flay = {2 D= () o=
E(i—1)+n+j if v =/,
on(k+1)+1—[k(n—i)+n+j ifz=1
Clearly, f is one-one and onto. As f(v,—it1) = |V(H ©

G|+ 1= flug) and (v} iy 1) = [V(HO G|+ 1~ f(ul),
forall 1 < i < n,1 <j <k, the graph H © G admits
palindromic labeling when n is even. Thus, case-1 and
case-2 show that the graph H ® G admits palindromic
labeling.

Ilustration 2.5: Figure 9 demonstrates the palindromic
labeling for the graph H ®2K; when n is odd. The left side
figure shows the vertex labeling while the right side figure
shows their corresponding palindromic labeling for the graph
H ® 2K; when n = 3. Further, Figure 10 demonstrates
the palindromic labeling for the graph H © 2K; when n is
even. The left side figure shows the vertex labeling while
the right side figure shows their corresponding palindromic
labeling for the graph H ® 2K; when n = 4. Thus, both
the cases are justified and admit palindromic labeling.

ui vi 4 15
u;p U1 1 18

u? v 5 14

u% Uy Vo v% 6 2 17 13

u3 v T 12

ud vi 8 11
Uus Vs 3 16

u3 vi 9 10

Fig. 9: The graph H ® 2K; and it’s corresponding palin-
dromic labeling when n = 3.

ul vi 5 13
up 1 1 21

u? v 6 14

ud v T 15
Uy Vg 2 22

u3 v 8 16

ud vi 9 17
uz Vs 3 23

u3 v 10 18

u} vi 11 19
Ug V4 4 24

u? v 12 20

Fig. 10: The graph H ® 2K, and it’s corresponding palin-
dromic labeling when n = 4.

Theorem 2.6: The graph H(2n,G), where G is any finite
graph admits palindromic labeling.

Proof: Let H—graph with 2n vertices and the vertex
set V(H) = {u;,v; | 1<i<n} Let G be any finite
graph with |V(G)| = k and |E(G)| = m. Let H(2n,Q)
be the graph obtained from H —graph by attaching each
vertex of the H—graph by a graph G. Consider 2n

copies of G as Gi,Go,...,Ga,. Let ul,u? uF=l kb

39 Wiy eeey Uy s g

be the consecutive vertices of graph G; for first path

in H—graph and v},v2,...,0¥71 v¥ be the consecutive

vertices of graph G; for second path in H —graph, for all
1 < ¢ < n. Without loss of generality, we may assume
that the union vertex of G with u; is u} and the union
vertex of G; with v; is vF. So, |V (H(2n,G))| = 2nk and
|E (H(2n,G)) | —2n(m+1)—1

Case-1: If n is odd,

E(H(2n,G)) UE Gi)| JE(H)
Define a function f : V (H(2n,G)) — {1,2,...,2nk}, for
all<i<nand1<j<k-—1as
2nk +1—1 if z =v;,
f(z) = . . . o
(k=1@GE—-1)+n+j if v =,
mk+1—[(k—1)(G—-1)+n+j ifex=0v
Clearly, f is one-one and onto. As f(v;) =
[V (H(2n,G)) | +1— f(u;) and f(v]) = [V (H(2n,G)) |+

1— f(u]), forall 1 <i < n,1 <j <k-—1, the graph
H(2n,G) admits palindromic labeling when n is odd.
Case-2: If n is even,

E(H(2n,G)) UE G| JEH
Define a function f : V (H(2n,G)) — {1,2,...,2nk}, for
all<i<nand1<j<k-—1as
i if £ = uy,
2nk — (n—1 if x = v;,
fla) = oo =
(k—1)(i—-1)4+n+j if v =,
nk+1—[(k—1)(n—i)+n+j ifz=0

Volume 52, Issue 4: December 2022



TAENG International Journal of Applied Mathematics, 52:4, IJAM 52 4 13

Clearly, f is one-one and onto. As f(vp,—iy1) =
V(H2n,G)| + 1 — f(w) and  flo_;,) =
[V (H(2n,G)) |[+1—f(u}),foralll1 <i<n,1<j<k-1,
the graph H(2n,G) admits palindromic labeling when n is
even. Thus, case-1 and case-2 show that the graph H(2n, G)
admits palindromic labeling.

IMNlustration 2.6: Figure 11 demonstrates the palindromic
labeling for the graph H(2n, K4) when n is odd. The upper
part of Figure 11 shows the vertex labeling while the lower
part of Figure 11 shows their corresponding palindromic
labeling for the graph H ® 2K; when n = 3. Further,
Figure 12 demonstrates the palindromic labeling for the
graph H(2n, K,) when n is even. The upper part of Figure
12 shows the vertex labeling while the lower part of Figure
12 shows their corresponding palindromic labeling for the
graph H ® 2K; when n = 4. Thus, both the cases are
justified and admit palindromic labeling.

1 1
Uy &l
2 2
uy up n vy
3 3
Uy vy
uh v;
Uz V2
2 2
U3 V3
u% vg
&
u3 uz U3 v3

ug
uj
4 21
5 1 24 20
6 19
7:
9

18
2 23
8 17
16
10 15
11 3 22 14
12 13

Fig. 11: The graph H(2n, K4) and it’s corresponding palin-
dromic labeling when n = 3.

ul vt
u% uy U1 @ v%
uj vi
u3 &
v3
v3
, ol
<> v3
U v3
uj v}
u? Uy Vg % v?
u} v3
5 19
7 17
22
9 21
20
25
12 @ 24
23
14 28
15 4 32 @ 27
16 26

Fig. 12: The graph H(2n, K,) and it’s corresponding palin-
dromic labeling when n = 4.

III. CONCLUSION

In this paper, the palindromic labeling on some graphs
related to H —graphs is investigated. The different opera-
tions like corona product of H—graph with finite graphs,
duplication of every vertex by an edge and duplication of
every edge by a vertex in H —graph for palindromic labeling
was incorporated. The family of different H—graphs with
the above mentioned operations were taken to anticipate
the palindromic labeling and the obtained results justify the
condition of palindromic labeling successfully. The results
show that the family of different H —graphs are palindromic
graphs. The obtained results are interpreted graphically with
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the help of examples where n is taken as odd and even in
H—graphs. The graphical representations show the vertex
labeling and their corresponding palindromic labeling. Fur-
ther, in view of palindromic labeling and with the help of our
results, analogous results for the different families of graphs
like cycle graph, wheel graph etc. can be investigated. Thus,
from figures 1-12, it is evident that the family of different
H —graphs are palindromic graphs.
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