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Abstract—In this study, we investigate the perturbed Rie-
mann problem which contains the delta shock wave for the
simplified Suliciu system. We observe that the stability of the
Riemann solutions under the small perturbation. Furthermore,
we investigate the perturbed initial problem and obtain the
instability of the Riemann solutions under the perturbation.
The above results both reveal the internal mechanism of the
Suliciu relaxation system which is of the Temple class type and
shows that the solution of the Temple class type has much more
simpler structure.

Index Terms—Wave interaction, Riemann problem, hyper-
bolic conservation laws, generalized Riemann problem, delta
shock, Suliciu system.

I. I NTRODUCTION

W E consider the following Suliciu relaxation equations
([1], [2], [3], [4] and the references cited therein)

which describes the viscoelastic shallow fluid as follows














ρt + (ρu)x = 0,

(ρu)t + (ρu2 + s2v)x = 0,

(ρv)t + (ρuv + u)x = 0,

(1)

whereρ ≥ 0, u, s > 0, v = π
s2

denotes respectively the layer
depth of fluid, the horizontal velocity, the related to the stress
tensor, the new variable in connection with the pressure, and
π is the relaxed pressure.

(1) is viewed the relaxation for the following isentropic
Chaplygin gas equations ([5], [6])

{

ρt + (ρu)x = 0,

(ρu)t + (ρu2 + P )x = 0,
(2)

whereρ, u, P is respectively the density, the velocity and the
pressure, the state equation is given byP (ρ) = − s2

ρ
, where

s > 0 is a constant.
Many authors ([7], [8] and the references cited therein)

studied the Suliciu system (1). In [8], we studied the wave
interactions containing noSδ for (1) and found some inter-
esting phenomena.

In this study, we will study the elementary wave interac-
tions containingSδ solution for (1) with

(ρ, u, v)(x, 0) =











(ρl, ul, vl), x ∈ (−∞,−θ),
(ρm, um, vm), x ∈ −(θ, θ),
(ρr, ur, vr), x ∈ (θ,+∞),

(3)
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and the small perturbation parameterθ > 0. (3) can be
viewed by the local perturbation on

(ρ, u, v)(x, 0) =







(ρr, ur, vr), x > 0,

(ρl, ul, vl), x < 0.
(4)

We have detailed analysis in the phase plane(u, v), and see
thatSδ may disappear after the small perturbation. The per-
turbed Riemann problem and Riemann problem were widely
studied([9], [10], [11], [12]). Through detailed analysis and
discussions, we obtain the instability of the initial problem
(1) and (4) after the above small perturbation (3).

Furthermore, we study the perturbed initial problem (1)
with the following initial values

(ρ, u, v)(x, 0) = (ρ̌l,r, ǔl,r, v̌l,r)(x), x > 0, orx < 0, (5)

where ρ̌l,r(x), ǔl,r(x), v̌l,r(x) are the arbitrary smooth
functions satisfying

lim
x→0l,r

(ρ̌l,r, ǔl,r, v̌l,r)(x) = (ρl,r, ul,r, vl,r).

(1) and (5) is viewed as the perturbation of the (1) and (4).
We should solve the problem that is whether the solution
structures of the perturbed initial problem (1) and (5) are
similar with the original initial problem (1) and (4).

For the most cases, we find that the stability of the initial
problem (1) and (4). However, for some other cases,Sδ may
disappear after the local small perturbation and it shows the
instability of the initial problem (1) and (4)

The arrangement of the article is as follows. The initial
problem (1) and (4) is given briefly for convenience in II. In
Section III, we study mainly the elementary wave interactions
containing the delta shock wave for the perturbed initial
problem (1) and (3). In Section IV, we construct the solutions
of the perturbation for (1) and (5). Our main conclusions are
given in Section V.

II. PRELIMINARIES

Now give curtly the initial problem (1) and (4). For the
detailed discussions, please refer to [7], [8].

The characteristic roots of (1) areκ1 = u − s
ρ
, κ2 = u

κ3 = u+ s
ρ
, it tells the strictly hyperbolic of (1). Since

−→γ 1 = (ρ2,−s, 1)T , −→γ 2 = (1, 0, 0)T , −→γ 3 = (ρ2, s, 1)T ,

which imply that

∇κ1 · −→γ 1 = 0, ∇κ2 · −→γ 2 = 0, ∇κ2 · −→γ 3 = 0,

it follows that the every characteristic region is linearly
degenerate.
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We study the self-similar solution(ρ, u, v)(x, t) =
(ρ, u, v)(ς), ς = x

t
. (1) and (4) turns into the problem















−ςρς + (ρu)ς = 0,

−ς(ρu)ς + (ρu2 + s2v)ς = 0,

−ς(ρv)ς + (ρuv + u)ς = 0,

(6)

and (ρ, u, v)(±∞) = (ρ±, u±, v±). For the smooth solu-
tions, we denoteU = (ρ, u, v)T and convert (6) to

B(H)Hς = 0, (7)

where

B(H) =





u− ς ρ 0
0 ρ(u − ς) 0
0 1 ρ(u− ς)



 .

Besides (ρ, u, v) = constant, for the given left state
(ρl, ul, vl), the backward rarefaction wave curve is described
by

←−
R (ρl, ul, vl) :











ξ = κ1 = u− s
ρ
,

u = ul − s(v − vl),

v < vl, u > ul.

(8)

For the bounded discontinuity atς = ω, it holds the
Rankine-Hugoniot relations















−ω[ρ] + [ρu] = 0,

−ω[ρu] + [ρu2 + s2v] = 0,

−ω[ρv] + [ρuv + u] = 0,

(9)

where[ρ] = ρr − ρl, ρl = ρ(ω − 0), ρr = ρ(ω + 0), etc.
For the given left state(ρl, ul, vl), the backward shock

wave curve is described by

←−
S (ρl, ul, vl) :











τ = u− s
ρ
,

u = ul − s(v − vl),

v > vl, u < ul.

(10)

From (9) we know the expression of the contact disconti-
nuity is given by

J : u = ul, v = vl, [ρ] 6= 0. (11)

R, S, andJ are called the elementary waves of the system
(1). Because the shock curves coincide with the rarefaction
curves in(u, v) ([13]), we know that it is the classical Temple
type.

The elementary wave curves in(u, v) from the state(l) are
given in the plane(u, v) (Fig. 1), and the linel1 is described
by v = 1

s
[u− (ul + svl)], andM(ul + svl, 0).

In the similar way, the elementary wave curves in(u, v)
from the state(r) are given in the plane(u, v) (Fig. 2),
where the linel2 is given byv = − 1

s
[u − (ur − svr)], and

N(ur − svr, 0).
When(ur, vr) ∈ I, we know that the Riemann solution is

expressed by is
←−
S +J+

−→
R ; when(ur, vr) ∈ II, the Riemann

solution is expressed by is
←−
S +J +

−→
S ; when(ur, vr) ∈ III,

the Riemann solution is expressed by is
←−
R + J +

−→
S ; when

(ur, vr) ∈ IV, the Riemann solution is expressed by is
←−
R +

J +
−→
R .

-

6

(l)

u

v

Fig. 1 Elementary wave curves from(l) in (u, v).
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Fig. 2 Elementary wave curves from(r) in (u, v).
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When (ur, vr) ∈ V, that is to say,ur +
s
ρr
≤ ul − s

ρl
, in

the follows we seek the delta shock wave solution.
For the piecewise smooth solution of the system (1), we

have

(ρ, u, v)(x, t) =











(ρl, ul, vl), as x < x(t),

(σ(t)δ(x − x(t)), uδ(t), f(t)), x = x(t),

(ρr, ur, vr), as x > x(t),
(12)

where δ(x − x(t)), σ(t) denotes theδ− measure and the
weight respectively. Furthermore, we have the generalized
Rankine-Hugoniot condition as follows































dx(t)
dt

= uδ(t),

dσ(t)
dt

= −[ρ]uδ(t) + [ρu],

d(σ(t)uδ(t))
dt

= −[ρu]uδ(t) + [ρu2 + s2v)],

d(σ(t)g(t))
dt

= −[ρv]uδ(t) + [ρuv + u)].

(13)

The δ-entropy condition is given by

κ3(ρ
r, ur, vr) ≤ uδ(t) ≤ κ1(ρ

l, ul, vl), (14)

i.e.,

ur +
s

ρr
≤ uδ(t) ≤ ul − s

ρl
. (15)

When [ρ] = 0, it follows that































uδ =
ur+ul

2 + s2 vr−vl

2ρl(ur−ul)
,

x(t) = uδt,

σ(t) = ρl(ul − ur)t,

f(t) = (ρrurvr+ur−ρlulvl−ul)−uδ

ρrur−ρlul t,

(16)
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When [ρ] 6= 0, it follows that


































uδ =
([ρu])−

√
([ρu])2−([ρ])([ρu2+s2v])

[ρ] ,

x(t) = uδt,

σ(t) =
√

([ρu])2 − ([ρ])([ρu2 + s2v] · t,

f(t) =
−[ρv][ρu]+[ρv]

√
([ρu])2−([ρ])([ρu2+s2v])+[ρ][ρuv+u]

([ρ])
√

([ρu])2−([ρ])([ρu2+s2v])
.

(17)

According to the analysis, we obtain the result as follows.
Theorem 2.1There is uniquely the Riemann solution of

the initial value problem (1) and (4).

III. WAVE INTERACTION FOR (1) AND (3)

In what follows, we study the elementary wave interactions
for (1) and (3), and construct the unique solution in(u, v)
(see [14], [15]). We view the initial data (3) as the small
perturbation on (4) and want to know whether or not the
initial problem (1) and (4) are the limits of the perturbed
initial problem (1) and (3) whenθ → 0. To discuss the all
possible cases containing the delta shock, we should consider
the four cases as follows:

−→
W andδ,

←−
W andδ, δ1 andδ2, J

andδ, and notice that
−→
W =

−→
R ∪ −→S ,

←−
W =

←−
R ∪←−S .

Case 1: The wave interaction of
−→
W and δ. (Fig. 3)

Considering the delta entropy conditions

ur +
s

ρr
≤ uδ(t) ≤ um −

s

ρm
, (18)

and the slopedx
dt

= um + s
ρm

of the forward wave
−→
W , we

know that the forward wave
−→
W will overtake the delta shock

wave att = t0, and should solve the new Riemann problem.
From the following conditions































−→
W (QlQm) : um = ul + s(vm − vl),
←−
W (Qm) : u = um − s(v − vm),
←−
W (QlQ∗) : u∗ = ul − s(v∗ − vl),
−→
W (QrQ∗) : u∗ = ur + s(v∗ − vr),

(19)

we conclude that there are three subcases for this case.
Subcase 1.1

−→
S + δ and v∗ ≤ 0. (Fig. 4)

For this subcase,Ql andQl in the (u, v) plane are given
in Fig. 4. FromQl we draw

←−
W (Ql), and fromQr we draw−→

W (Qr), therefore we should consider theδ solution. The
strength of the newδ solution is superimposed on the original
δ curve, and the newδ solution of the new initial problem
is constructed by as follows.

Whenρl = ρr, we obtain that






uδ =
ur+ul

2 + s2 vr−vl

2ρl(ur−ul)
,

σ(t) = ρl(u
l − ur)(t− t0) + ρm(um − ur)t0,

(20)

whenρl 6= ρr, we know that


















uδ =
([ρu]1)−

√
([ρu]1)2−([ρ]1)([ρu2+s2v]1)

[ρ]1
,

σ(t) =
√

([ρu]1)2 − ([ρ]1)([ρu2 + s2v]1)(t− t0)

+
√

([ρu]2)2 − ([ρu]2)([ρu2 + s2v]2)t0,

(21)

where[·]1 denotes the jump betweenl andr, [·]2 denotes the
jump betweenm andr.

In this case, it follows that the unique solution after
perturbation is shown by

−→
S + δ → δ.

-

6

−θ θ
x

t

(l) (m) (r)

Fig. 3 Interaction of
−→
W andδ.

t = t0

−→
W δ

-

6

u

v

Fig. 4 Overtaking of
−→
S andδ, v∗ ≤ 0.
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-
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Fig. 5 Overtaking of
−→
R andδ, v∗ ≤ 0.
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-
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Fig. 6 Overtaking of
−→
S andδ, v∗ > 0.

p

p p

(l)

(m)

(r)

←−
S

←−
R

−→
S

−→
S

−→
R

(∗)

Subcase 1.2
−→
R + δ and v∗ ≤ 0. (Fig. 5)

Similar discussions with the above subcase, the relations
of Ql andQl are given in Fig. 5. In this case, we just consider
δ wave solution. The strength and the slope of the new delta
shock wave is given as (20) and (21). It follows that the
unique solution of the perturbed initial problem is

−→
R+δ → δ.

Subcase 1.3
−→
S + δ and v∗ > 0. (Fig. 6)

For this subcase,Ql andQl in the (u, v) plane are given
in Fig. 6.

←−
W (Ql) intersects with

−→
W (Qr) at the pointQ∗

and v∗ > 0. It reveals that the unique solution after the
perturbation is shown as

−→
S + δ →←−R + J +

−→
R or

−→
S .

Theorem 3.1When
−→
S intersects withδ, we find that, the

new δ wave solution occurs, or
←−
R occurs. Furthermore,

−→
R

may occur. When
−→
R intersects withδ, the result is the new

δ wave solution. This reveals the stability of (1) and (4).
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Case 2: The wave interaction of
←−
W and δ.

For this subcase,Ql andQl in the (u, v) plane are given
in Fig. 8 and Fig. 10.

It can be seen that the stateQl is located in the wave
curve

←−
W (Qm), and δ wave solution should be considered.

The unique solution is listed by
←−
R + δ → δ (see Fig. 7) and←−

S + δ → δ (see Fig. 9). The strength and the slope of the
new δ are given by (20) and (21) respectively.

-

6

−θ θ
x

t

(l) (m) (r)

Fig. 7 Interaction of
←−
R andδ.

t = t0

←−
R δ

δ

-

6

u

v

Fig. 8 Interaction of
←−
R andδ.
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S
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-

6

−η η
x

t

(l) (m) (r)

Fig. 9 Interaction of
←−
S andδ.

t = t0

←−
S δ

δ

-

6

u

v

Fig. 10 Interaction of
←−
S andδ.

p p

(l)

(m)

(r)

←−
S

←−
R

−→
S

−→
R

p

Theorem 3.2When
←−
S or

←−
R intersects withδ, we find the

unique solution is theδ wave solution which reveals reveals
the stability of (1) and (4).

Case 3: The wave interaction ofδ1 and δ2.
From the delta entropy conditions







δ1 : um + s
ρm ≤ uδ(t) ≤ ul − s

ρl ,

δ2 : ur + s
ρr ≤ uδ(t) ≤ um − s

ρm ,
(22)

we know that δ1 will overtake δ2 at t = t0. The delta
shock waveδ1 is formed by the backward wave

←−
W (Ql) with

the forward wave
−→
W (Qm), and the delta shock waveδ2 is

formed by the backward wave
←−
W (Qm) with the forward

wave
−→
W (Qr). The relations ofQl andQl are given in Fig.

12. For the the backward wave
←−
W (Ql) with the forward wave−→

W (Qr), we just considerδ3, that is to say,δ1 + δ2 → δ3
(see Fig. 11). The strength and the slope ofδ3 are given by
respectively as follows.

-

6

−θ θ
x

t

(l) (m) (r)

Fig. 11 Interaction ofδ1 andδ2.

t = t0

δ1 δ2

δ3

-

6

u

v

Fig. 12 Interaction ofδ1 andδ2.

p p

(l)

(m)
(r)

←−
S

←−
R

−→
S

−→
R

p

−→
W (Qm)

←−
W (Qm)

Whenρl = ρr, we have that






uδ =
ur+ul

2 + s2 vr−vl

2ρl(ur−ul)
,

σ(t) = ρl([u]1)(t− t0) + ρm([u]2)t0 + ρl([u]3)t0,

(23)

whenρl 6= ρr, we obtain that






























uδ =
([ρu]1)−

√
([ρu]1)2−([ρ]1)([ρu2+s2v]1)

[ρ]1
,

σ(t) =
√

([ρu]1)2 − ([ρ]1)([ρu2 + s2v]1)(t− t0)

+
√

([ρu]2)2 − ([ρ]2)([ρu2 + s2v]2)t0

+
√

([ρu]3)2 − ([ρ]3)([ρu2 + s2v]3)t0,

(24)

where[·]1 denotes the jump betweenl andr, [·]2 denotes the
jump betweenm andr, [·]3 denotes the jump betweenl and
m.

Theorem 3.3When δ intersects with anotherδ, we find
that after the perturbation, the new solution is stillδ which
tells the stability of (1) and (4).

Case 4: The wave interaction ofJ and δ.
From







δ1 : ur + s
ρr ≤ uδ(t) ≤ um − s

ρm ,

J : dx
dt

= um,
(25)

and sinceum− s
ρm < um, J will overtakeδ1 at t = t0 (Fig.

13), and we should solve the new initial problem.Ql andQl

are given respectively in the(u, v) plane in Fig. 14 ifv∗ ≤ 0
and in Fig. 16 ifv∗ > 0.

Due to






←−
W (QlQ∗) : u∗ = ul − s(v∗ − vl),
−→
W (QrQ∗) : u∗ = ur + s(v∗ − vr),

(26)
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for
←−
W (Ql) and

−→
W (Qr), whenv∗ ≤ 0 we find that it is just

to considerδ2 (see Fig. 13), and the strength and the slope
of the newδ2 are given respectively by (20) and (21). When
v∗ > 0, we get

←−
R + J +

−→
R or

−→
S (see Fig. 15).

-

6

−η η
x

t

(l) (m) (r)

Fig. 13 Interaction ofJ andδ.

t = t0

J δ1

δ2

-

6

u

v

Fig. 14 Interaction ofJ andδ, v∗ ≤ 0.
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Fig. 15 Interaction ofJ andδ.
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J δ1
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Fig. 16 Overtaking ofJ andδ, v∗ > 0.

p p

(l) = (m)
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←−
S

←−
R

−→
S

−→
R

(∗)

Theorem 3.4WhenJ intersects withδ, we observe that
the unique solution is stillδ, or

←−
R will occur propagating in

the opposite direction, and
−→
R (or

−→
S ) will occur. The above

results show the instability of (1) and (4).
Now we summarize the following conclusions for the

Riemann problem (1) and (4).
Theorem 3.5The Riemann solution of (1) and (4) is stable

for the most case, while for few cases, the Riemann solution
is unstable which shows the instability of the system (1).

IV. T HE PERTURBED INITIAL PROBLEM(1) AND (5)

Next we discuss the construction of the perturbed initial
problem of (1) and (5). From the conclusions in [16] and
[17], we know that the conventional solution(ρl, ul, vl)(x, t)
((ρr, ur, vr)(x, t)) is respectively expressed inGl(Gr) when
t > 0 is small. The characteristic curveOP is given byx =

κ−t, and the characteristic curveOQ is given byx = κ+t

(see Fig. 17).

6

-
x

t

P Q

O(ρ̆l, ŭl, v̆l)(x) (ρ̆r , ŭr , v̆r)(x)

Gl Gr

Fig. 17 The region in(x, t) plane.

In what follows, we study the perturbed solution of (1) and
(5), and use the same symbols in our next discussions after
the small perturbation because there will be no confusion.
Case 1.ur + s

ρr > ul− s
ρl . After perturbation, we still have

ur + s
ρr > ul − s

ρl .
Subcase 1.1.When (ur, vr) ∈ I (see Fig. 1), i.e., the initial
solution is

←−
S + J +

−→
R .

By the small perturbation on the initial data, it follows that←−
S + J +

−→
R .

Subcase 1.2.When(ur, vr) ∈ II (see Fig. 1), i.e., the initial
solution is

←−
S + J +

−→
S .

By the small perturbation on the initial data, it follows that←−
S + J +

−→
S .

Subcase 1.3.When(ur, vr) ∈ III (see Fig. 1), i.e., the initial
solution is

←−
R + J +

−→
S .

By the small perturbation on the initial data, it follows that←−
R + J +

−→
S .

Subcase 1.4.When(ur, vr) ∈ IV (see Fig. 1), i.e., the initial
solution is

←−
R + J +

−→
R .

By the small perturbation on the initial data, it follows that←−
R + J +

−→
R .

Now, we know the following conclusions.
Theorem 4.1When the Riemann solution contains noδ,

we find that there is still noδ for the perturbed initial problem
(1) and (5), which shows that the initial problem (1) and (4)
are stable.
Case 2.ur+ s

ρr ≤ ul− s
ρl , and the solution of (1) and (4) is

δ. By the small perturbation on the initial data, it reveals two
subcases as followsur+ s

ρr ≤ ul− s
ρl or ur+ s

ρr > ul− s
ρl .

Subcase 2.1.If ur + s
ρr ≤ ul − s

ρl , the perturbed initial
problem has theδ solution.
Subcase 2.2.If ur +

s
ρr

> ul − s
ρl

, we discuss as follows.
When (ur, vr) ∈ I, the perturbed initial problem has the

solution
←−
S +J+

−→
R ; when(ur, vr) ∈ II, the perturbed initial

problem has the solution
←−
S + J +

−→
S ; when (ur, vr) ∈ III,

the perturbed initial problem has the solution
←−
R + J +

−→
S ;

when (ur, vr) ∈ IV, the perturbed initial problem has the
solution

←−
R + J +

−→
R .

Theorem 4.2When the initial problem (1) and (4) contains
δ, we conclude that the perturbed initial problem (1) and (5)
containsδ for subcase 2.1, while for subcase 2.2,δ does not
occur for the new perturbed initial problem (1) and (5) which
shows the stability of the initial problem (1) and (4).

Based on the above discussions, we get the following
conclusions for the perturbed Riemann problem.

Theorem 4.3For the perturbed initial problem (1) and (5),
it follows that the initial problem (1) and (4) are stable under
the such small local perturbation on the initial data. However,
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for some cases, the delta shock wave of the initial problem
(1) and (4) may disappear which indicates the instability
of the initial problem (1) and (4) under the such small
perturbation.

V. CONCLUSION

We construct uniquely in detail the perturbed solution of
the initial problem (1) and (3) by virtue of the characteristic
analysis skills. We conclude that for some cases, the delta
shock wave of the initial problem (1) and (4) may disappear
after the perturbation which indicates that the initial problem
(1) and (4) are unstable. For the perturbed initial problem (1)
and (5), we observe that for some cases the delta shock wave
may disappear which reveals the instabilty of the Riemann
solutions for such small perturbation.

The elementary wave interactions and the generalized
Riemann problem for system (1) play an important role in
Suliciu relaxation system such as the comparison with the
numerical analysis, and it is also important for mathematical
theory of the Suliciu system.

In our coming works, we would like to discuss the numeral
calculations analysis for the Suliciu system. In the future, we
also consider to relax or extend some conditions and discuss
the more general initial value problem.

REFERENCES

[1] F. Bouchut, “Nonlinear stability of finite volume mehtods for hyperbolic
conservation laws and well-balanced schemes for sources,”Frontiers in
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