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Abstract—In this paper, the concepts of picture fuzzy (m,n)-
ideals, picture fuzzy (m, 0)-ideals and picture fuzzy (0, n)-
ideals of semigroups, where m and n are positive integers, are
introduced and some basic properties are investigated. These
concepts generalize the notions of picture fuzzy bi-ideals, picture
fuzzy right ideals and picture fuzzy left ideals of semigroups.
Then, some characterizations of different classes of semigroups,
that is, (m,n)-regular, (m, 0)-regular and (0, n)-regular,
by properties of picture fuzzy (m,n)-ideals, picture fuzzy
(m, 0)-ideals and picture fuzzy (0, n)-ideals of semigroups
are obtained.

Index Terms—picture fuzzy set, picture fuzzy (m,n)-ideal,
picture fuzzy (m, 0)-ideal, picture fuzzy (0, n)-ideal, (m,n)-
regular semigroup.

I. INTRODUCTION

ZADEH [33] defined the concept of fuzzy subsets or
fuzzy sets as a function from a nonempty set X to the

unit interval [0, 1] in 1965. Then, Rosenfeld [28] proposed
the concept of fuzzy groups, which was the first inspired
application to various algebraic structures. Later, the concept
of fuzzy subsemigroups was also suggested by Kuroki [18],
[21]. He also studied the concept of fuzzy generalized bi-
ideals in semigroups, which is an extension of the concept
of fuzzy bi-ideals and used fuzzy left ideals and fuzzy
right ideals to characterize particular classes of semigroups
(see, [19], [20]). Yairayong [31] characterized regularities
of semigroups by the properties of their hesitant fuzzy
ideals. Subsequently, Gatetem and Khamrot [10] studied the
characterizations of regular, left (resp. right) regular, intra-
regular, weakly regular and quasi-regular semigroups by us-
ing bipolar fuzzy weakly interior ideals. As a generalization
of the notion of fuzzy sets, Atanassov [5], [6] created the
concept of intuitionistic fuzzy sets as follows. An intuition-
istic fuzzy set A on a universe X is an object of the form
A = {〈x, µA(x), ηA(y)〉 | x ∈ X} where µA(x) ∈ [0, 1]
and ηA(x) ∈ [0, 1] denote the degree of membership and the
degree of non-membership, respectively, for each x ∈ X to
the set A, and so, 0 ≤ µA(x)+ηA(x) ≤ 1 for all x ∈ X . We
can see that the fuzzy sets define the degree of membership
of an element in a given set, while the intuitionistic fuzzy sets
provide both membership and non-membership degrees. The
concept of intuitionistic fuzzy sets was applied to semigroups
by Kim and Jun [16] in 2002. Later, theorems characterizing
intra-regular semigroups in terms of intuitionistic fuzzy left
ideals, intuitionistic fuzzy right ideals and intuitionistic fuzzy
bi-ideals were presented by Hong and Fang [12]. In addition,
the class of regular semigroups was described by Hur et al.
[14] using intuitionistic fuzzy left, right, two-sided ideals
and intuitionistic fuzzy bi-ideals of semigroups. Moreover,
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Shabir and Khan [29] have characterized intra-regular or-
dered semigroups by properties of their intuitionistic fuzzy
interior ideals. Subsequently, Cuong and Kreinovich [8] first
introduced the notion of picture fuzzy sets in 2013, as direct
generalizations of the concepts of fuzzy sets and intuitionistic
fuzzy sets. This concept has been investigated by various of
mathematicians, see, e.g., [1], [13], [25], [26], [34].

The concept of (m,n)-ideals in semigroups, where m
and n are non-negative integers, was first introduced and
discussed by Lajos [22]. Many authors have examined theory
in other structures, see, e.g., [2], [4], [7], [11], [15], [27].
Krgović [17] has characterized different classes of semi-
groups (i.e., (m,n)-regular, (m, 0)-regular, (0, n)-regular) by
the notions of (m,n)-ideals, (m, 0)-ideals and (0, n)-ideals
of semigroups. Now in 2019, Mahboob et al. [23] introduced
the concepts of fuzzy (m,n)-ideals, fuzzy (m, 0)-ideals and
fuzzy (0, n)-ideals of semigroups as generalizes the concepts
of fuzzy bi-ideals, fuzzy right ideals and fuzzy left ideals
of semigroups, respectively. Also, they characterized (m,n)-
regular, (m, 0)-regular and (0, n)-regular semigroups by the
properties of fuzzy (m,n)-ideals, fuzzy (m, 0)-ideals and
fuzzy (0, n)-ideals of semigroups.

Recently, Yiarayong [30], [32] has applied the notion of
picture fuzzy sets to semigroup theory and used picture
fuzzy left (resp. right) ideals and picture fuzzy bi-ideals of
semigroups to characterize different classes regular and intra-
regular semigroups. In late 2021, Nakkhasen [24] studied
some further characterizations of regular and intra-regular
semigroups in terms of picture fuzzy left (resp. right) ideals,
picture fuzzy quasi-ideals and picture fuzzy (resp. gener-
alized) bi-ideals of semigroups. In this article, as general-
izations of picture fuzzy bi-ideals and picture fuzzy right
(resp. left) ideals of semigroups, we introduce the concepts
of picture fuzzy (m,n)-ideals, picture fuzzy (m, 0)-ideals
and picture fuzzy (0, n)-ideals of semigroups where m and
n are positive integers. After that we discuss some properties
of picture fuzzy (m,n)-ideals of semigroups. Finally, we
characterize different classes (m,n)-regular, (m, 0)-regular
and (0, n)-regular semigroups using picture fuzzy (m,n)-
ideals, picture fuzzy (m, 0)-ideals and picture fuzzy (0, n)-
ideals of semigroups.

II. PRELIMINARIES

First, we will review some fundamental concepts and prop-
erties that are needed for this study. Let S be a semigroup
and A and B be any two nonempty subsets of S. Then, the
multiplication of A and B is defined as follows:

AB = {ab ∈ S | a ∈ A and b ∈ B}.

Let A be a nonempty subset of a semigroup S. Then: A
is called a subsemigroup of S if AA ⊆ A; A is called a left
(resp. right) ideal of S if SA ⊆ A (resp. AS ⊆ A); A is
called a two-sided ideal or an ideal of S if it is both a left
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ideal and a right ideal of S; A is called a bi-ideal of S if A
is a subsemigroup of S and ASA ⊆ A.

A picture fuzzy set [8] A on a universe X is defined as
the form

A = {〈x, µA(x), ηA(y), νA(x)〉 | x ∈ X}

where µA(x) ∈ [0, 1] is called the degree of positive
membership of x in A, ηA(x) ∈ [0, 1] is called the degree
of neutral membership of x in A and νA(x) ∈ [0, 1]
is called the degree of negative membership of x in A
such that µA, ηA and νA satisfy the following condition:
0 ≤ µA(x) + ηA(x) + νA(x) ≤ 1 for all x ∈ X . For any
a ∈ X , 1 − (µA(x) + ηA(x) + νA(x)) is called the degree
of refusal membership of x in A.

Throughout this paper, we shall use symbol A instead of
the picture fuzzy set A = {〈x, µA(x), ηA(y), νA(x) | x ∈
X}.

Let {ai | i ∈ Λ} be a family of real numbers. Then, we
have∨

{ai | i ∈ Λ} :=

{
max{ai | i ∈ Λ} if Λ is finite;

sup{ai | i ∈ Λ} otherwise,

∧
{ai | i ∈ Λ} :=

{
min{ai | i ∈ Λ} if Λ is finite;

inf{ai | i ∈ Λ} otherwise.

For every two real numbers a and b, we write a∨b instead
of ∨{a, b} and a ∧ b instead of ∧{a, b}. The notions listed
below will be considered in this paper, as they occurred in
[9]. Let A and B be any two picture fuzzy sets on a universe
X . Then:

(i) A ⊆ B iff µA(x) ≤ µB(x), ηA(x) ≥ ηB(x) and
νA(x) ≥ νB(x) for all x ∈ X;

(ii) A = B iff A ⊆ B and B ⊆ A;
(iii) A ∩ B = {〈x, (µA ∧ µB)(x), (ηA ∨ ηB)(x), (νA ∨

νB)(x)〉 | x ∈ X};
(iv) A ∪ B = {〈x, (µA ∨ µB)(x), (ηA ∧ ηB)(x), (νA ∧

νB)(x)〉 | x ∈ X}.
Next, we denote by PFS(S) the collection of picture

fuzzy sets of a semigroup S with S = {〈x, 1, 0, 0〉 | x ∈ S}
and ∅ = {〈x, 0, 0, 1〉 | x ∈ S}, see [30]. Let X be any subset
of a semigroup S. The picture characteristic function [30] of
X is defined by CX = {〈x, µCX (x), ηCX (x), νCX (x)〉 | x ∈
S}, where

µCX (x) =

{
1 if x ∈ X,
0 otherwise,

ηCX (x) =

{
0 if x ∈ X,
1 otherwise,

νCX (x) =

{
0 if x ∈ X,
1 otherwise.

We observe that if X = S (resp. X = ∅), then CX = S
(resp. CX = ∅).

For any two picture fuzzy sets A and B on a semigroup
S, the picture fuzzy product [30] of A and B is defined as

A ◦ B = {〈x, (µA ◦ µB)(x), (ηA ◦ ηB)(x), (νA ◦ νB)(x)〉 |
x ∈ S}

where

(µA◦µB)(x) =


∨

(y,z)∈Ax

min{µA(y), µB(z)} if Ax 6= ∅,

0 if Ax = ∅,

(ηA◦ηB)(x) =


∧

(y,z)∈Ax

max{ηA(y), ηB(z)} if if Ax 6= ∅,

1 if Ax = ∅,

(νA◦νB)(x) =


∧

(y,z)∈Ax

max{νA(y), νB(z)} if if Ax 6= ∅,

1 if Ax = ∅,

where Ax is a relation on a semigroup S defined as Ax =
{(y, z) ∈ S × S | x = yz}.

Lemma 2.1: [30] Let CX and CY be any two picture
fuzzy sets on a semigroup S. Then, the following properties
hold:

(i) CX∩Y = CX ∩ CY ;
(ii) CXY = CX ◦ CY .

Now, we will review some concepts of many types of
picture fuzzy sets on a semigroup S to be used in the next
sections.

A picture fuzzy set A on a semigroup S is called a picture
fuzzy subsemigroup [30] of S if it satisfies the following
conditions:

(i) µA(xy) ≥ min{µA(x), µA(y)};
(ii) ηA(xy) ≤ max{ηA(x), ηA(y)};

(iii) νA(xy) ≤ max{νA(x), νA(y)},
for all x, y ∈ S.

A picture fuzzy set A on a semigroup S is called a picture
fuzzy left (resp. right) ideal [30] of S if satisfies the following
conditions:

(i) µA(xy) ≥ µA(y) (resp. µA(xy) ≥ µA(x));
(ii) ηA(xy) ≤ ηA(y) (resp. ηA(xy) ≤ ηA(x));

(iii) νA(xy) ≤ νA(y) (resp. νA(xy) ≤ νA(x)),
for all x, y ∈ S.

A picture fuzzy set A on a semigroup S is said to be a
picture fuzzy ideal of S if it is both a picture fuzzy left ideal
and a picture fuzzy right ideal of S.

A picture fuzzy subsemigroup A on a semigroup S is
called a picture fuzzy bi-ideal [24] of S if it satisfies the
following conditions:

(i) µA(xyz) ≥ min{µA(x), µA(z)};
(ii) ηA(xyz) ≤ max{ηA(x), ηA(z)};

(iii) νA(xyz) ≤ max{νA(x), νA(z)},
for all x, y, z ∈ S.

It is known that every picture fuzzy left (resp. right) ideal
of a semigroup S is a picture fuzzy bi-ideal of S. In general,
the converse of this statement is not true, see [24].

Lemma 2.2: [24] Let A be a picture fuzzy set on a
semigroup S. Then the following properties hold:

(i) A is a picture fuzzy subsemigroup of S if and only if
A ◦ A ⊆ A;

(ii) A is a picture fuzzy right ideal of S if and only if
A ◦ S ⊆ A;

(iii) A is a picture fuzzy left ideal of S if and only if S◦A ⊆
A.

Lemma 2.3: [30] Let A be a nonempty subset of a
semigroup S. Then, the following properties hold:

(i) A is a subsemigroup of S if and only if CA is a picture
fuzzy subsemigroup of S;

(ii) A is a left ideal of S if and only if CA is a picture
fuzzy left ideal of S;
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(iii) A is a right ideal of S if and only if CA is a picture
fuzzy right ideal of S;

(iv) A is an ideal of S if and only if CA is a picture fuzzy
ideal of S.

For any nonempty subset A of a semigroup S, we denote
Am = AA · · ·A (m times). Let m and n be non-negative
integers. A subsemigroup A of a semigroup S is called an
(m,n)-ideal [22] of S if AmSAn ⊆ A. Here, A0S = SA0 =
S. In a semigroup S, we observe that every bi-ideal of S is
a (1, 1)-ideal of S, and every left (resp. right) ideal of S is
a (0, 1)-ideal (resp. (1, 0)-ideal) of S.

Let A be a nonempty subset of a semigroup S and m,n
be positive integers. Then, we denote [A](m,n), [A](m,0) and
[A](0,n) as the principle (m,n)-ideal, the principle (m, 0)-
ideal and the principle (0, n)-ideal of S generated by A,
respectively, that is, [A](m,n) is the smallest (m,n)-ideal,
[A](m,0) is the smallest (m, 0)-ideal and [A](0,n) is the
smallest (0, n)-ideal of S containing A. In particular, if
A = {a}, then [{a}](m,n) = [a](m,n), [{a}](m,0) = [a](m,0)

and [{a}](0,n) = [a](0,n). It is well known that

[A](m,n) =
m+n⋃
i=1

Ai ∪AmSAn, [A](m,0) =
m⋃
i=1

Ai ∪AmS

and [A](0,n) =
n⋃

i=1

Ai ∪ SAn,

which they were shown by Krgović [17].
Lemma 2.4: [17] Let S be a semigroup, m,n be positive

integers and [a](m,n) be the principal (m,n)-ideal of S
generated by the element a ∈ S. Then:

(i)
(
[a](m,0)

)m
S = amS;

(ii) S
(
[a](0,n)

)n
= San;

(iii)
(
[a](m,n)

)m
S
(
[a](m,n)

)n
= amSan.

III. PICTURE FUZZY (m,n)-IDEALS

In this section, we introduce the concept of picture fuzzy
(m,n)-ideals of semigroups where m and n are positive
integers. This generalizes the concept of picture fuzzy bi-
ideals of semigroups. Then, we investigate some properties
of picture fuzzy (m,n)-ideals of semigroups. Moreover, we
give some characterizations of (m,n)-regular semigroups in
terms of picture fuzzy (m,n)-ideals of semigroups.

Definition 3.1: Let S be a semigroup and m,n be positive
integers. A picture fuzzy subsemigroup A of S is called a
picture fuzzy (m,n)-ideal of S if it satisfies the following
conditions:

(i) µA(x1x2 · · ·xmzy1y2 · · · yn)
≥ min{µA(x1), µA(x2), . . . , µA(xm),

µA(y1), µA(y2), . . . , µA(yn)};
(ii) ηA(x1x2 · · ·xmzy1y2 · · · yn)

≤ max{ηA(x1), ηA(x2), . . . , ηA(xm),
ηA(y1), ηA(y2), . . . , ηA(yn)};

(iii) νA(x1x2 · · ·xmzy1y2 · · · yn)
≤ max{νA(x1), νA(x2), . . . , νA(xm),

νA(y1), νA(y2), . . . , νA(yn)},
for all x1, x2, . . . , xm, z, y1, y2, . . . , yn ∈ S.

Proposition 3.2: Let S be a semigroup and m,n be
positive integers. Then, every picture fuzzy bi-ideal of S is
a picture fuzzy (m,n)-ideal of S.

Proof: The proof is straightforward.

In general, the converse of Proposition 3.2 is not true. We
can show this by the following example.

Example 3.3: Consider S = {a, b, c, d} with the follow-
ing multiplication table:

· a b c d
a a a a a
b b b b b
c c c c c
d a a b a

Then (S, ·) is a semigroup [23]. Define the picture fuzzy set
A on S as follows:

A µA ηA νA
a 0.8 0 0.1
b 0.1 0.5 0.4
c 0.1 0.5 0.4
d 0.6 0.2 0.2

By routine calculations, we have that A is a picture fuzzy
(2, 2)-ideal of S, but it is not a picture fuzzy bi-ideal of S
because

µA(dca) = µA(b) = 0.1 < 0.6 = min{µA(d), µA(a)}.

Similarly, ηA(dca) > max{ηA(d), ηA(a)} and νA(dca) >
max{νA(d), νA(a)}.

Theorem 3.4: Let S be a semigroup and {Ai | i ∈ Λ} be
a family of picture fuzzy (m,n)-ideals of S. Then,

⋂
i∈Λ

Ai

is also a picture fuzzy (m,n)-ideal of S.
Proof: Let x, y ∈ S. Then, we have∧

i∈Λ

µAi
(xy) ≥

∧
i∈Λ

min{µAi
(x), µAi

(y)}

= min

{∧
i∈Λ

µAi
(x),

∧
i∈Λ

µAi
(y)

}
and ∨

i∈Λ

ηAi(xy) ≤
∨
i∈Λ

max{ηAi(x), ηAi(y)}

= max

{∨
i∈Λ

ηAi(x),
∨
i∈Λ

ηAi(y)

}
.

Similarly, we have that

∨
i∈Λ

νAi
(xy) ≤ max

{∨
i∈Λ

νAi
(x),

∨
i∈Λ

νAi
(y)

}
.

Hence,
⋂
i∈Λ

Ai is a picture fuzzy subsemigroup of S. Let

x1, x2, . . . , xm, z, y1, y2, . . . , yn ∈ S. Thus, we have∧
i∈Λ

µAi(x1x2 · · ·xmzy1y2 · · · yn)

≥
∧
i∈Λ

min{µAi(x1), µAi(x2), . . . , µAi(xm),

µAi(y1), µAi(y2), . . . , µAi(yn)}

= min

{∧
i∈Λ

µAi(x1),
∧
i∈Λ

µAi(x2), . . . ,
∧
i∈Λ

µAi(xm),

∧
i∈Λ

µAi(y1),
∧
i∈Λ

µAi(y2), . . . ,
∧
i∈Λ

µAi(yn)

}
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and∨
i∈Λ

ηAi(x1x2 · · ·xmzy1y2 · · · yn)

≤
∨
i∈Λ

max{ηAi(x1), ηAi(x2), . . . , ηAi(xm),

ηAi(y1), ηAi(y2), . . . , ηAi(yn)}

= max

{∨
i∈Λ

ηAi(x1),
∨
i∈Λ

ηAi(x2), . . . ,
∨
i∈Λ

ηAi(xm),

∨
i∈Λ

ηAi(y1),
∨
i∈Λ

ηAi(y2), . . . ,
∨
i∈Λ

ηAi(yn)

}
.

Also, we obtain that∨
i∈Λ

νAi
(x1x2 · · ·xmzy1y2 · · · yn)

≤ max

{∨
i∈Λ

νAi
(x1),

∨
i∈Λ

νAi
(x2), . . . ,

∨
i∈Λ

νAi
(xm),

∨
i∈Λ

νAi
(y1),

∨
i∈Λ

νAi
(y2), . . . ,

∨
i∈Λ

νAi
(yn)

}
.

Therefore,
⋂
i∈Λ

Ai is a picture fuzzy (m,n)-ideal of S.

In the following example, we present that the union of any
two picture fuzzy (m,n)-ideals of a semigroup S need not
to be a picture fuzzy (m,n)-ideal of S.

Example 3.5: Let S = {a, b, c, d} and “ · ” be a binary
operation defined on S in the following table:

· a b c d
a a a a a
b a b c b
c a a a a
d a a b d

Then, (S, ·) is a semigroup [3]. Define two picture fuzzy sets
A and B on S as follows:

A µA ηA νA
a 0.7 0 0
b 0 0.5 0.5
c 0.4 0.2 0.3
d 0 0.5 0.5

B µB ηB νB
a 0.9 0 0
b 0 0.4 0.6
c 0 0.4 0.6
d 0.5 0.3 0.2

By routine computations, we obtain that A and B are picture
fuzzy (m,n)-ideals of S, but A ∪ B is not a picture fuzzy
(m,n)-ideal of S because

(µA ∨ µB)(dc)

= (µA ∨ µB)(b)

= max{µA(b), µB(b)} = 0

< 0.4 = min{µB(d), µA(c)}
= min{max{µA(d), µB(d)},max{µA(c), µB(c)}}
= min{(µA ∨ µB)(d), (µA ∨ µB)(c)}.

This shows that A ∪ B is not a picture fuzzy subsemigroup
of S.

Lemma 3.6: Let S be a nonempty subset of a semigroup
S and m,n be positive integers. Then, A is an (m,n)-ideal
of S if and only if CA is a picture fuzzy (m,n)-ideal of S.

Proof: Assume that A is an (m,n)-ideal of S. Then, A
is a subsemigroup of S. By Lemma 2.3, CA is a picture fuzzy
subsemigroup of S. Let x1, x2, . . . , xm, z, y1, y2, . . . , yn ∈
S. Thus, there are two cases to consider:

Case 1: If xi 6∈ A or yj 6∈ A for some i ∈ {1, 2, . . . ,m} and
j ∈ {1, 2, . . . , n}, then

µCA(x1x2 · · ·xmzy1y2 · · · yn)

≥ 0 = min{µCA(x1), µCA(x2), . . . , µCA(xm),

µCA(y1), µCA(y2), . . . , µCA(yn)},

ηCA(x1x2 · · ·xmzy1y2 · · · yn)

≤ 1 = max{ηCA(x1), ηCA(x2), . . . , ηCA(xm),

ηCA(y1), ηCA(y2), . . . , ηCA(yn)},

νCA(x1x2 · · ·xmzy1y2 · · · yn)

≤ 1 = max{νCA(x1), νCA(x2), . . . , νCA(xm),

νCA(y1), νCA(y2), . . . , νCA(yn)}.

Case 2: If xi, yj ∈ A for all i ∈ {1, 2, . . . ,m} and j ∈
{1, 2, . . . , n}, then x1x2 · · ·xmzy1y2 · · · yn ∈ AmSAn ⊆ A.
Thus, we have

µCA(x1x2 · · ·xmzy1y2 · · · yn) = 1

≥ min{µCA(x1), µCA(x2), . . . , µCA(xm),

µCA(y1), µCA(y2), . . . , µCA(yn)},

ηCA(x1x2 · · ·xmzy1y2 · · · yn) = 0

≤ max{ηCA(x1), ηCA(x2), . . . , ηCA(xm),

ηCA(y1), ηCA(y2), . . . , ηCA(yn)},

νCA(x1x2 · · ·xmzy1y2 · · · yn) = 0

≤ max{νCA(x1), νCA(x2), . . . , νCA(xm),

νCA(y1), νCA(y2), . . . , νCA(yn)}.

This means that CA is a picture fuzzy (m,n)-ideal of S.
Conversely, assume that CA is a picture fuzzy (m,n)-

ideal of S. Also, CA is a picture fuzzy subsemigroup
of S. By Lemma 2.3, A is a subsemigroup of S. Let
x1, x2, . . . , xm, y1, y2, . . . , yn ∈ A and z ∈ S. Then,

µCA(x1x2 · · ·xmzy1y2 · · · yn)

≥ min{µCA(x1), µCA(x2), . . . , µCA(xm),

µCA(y1), µCA(y2), . . . , µCA(yn)} = 1.

It follows that µCA(x1x2 · · ·xmzy1y2 · · · yn) = 1. Hence,
x1x2 · · ·xmzy1y2 · · · yn ∈ A. This implies that AmSAn ⊆
A. Consequently, A is an (m,n)-ideal of S.

Theorem 3.7: Let A be a picture fuzzy set on a semi-
group S and m,n be a positive integers. Then, A is a picture
fuzzy (m,n)-ideal of S if and only if A ◦ A ⊆ A and
Am ◦ S ◦ An ⊆ A.

Proof: Assume that A is a picture fuzzy (m,n)-ideal of
S. By Lemma 2.2(i), A ◦ A ⊆ A. Let a ∈ S. If a is not to
be expressible a = x′y′ for all x′, y′ ∈ S, then (µm

A ◦ µS ◦
µn
A)(a) ≤ µA(a). On the other hand, suppose that (µm

A ◦
µS ◦ µn

A)(a) 6= 0. Then, there exist x, y ∈ S such that a =
xy, (µm

A ◦ µS)(x) 6= 0 and µn
A(y) 6= 0. Since a = xy,

(µm
A ◦µS)(x) 6= 0, there exist u1, v1 ∈ S such that x = u1v1,

µm
A (u1) 6= 0 and µS(v1) 6= 0. By induction, we have that

there exist u2, v2, . . . , um, vm ∈ S such that ui−1 = uivi
for each i ∈ {2, . . . ,m}, µm−i+1

A (ui) 6= 0 and µA(vi) 6=
0. Similarly, for case µn

A(y) 6= 0, we have that there exist
u′2, v

′
2, . . . , u

′
n−1, v

′
n−1 ∈ S such that u′j−1 = u′jv

′
j for all
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j ∈ {2, . . . , n− 1}, mun−jA (u′j) 6= 0 and µA(v′j) 6= 0. Thus,
we have

(µm
A ◦ µS ◦ µn

A)(a)

=
∨

a=xy

min{(µm
A ◦ µS)(x), µn

A(y)}

=
∨

a=xy

min

{ ∨
x=u1v1

min{µm
A (u1), µS(v1)},

∨
y=u′1v

′
1

min{µn−1
A (u′1), µA(v′1)}


=
∨

a=xy

∨
x=u1v1

∨
y=u′1v

′
1

min{µm
A (u1), µS(v1), µn−1

A (u′1), µA(v′1)}

=
∨

a=xy

∨
x=u1v1

∨
y=u′1v

′
1

min{µm
A (u1), µn−1

A (u′1), µA(v′1)}

=
∨

a=xy

∨
x=u1v1

∨
y=u′1v

′
1

min

{ ∨
u1=u2v2

min{µm−1
A (u2), µA(v2)},

∨
u′1=u′2v

′
2

min{µn−2
A (u′2), µA(v′2)}, µA(v′1)}


=
∨

a=xy

∨
x=u1v1

∨
y=u′1v

′
1

∨
u1=u2v2

∨
u′1=u′2v

′
2

min{µm−1
A (u2), µA(v2),

µn−2
A (u′2), µA(v′2), µA(v′1)}

...

=
∨

a=xy

∨
x=u1v1

∨
y=u′1v

′
1

∨
u1=u2v2

∨
u′1=u′2v

′
2

· · ·
∨

um−1=umvm

∨
u′
n−2

=u′
n−1

v′
n−1

min{µA(um), µA(vm), µA(vm−1), . . . , µA(v2),

µA(u′n−1), µA(v′n−1), µA(v′n−2), . . . , µA(v1)′}

≤
∨

a=xy

µA(umvmvm−1 · · · v2v − 1

u′n−1v
′
n−1v

′
n−2 · · · v′1)

=
∨

a=xy

µA(xy) = µA(a).

Similarly, we obtain that (ηmA ◦ ηS ◦ ηnA)(a) ≥ ηA(a) and
(νmA ◦νS ◦νnA)(a) ≥ νA(a). This implies that Am ◦S ◦An ⊆
A.

Conversely, by Lemma 2.2(i), we have that A
is a picture fuzzy subsemisemigroup of S. Let
x1, x2, . . . , xm, z, y1, y2, . . . , yn ∈ S and take
a = x1x2 · · ·xmzy1y2 · · · yn. By assumption, we have

µA(x1x2 · · ·xmzy1y2 · · · yn) = µA(a)

≥ (µm
A ◦ µS ◦ µn

A)(a)

=
∨
a=bc

min{(µm
A ◦ µS)(b), µn

A(c)}

≥ min{(µm
A ◦ µS)(x1x2 · · ·xmz), µn

A(y1y2 · · · yn)}

= min

{ ∨
x1x2···xmz=pq

min{µm
A (p), µS(q)},

∨
y1y2···yn=uv

min{µn−1
A (u), µA(v)}

}
≥ min{min{µm

A (x1x2 · · ·xm), µS(z)},
min{µn−1

A (y1y2 · · · yn−1), µA(yn)}}
= min{µm

A (x1x2 · · ·xm), µn−1
A (y1y2 · · · yn−1), µA(yn)}

...
≥ min{µA(x1), µA(x2), . . . , µA(xm),

µA(y1), µA(y2), . . . , µA(yn)}

and

ηA(x1x2 · · ·xmzy1y2 · · · yn) = ηA(a)

≤ (ηmA ◦ ηS ◦ ηnA)(a)

=
∧
a=bc

max{(ηmA ◦ ηS)(b), ηnA(c)}

≤ max{(ηmA ◦ ηS)(x1x2 · · ·xmz), ηnA(y1y2 · · · yn)}

= max

{ ∧
x1x2···xmz=pq

max{ηmA (p), ηS(q)},

∧
y1y2···yn=uv

max{ηn−1
A (u), ηA(v)}

}
≤ max{max{ηmA (x1x2 · · ·xm), ηS(z)},

max{ηn−1
A (y1y2 · · · yn−1), ηA(yn)}}

= max{ηmA (x1x2 · · ·xm), ηn−1
A (y1y2 · · · yn−1), ηA(yn)}

...
≤ max{ηA(x1), ηA(x2), . . . , ηA(xm),

ηA(y1), ηA(y2), . . . , ηA(yn)}.

Also, we can show that

νA(x1x2 · · ·xmzy1y2 · · · yn)

≤ max{νA(x1), νA(x2), . . . , νA(xm),

νA(y1), νA(y2), . . . , νA(yn)}.

Therefore, A is a picture fuzzy (m,n)-ideal of S.
Proposition 3.8: Let S be a semigroup and m,n be

positive integers. If A is a picture fuzzy (m,n)-ideal of
S and B is a picture fuzzy subsemigroup of S such that
Am ◦ S ◦ An ⊆ B ⊆ A, then B is also a picture fuzzy
(m,n)-ideal of S.

Proof: Assume that A is a picture fuzzy (m,n)-ideal
of S and B is a picture fuzzy subsemigroup of S such that
Am ◦ S ◦ An ⊆ B ⊆ A. By Lemma 2.2(i), B ◦ B ⊆ B. Let
a ∈ S. Then,

(µm
B ◦ µS ◦ µn

B)(a) ≤ (µm
A ◦ µS ◦ µn

A)(a) ≤ µB(a)

and

(ηmB ◦ ηS ◦ ηnB)(a) ≥ (ηmA ◦ ηS ◦ ηnA)(a) ≥ ηB(a).

Also, we can prove that (νmB ◦ νS ◦ νnB)(a) ≥ νB(a). This
implies that Bm◦S◦Bn ⊆ B. By Theorem 3.7, B is a picture
fuzzy (m,n)-ideal of S.
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Definition 3.9: [17] Let S be a semigroup and m,n be
positive integers. Then, S is called (m,n)-regular if for any
a ∈ S, there exists x ∈ S such that a = amxan. This is
equivalent to saying that a ∈ amSan, for every a ∈ S or
A ⊆ AmSAn, for each A ⊆ S.

Lemma 3.10: Let S be an (m,n)-regular semigroup
where m,n are positive integers. Then, every picture fuzzy
(m,n)-ideal of S is also a picture fuzzy bi-ideal of S.

Proof: Assume that A is a picture fuzzy (m,n)-ideal
of S. Also, A is a picture fuzzy subsemigroup of S. Let
x, y, z ∈ S. Since S is (m,n)-regular, there exist a, b ∈ S
such that xzy = xmaxnzymbyn. Thus, we have

µA(xzy) = µA(xm(axnzymb)yn)

= µA(xx · · ·x︸ ︷︷ ︸
m times

(axnzymb) yy · · · y︸ ︷︷ ︸
n times

)

≥ min{µA(x), µA(x), . . . , µA(x),

µA(y), µA(y), . . . , µA(y)}
= min{µA(x), µA(y)}

and

ηA(xzy) = ηA(xm(axnzymb)yn)

= ηA(xx · · ·x︸ ︷︷ ︸
m times

(axnzymb) yy · · · y︸ ︷︷ ︸
n times

)

≤ max{ηA(x), ηA(x), . . . , ηA(x),

ηA(y), ηA(y), . . . , ηA(y)}
= max{ηA(x), ηA(y)}.

Similarly, we have that νA(xzy) ≤ max{νA(x), νA(y)}.
Hence, A is a picture fuzzy bi-ideal of S.

Lemma 3.11: LetA be a picture fuzzy set on a semigroup
S. Then, µA(x) ≤ µk

A(xk), ηA(x) ≥ ηkA(xk) and νA(x) ≥
νkA(xk) for each positive integer k and for every x ∈ S.

Proof: Let x ∈ S and k be any positive integer. Since
xk = xk−1x, we have

µk
A(xk) =

∨
xk=ab

min{µk−1
A (a), µA(b)}

≥ min{µk−1
A (xk−1), µA(x)}

= min

 ∨
xk−1=pq

min{µk−2
A (p), µA(q)}, µA(x)


≥ min{min{µk−2

A (xk−2), µA(x)}, µA(x)}
= min{µk−2

A (xk−2), µA(x), µA(x)}
...
≥ min{µA(x), µA(x), . . . , µA(x)}
= µA(x)

and

ηkA(xk) =
∧

xk=ab

max{ηk−1
A (a), ηA(b)}

≤ max{ηk−1
A (xk−1), ηA(x)}

= max

 ∧
xk−1=pq

max{ηk−2
A (p), ηA(q)}, ηA(x)


≤ max{max{ηk−2

A (xk−2), ηA(x)}, ηA(x)}
= max{ηk−2

A (xk−2), ηA(x), ηA(x)}
...
≤ max{ηA(x), ηA(x), . . . , ηA(x)}
= ηA(x).

Also, we obtain that νkA(xk) ≤ νA. This completed the proof.

Theorem 3.12: Let S be a semigroup and m,n be pos-
itive integers. Then, S is (m,n)-regular if and only if
A ⊆ Am ◦ S ◦ An, for every picture fuzzy set A on S.

Proof: Assume that S is (m,n)-regular. Let a ∈ S.
Then, there exists x ∈ S such that a = amxan. So, we have

(µm
A◦µS ◦ µn

A)(a)

=
∨
a=bc

min {(µm
A ◦ µS)(b), µn

A(c)}

≥ min{µm
A ◦ µS)(amx), µn

A(an)}

= min

{ ∨
amx=uv

min{µm
A (u), µS(v)}, µn

A(an)

}
≥ min{min{µm

A (am), µS(x)}, µn
A(an)}

= min{µm
A (am), µn

A(an)}
≥ min{µA(a), µA(a)}
= µA(a)

and

(ηmA ◦ηS ◦ ηnA)(a)

=
∧
a=bc

max {(ηmA ◦ ηS)(b), ηnA(c)}

≤ max{ηmA ◦ ηS)(amx), ηnA(an)}

= max

{ ∧
amx=uv

max{ηmA (u), ηS(v)}, ηnA(an)

}
≤ max{max{ηmA (am), ηS(x)}, ηnA(an)}
= max{ηmA (am), ηnA(an)}
≤ max{ηA(a), ηA(a)}
= ηA(a).

Similarly, we can prove that (νmA ◦ νS ◦ νnA)(a) ≤ νA(a).
Hence, A ⊆ Am ◦ S ◦ An.

Conversely, let a ∈ S. Then, Ca is a picture fuzzy set on S.
By assumption and Lemma 2.1, we have Ca ⊆ Cma ◦S ◦Cna =
CamSan . It follows that a ∈ amSan. Therefore, S is (m,n)-
regular.

Theorem 3.13: Let S be a semigroup and m,n be pos-
itive integers. Then, S is (m,n)-regular if and only if
A = Am ◦ S ◦ An, for every picture fuzzy (m,n)-ideal
A of S.
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Proof: Assume that S is (m,n)-regular. Let A be
a picture fuzzy (m,n)-ideal of S. By Theorem 3.7 and
Theorem 3.12, we obtain that Am ◦ S ◦ An ⊆ A and
A ⊆ Am ◦ S ◦ An. That is, A = Am ◦ S ◦ An.

Conversely, assume that A = Am ◦ S ◦ An, for every
picture fuzzy (m,n)-ideal A of S. Let a ∈ S. Then, [a](m,n)

is the smallest (m,n)-ideal of S containing a. By Lemma
3.6, C[a](m,n)

is a picture fuzzy (m,n)-ideal of S. By using
the given assumption, we have

C[a](m,n)
= Cm[a](m,n)

◦ S ◦ Cn[a](m,n)
= C([a](m,n))

m
S([a](m,n))

n .

It follows that [a](m,n) =
(
[a](m,n)

)m
S
(
[a](m,n)

)n
. By

Lemma 2.4, a ∈ amSan. Therefore, S is (m,n)-regular.

Lemma 3.14: [23] Let S be a semigroup and m,n be
positive integers with m ≥ 2 or n ≥ 2. Then, S is (m,n)-
regular if and only if A = A2, for each (m,n)-ideal A of
S.

Theorem 3.15: Let S be a semigroup and m,n be pos-
itive integers where m ≥ 2 or n ≥ 2. Then, S is (m,n)-
regular if and only if A = A ◦ A, for every picture fuzzy
(m,n)-ideal A of S.

Proof: Assume that S is (m,n)-regular. Let A be a
picture fuzzy (m,n)-ideal of S. By Theorem 3.13, we have

A = Am ◦ S ◦ An

= Am ◦ S ◦ (Am ◦ S ◦ An)n

= Am ◦ S ◦ ((Am ◦ S ◦ An) ◦ (Am ◦ S ◦ An)

◦ · · · ◦ (Am ◦ S ◦ An)) (n terms)
⊆ Am ◦ S ◦ An ◦ Am ◦ S ◦ An

= A ◦ A.

Since A is a picture fuzzy (m,n)-ideal of S, A ◦ A ⊆ A.
This implies that A = A ◦ A.

Conversely, assume that A = A ◦ A, for every picture
fuzzy (m,n)-ideal of S. Let A be an (m,n)-ideal of S.
Then, AA ⊆ A. Let a ∈ A. By the hypothesis, we have
µCA(a) = (µCA ◦ µCA)(a) = µCA2 (a). Since µCA(a) = 1,
µCA2 (a) = 1. It turns out that a ∈ A2. So, A ⊆ A2. Hence,
A = A2. By Lemma 3.14, S is (m,n)-regular.

For case m ≥ 2, we can prove similarly.
The following example shows that the condition m ≥ 2

or n ≥ 2 in Theorem 3.15 is neccessary.
Example 3.16: Let S = {a, b, c, d, e}. Define the binary

operation “ · ” on S by the following table:
· a b c d e
a a a a a a
b a b a d a
c a e c c e
d a b d d b
e a e a c a

Then, (S, ·) is a regular semigroup [23]. Next, we define the
picture fuzzy set A on S as follows:

A µA ηA νA
a 1 0 0
b 0.2 0.4 0.4
c 0 0.5 0.4
d 0 0.5 0.5
e 0.6 0.2 0.1

It turns out that A is a picture fuzzy (m,n)-ideal of S.
Moreover, A 6= A ◦ A, since

µA(e) = 0.6 6= 0.2

=
∨

e=yz

min{µA(y), µA(z)} = (µA ◦ µA)(e),

ηA(e) = 0.2 6= 0.4

=
∧

e=yz

max{ηA(y), ηA(z)} = (ηA ◦ ηA)(e)

and

νA(e) = 0.1 6= 0.4

=
∧

e=yz

max{νA(y), νA(z)} = (νA ◦ νA)(e).

IV. PICTURE FUZZY (m, 0)-IDEALS AND PICTURE FUZZY
(0, n)-IDEALS

In this section, we present the concepts of picture fuzzy
(m, 0)-ideals and picture fuzzy (0, n)-ideals of semigroups
for any positive integers m and n which are generalizations
of picture fuzzy right ideals and picture fuzzy left ideals
of semigroups, respectively, and we consider some prop-
erties of them. Finally, we characterize different classes of
semigroups, that is, (m,n)-regular, (m, 0)-regular and (0, n)-
regular, using the concepts of picture fuzzy (m, 0)-ideals and
picture fuzzy (0, n)-ideals of semigroups.

Definition 4.1: Let S be a semigroup and m be a positive
integer. A picture fuzzy subsemigroup A of S is called a
picture fuzzy (m, 0)-ideal of S if it satisfies the following
conditions:

(i) µA(x1x2 · · ·xmz)
≥ min{µA(x1), µA(x2), . . . , µA(xm)};

(ii) ηA(x1x2 · · ·xmz)
≤ max{ηA(x1), ηA(x2), . . . , ηA(xm)};

(iii) νA(x1x2 · · ·xmz)
≤ max{νA(x1), νA(x2), . . . , νA(xm)},

for all x1, x2, . . . , xm, z ∈ S.
Dually, a picture fuzzy (0, n)-ideal of S is defined.
Lemma 4.2: Every picture fuzzy right (resp. left) ideal of

a semigroup S is a picture fuzzy (m, 0)-ideal (resp. (0, n)-
ideal) for any positive integer m (resp. n).

Proof: The proof is straightforward.
The converse of Lemma 4.2 is not true in general.
Example 4.3: In Example 3.3, we have that A is a picture

fuzzy (m, 0)-ideal and a picture fuzzy (0, n)-ideal of S for
every positive integers m,n ≥ 2, but is not a picture fuzzy
right ideal of S because

µA(dc) = µA(b) = 0.1 < 0.6 = µA(d),

ηA(dc) = ηA(b) = 0.5 > 0.2 = ηA(d),

νA(dc) = νA(b) = 0.4 > 0.2 = νA(d).

Also, A is not a picture fuzzy left ideal of S because

µA(ca) = µA(c) = 0.1 < 0.8 = µA(a),

ηA(ca) = ηA(c) = 0.5 > 0 = ηA(a),

νA(ca) = νA(c) = 0.4 > 0 = νA(a).

Definition 4.4: [23] Let S be a semigroup and m,n be
positive integers. Then, S is called (m, 0)-regular (resp.
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(0, n)-regular) if for any a ∈ S, there exists x ∈ S such
that a = amx (resp. a = xan).

Lemma 4.5: Let S be a semigroup and m,n be positive
integers. Then, the following statements hold:

(i) if S is (m, 0)-regular, then every picture fuzzy (m, 0)-
ideal of S is also a picture fuzzy right ideal of S;

(ii) if S is (0, n)-regular, then every picture fuzzy (0, n)-
ideal of S is also a picture fuzzy left ideal of S.

Proof: (i) Assume that S is (m, 0)-regular. Let A be a
picture fuzzy (m, 0)-ideal of S and let x, y ∈ S. Then, there
exists z ∈ S such that xy = xmzy. Thus, we have

µA(xy) = µA(xm(zy))

≥ min{µA(x), µA(x), . . . , µA(x)} = µA(x),

ηA(xy) = ηA(xm(zy))

≤ max{ηA(x), ηA(x), . . . , ηA(x)} = ηA(x),

νA(xy) = νA(xm(zy))

≤ max{νA(x), νA(x), . . . , νA(x)} = νA(x).

Hence, A is a picture fuzzy right ideal of S.
(ii) The proof is similar to (i).
The following lemma, we will prove for picture fuzzy

(m, 0)-ideals of semigroups. For picture fuzzy (0, n)-ideals
of semigroups, one can prove similarly.

Lemma 4.6: Let S be a semigroup and m,n be positive
integers. Then, A is an (m, 0)-ideal (resp. (0, n)-ideal) of
S if and only if CA is a picture fuzzy (m, 0)-ideal (resp.
(0, n)-ideal) of S.

Proof: Assume that A is an (m, 0)-ideal of S. Then, A
is a subsemigroup of S. By Lemma 2.3, CA is a picture fuzzy
subsemigroup of S. Let x1, x2, . . . , xm, z ∈ S. If xi 6∈ A for
some i ∈ {1, 2, . . . ,m}, then

µCA(x1x2 · · ·xmz)
≥ 0 = min{µCA(x1), µCA(x2), . . . , µCA(xm)},

ηCA(x1x2 · · ·xmz)
≤ 1 = max{ηCA(x1), ηCA(x2), . . . , ηCA(xm)}.

Also, we have that

νCA(x1x2 · · ·xmz)
≤ max{νCA(x1), νCA(x2), . . . , νCA(xm)}.

If xi ∈ A for all i ∈ {1, 2, . . . ,m}, then x1x2 · · ·xmz ∈
AmS ⊆ A. It follows that

µCA(x1x2 · · ·xmz)
= 1 ≥ min{µCA(x1), µCA(x2), . . . , µCA(xm)},

ηCA(x1x2 · · ·xmz)
= 0 ≤ max{ηCA(x1), ηCA(x2), . . . , ηCA(xm)}.

Similarly, we obtain that

νCA(x1x2 · · ·xmz)
≤ max{νCA(x1), νCA(x2), . . . , νCA(xm)}.

Hence, CA is a picture fuzzy (m, 0)-ideal of S.
Conversely, assume that CA is a picture fuzzy (m, 0)-

ideal of S. Also, CA is a picture fuzzy subsemigroup of

S. Again by Lemma 2.3, A is a subsemigroup of S. Let
x1, x2, . . . , xm ∈ A and z ∈ S. Then,

µCA(x1x2 · · ·xmz)
≥ min{µCA(x1), µCA(x2), . . . , µCA(xm)} = 1,

and so, µCA(x1x2 · · ·xmz) = 1. This implies that
x1x2 · · ·xmz ∈ A. It turns out that AmS ⊆ A. Therefore, A
is an (m, 0)-ideal of S.

Theorem 4.7: Let S be a semigroup, A be any picture
fuzzy subsemigroup of S and m,n be positive integers. Then,
A is a picture fuzzy (m, 0)-ideal (resp. (0, n)-ideal) of S if
and only if A◦A ⊆ A and Am ◦S ⊆ A (resp. S ◦An ⊆ A).

Proof: The proof is similar to Theorem 3.7.
A picture fuzzy set A on a semigroup S is called idem-

potent if A ◦ A = A.
Lemma 4.8: If S is an (m,n)-regular semigroup, then

the picture fuzzy (m, 0)-ideals and the picture fuzzy (0, n)-
ideals of S are idempotent.

Proof: Assume that S is an (m,n)-regular semigroup.
Let A is a picture fuzzy (m, 0)-ideal of S. Then, A is a
picture fuzzy subsemigroup of S. It follows that A◦A ⊆ A
by Lemma 2.2(i). On the other hand, by assumption and
Theorem 3.12, we have

A ⊆ Am ◦ S ◦ An

= Am ◦ S ◦ An−1 ◦ A
⊆ Am ◦ S ◦ An−1 ◦ Am ◦ S ◦ An

⊆ Am ◦ S ◦ Am ◦ S
⊆ A ◦ A.

We obtain that A ⊆ A ◦ A. Thus, A ◦ A = A. Hence, A
is idempotent. Similarly, we can prove that the picture fuzzy
(0, n)-ideals of S are idempotent.

Lemma 4.9: Let S be an (m,n)-regular semigroup and
m,n be positive integers. Then, the following statements
hold:

(i) if A is a picture fuzzy (m, 0)-ideal of S, then Am is
also a picture fuzzy right ideal of S;

(ii) if A is a picture fuzzy (0, n)-ideal of S, then An is
also a picture fuzzy left ideal of S.

Proof: (i) Let A be a picture fuzzy (m, 0)-ideal of S.
By Theorem 4.7 and Lemma 4.8, we have that Am ◦ S ⊆
A = Am. By Lemma 2.2(ii), we obtain that Am is a picture
fuzzy right ideal of S.

(ii) The proof is similar to the proof of (i).
Theorem 4.10: Let S be a semigroup and m,n be posi-

tive integers. Then, the following statements hold:
(i) S is (m, 0)-regular if and only if A ⊆ Am ◦ S , for

every picture fuzzy set A on S;
(ii) S is (0, n)-regular if and only if A ⊆ S◦An, for every

picture fuzzy set A on S.
Proof: (i) Assume that S is (m, 0)-regular. Let a ∈ S.

Then, there exists x ∈ S such that a = amx. So, we have

(µm
A ◦ µS)(a) =

∨
a=bc

min{µm
A (b), µS(c)}

≥ min{µm
A (am), µS(x)}

= µm
A (am)

≥ µA(a)

IAENG International Journal of Applied Mathematics, 52:4, IJAM_52_4_32

Volume 52, Issue 4: December 2022

 
______________________________________________________________________________________ 



and

(ηmA ◦ ηS)(a) =
∧
a=bc

max{ηmA (b), ηS(c)}

≤ max{ηmA (am), ηS(x)}
= ηmA (am)

≤ ηA(a).

Similarly, we can prove that (νmA ◦ νS)(a) ≤ νA(a). Hence,
A ⊆ Am ◦ S .

Conversely, let a ∈ S. Then, Ca is a picture fuzzy set on
S. By the given assumption and Lemma 2.1, we have that
Ca ⊆ Cma ◦ S = CamS , implies that a ∈ amS. Therefore S is
(m, 0)-regular.

(ii) The proof is similar to (i).
Lemma 4.11: [17] Let S be a semigroup, m,n be positive

integers. Then, the following statements hold:
(i) S is (m, 0)-regular if and only if R = RmS, for every

(m, 0)-ideal R of S;
(ii) S is (0, n)-regular if and only if L = SLn, for every

(0, n)-ideal L of S.
Theorem 4.12: Let S be a semigroup and m,n be posi-

tive integers. Then, the following statements hold:
(i) S is (m, 0)-regular if and only if A = Am ◦ S , for

every picture fuzzy (m, 0)-ideal A of S;
(ii) S is (0, n)-regular if and only if A = S◦An, for every

picture fuzzy (0, n)-ideal A of S.
Proof: (i) Assume that S is (m, 0)-regular. Let A be

a picture fuzzy (m, 0)-ideal of S. By Theorem 4.7 and
Theorem 4.10, we have that Am ◦ S ⊆ A and A ⊆ Am ◦ S .
It follows that A = Am ◦ S .

Conversely, let R be any (m, 0)-ideal of S. Then, R2 ⊆ R
and RmS ⊆ R. By Lemma 2.1, we have CR ◦ CR = CR2 ⊆
CR. Again by Lemma 2.1, CmR ◦ S = CRmS ⊆ CR. Thus, CR
is a picture fuzzy (m, 0)-ideal of S by Theorem 4.7. By the
given assumption, we get that CR = CmR ◦S = CRmS . It turns
out that R = RmS. By Lemma 4.11, S is (m, 0)-regular.

(ii) The proof is similar to (i).
Lemma 4.13: [23] Let S be a semigroup and m,n be

positive integers. Then, S is (m,n)-regular if and only if
R ∩ L = RmLn, for each (m, 0)-ideal R of S and for each
(0, n)-ideal L of S.

Theorem 4.14: Let S be a semigroup and m,n be pos-
itive integers. Then, S is (m,n)-regular if and only if
A ∩ B = Am ◦ Bn, for every picture fuzzy (m, 0)-ideal A
of S and for every picture fuzzy (0, n)-ideal B of S.

Proof: Assume that S is (m,n)-regular. Let A be any
picture fuzzy (m, 0)-ideal of S and B be any picture fuzzy
(0, n)-ideal of S. By Theorem 3.12, we have

A ∩ B ⊆ (A ∩ B)m ◦ S ◦ (A ∩ B)n ⊆ Am ◦ S ◦ Bn.

By Theorem 4.7, Am ◦ S ◦ Bn ⊆ Am ◦ B. By Lemma 4.8,
B = Bn. It follows that A∩B ⊆ Am◦Bn. On the other hand,
Am ◦ Bn ⊆ Am ◦ S ⊆ A and Am ◦ Bn ⊆ S ◦ Bn ⊆ B. This
implies that Am◦Bn ⊆ A∩B. Therefore, A∩B = Am◦Bn.

Conversely, assume that A ∩ B = Am ◦ Bn, for every
picture fuzzy (m, 0)-ideal A and for every picture fuzzy
(0, n)-ideal B of S. Let R and L be an (m, 0)-ideal and an
(0, n)-ideal of S, respectively. By Lemma 4.6, CR and CL are
a picture fuzzy (m, 0)-ideal and a picture fuzzy (0, n)-ideal
of S, respectively. By hypothesis, we have

CR∩L = CR ∩ CL = CmR ◦ CnL = CRmLn .

This implies that R ∩ L = RmLn. By Lemma 4.13, S is
(m,n)-regular.

By Lemma 4.8 and Theorem 4.14, we have the following
corollary.

Corollary 4.15: Let S be a semigroup and m,n be pos-
itive integers. If S is (m,n)-regular, then A ∩ B = A ◦ B
for every picture fuzzy (m, 0)-ideal A of S and for every
picture fuzzy (0, n)-ideal B of S.

Theorem 4.16: Let S be a semigroup and m,n be pos-
itive integers. Then, S is (m,n)-regular if and only if
A ∩ B ⊆ Am ◦ Bn, for each picture fuzzy (m,n)-ideal A
and for each picture fuzzy (0, n)-ideal B of S.

Proof: Assume that S is (m,n)-regular. Let A and B
be a picture fuzzy (m,n)-ideal and a picture fuzzy (0, n)-
ideal of S, respectively. By Theorem 3.12, Theorem 4.7 and
Lemma 4.8, we have

A ∩ B ⊆ (A ∩ B)m ◦ S ◦ (A ∩ B)n

⊆ Am ◦ S ◦ Bn

⊆ Am ◦ B
= Am ◦ Bn.

This shows that A ∩ B ⊆ Am ◦ Bn.

Conversely, let A be a picture fuzzy (m, 0)-ideal and B be
a picture fuzzy (0, n)-ideal of S. It is not difficult to verify
that A is also a picture fuzzy (m,n)-ideal of S. By the given
assumption, we get A ∩ B ⊆ Am ◦ Bn. On the other hand,
Am ◦ Bn ⊆ A∩B. Hence, A∩B = Am ◦ Bn. By Theorem
4.14, we have that S is (m,n)-regular.

The following theorem can be proved similarly to Theorem
4.16.

Theorem 4.17: Let S be a semigroup and m,n be pos-
itive integers. Then, S is (m,n)-regular if and only if
A ∩ B ⊆ Am ◦ Bn, for every picture fuzzy (m, 0)-ideal A
and for every picture fuzzy (m,n)-ideal B of S.

Theorem 4.18: Let S be a semigroup and m,n be pos-
itive integers. Then, S is (m,n)-regular if and only if
R∩A∩L ⊆ Rm ◦ A ◦ Ln, for every picture fuzzy (m,n)-
ideal A, for every picture fuzzy (m, 0)-ideal R and for every
picture fuzzy (0, n)-ideal L of S.

Proof: Assume that S is (m,n)-regular. Let A,R and
L be a picture fuzzy (m,n)-ideal, a picture fuzzy (m, 0)-
ideal and a picture fuzzy (0, n)-ideal of S, respectively. By
Lemma 4.9, we have that Rm is a picture fuzzy right ideal
and Ln is a picture fuzzy left ideal of S. Let a ∈ S. Then,
there exists x ∈ S such that

a = amxan = amx(amxan)n

= amx (amxan)(amxan) · · · (amxan).︸ ︷︷ ︸
n terms

Thus, a = (amx)(amxan)(san) for some s =

IAENG International Journal of Applied Mathematics, 52:4, IJAM_52_4_32

Volume 52, Issue 4: December 2022

 
______________________________________________________________________________________ 



amxan · · · amx. Using the Lemma 3.11, we have

(µm
R ◦ µA ◦ µn

L)(a)

=
∨
a=bc

min{(µm
R ◦ µA)(b), µn

L(c)}

=
∨
a=bc

min

 ∨
b=pq

min{µm
R(p), µA(q)}, µn

L(c)


≥ min{min{µm

R(amx), µA(amxan)}, µn
L(san)}

≥ min{min{µm
R(am), µA(a)}, µn

L(an)}
≥ min{min{µR(a), µA(a)}, µL(a)}
= (µR ∩ µA ∩ µL)(a)

and

(ηmR ◦ ηA ◦ ηnL)(a)

=
∧
a=bc

max{(ηmR ◦ ηA)(b), ηnL(c)}

=
∧
a=bc

max

 ∧
b=pq

max{ηmR(p), ηA(q)}, ηnL(c)


≤ max{max{ηmR(amx), ηA(amxan)}, ηnL(san)}
≤ max{max{ηmR(am), ηA(a)}, ηnL(an)}
≤ max{max{ηR(a), ηA(a)}, ηL(a)}
= (ηR ∪ ηA ∪ ηL)(a).

Similarly, we can show that (νmR ◦νA ◦νnL)(a) ≤ (νR∪νA∪
νL)(a). This implies that R∩A ∩ L ⊆ Rm ◦ A ◦ Ln.

Conversely, let R be a picture fuzzy (m, 0)-ideal and L
be a picture fuzzy (0, n)-ideal of S. We can see that S itself
is a picture fuzzy (m,n)-ideal of S. By the hypothesis, it
follows that

R∩ L = R∩ S ∩ L ⊆ Rm ◦ S ◦ Ln ⊆ Rm ∩ Ln.

On the other hand, Rm ◦ Ln ⊆ R ∩ L. That is, R ∩ L =
Rm ◦ Ln. By Theorem 4.14, S is (m,n)-regular.

Lemma 4.19: [17] Let S be a semigroup, m,n be positive
integers. Then, S is (m,n)-regular if and only if R ∩ L =
RmL∩RLn for each (m, 0)-ideal R and for each (0, n)-ideal
L of S.

Theorem 4.20: Let S be a semigroup and m,n be pos-
itive integers. Then, S is (m,n)-regular if and only if
A ∩ B = (Am ◦ B) ∩ (A ◦ Bn), for every picture fuzzy
(m, 0)-ideal A of S and for every picture fuzzy (0, n)-ideal
B of S.

Proof: Assume that S is (m,n)-regular. Let A be a
picture fuzzy (m, 0)-ideal of S and B be a picture fuzzy
(0, n)-ideal of S. By Theorem 3.12, we have

A∩B ⊆ (A∩B)m ◦S ◦ (A∩B)n ⊆ Am ◦S ◦Bn ⊆ Am ◦B,

that is, A∩B ⊆ Am◦B. Similarly, we can show that A∩B ⊆
A ◦ Bn. It turns out that A∩B ⊆ (Am ◦ B)∩ (A ◦ Bn). On
the other hand,

(Am ◦ B) ∩ (A ◦ Bn) ⊆ (Am ◦ S) ∩ (S ◦ Bn) ⊆ A ∩ B.

Hence, A ∩ B = (Am ◦ B) ∩ (A ◦ Bn).
Conversely, let R and L be an (m, 0)-ideal and a (0, n)-

ideal of S, respectively. By Lemma 4.6, CR and CL are a
picture fuzzy (m, 0)-ideal and a picture fuzzy (0, n)-ideal of
S, respectively. By the hypothesis, we have

CR∩L = CR ∩ CL = (CmR ◦ CL) ∩ (CR ◦ CnL) = CRmL∩RLn .

It follows that R∩L = RmL∩RLn. By Lemma 4.19, S is
(m,n)-regular.

Lemma 4.21: Let S be a semigroup and m,n be positive
integers. Then, the following statements hold:

(i) if S is (m, 0)-regular, then for any picture fuzzy set A
on S, Am ◦ S is a picture fuzzy (m, 0)-ideal of S;

(ii) if S is (0, n)-regular, then for any picture fuzzy set A
on S, S ◦ An is a picture fuzzy (0, n)-ideal of S.

Proof: The proof is straightforward.
Lemma 4.22: Let S be a semigroup and m,n be positive

integers. If S is (m,n)-regular, then for any picture (m,n)-
ideal A of S, there exist a picture fuzzy (m, 0)-ideal B of S
and a picture fuzzy (0, n)-ideal C of S such that A = B ◦ C.

Proof: Let A be a picture fuzzy (m,n)-ideal of S. By
Theorem 3.13, A = Am ◦ S ◦ An. As S is (m,n)-regular,
we have that S is both (m, 0)-regular and (0, n)-regular. By
Lemma 4.21, we get that Am ◦ S is a picture fuzzy (m, 0)-
ideal of S and S ◦ An is a picture fuzzy (0, n)-ideal of S.
Now, consider S ⊆ Sm ◦ S ◦ Sn = Sm+n+1 ⊆ S2 ⊆ S. So,
S = S2. We obtain that

(Am ◦ S) ◦ (S ◦An) = Am ◦ S2 ◦An = Am ◦ S ◦An = A.

This completed the proof.
Lemma 4.23: Let S be a semigroup and m,n be positive

integers. If S is (m,n)-regular, then for every picture fuzzy
(m, 0)-ideal A of S and for every picture fuzzy set B on S,
A ◦ B is a picture fuzzy (m,n)-ideal of S.

Proof: Assume that S is (m,n)-regular. Let A be a
picture fuzzy (m, 0)-ideal of S and B be a picture fuzzy set
on S. By Theorem 3.12 and Theorem 4.7, we have

(A ◦ B) ◦ (A ◦ B)

⊆ (Am ◦ S ◦ An) ◦ B ◦ (Am ◦ S ◦ An) ◦ B
⊆ Am ◦ S ◦ B
⊆ A ◦ B.

Thus, A ◦ B is a picture fuzzy subsemigroup of S. Now, by
Lemma 4.8 and Theorem 4.7, we get

(A ◦ B)m ◦ S ◦ (A ◦ B)n

= (A ◦ B) ◦ (A ◦ B) ◦ · · · ◦ (A ◦ B)︸ ︷︷ ︸
m terms

◦S

◦ (A ◦ B) ◦ (A ◦ B) ◦ · · · ◦ (A ◦ B)︸ ︷︷ ︸
n terms

⊆ A ◦ S ◦ B = Am ◦ S ◦ B ⊆ A ◦ B.

Therefore, A ◦ B is a picture fuzzy (m,n)-ideal of S.
The following theorem obtains from Lemma 4.22 and

Lemma 4.23.
Theorem 4.24: Let S be an (m,n)-regular semigroup

where m,n be positive integers and A be any picture fuzzy
set on S. Then, A is a picture fuzzy (m,n)-ideal of S if and
only if there exist a picture fuzzy (m, 0)-ideal B of S and a
picture fuzzy (0, n)-ideal C of S such that A = B ◦ C.

Let m,n are positive integers. Then, a picture fuzzy
(m,n)-ideal A of a semigroup S is called minimal if for
each picture fuzzy (m,n)-ideal B of S, B ⊆ A implies
B = A. Dually, a minimal picture fuzzy (m, 0)-ideal of S
and a minimal picture fuzzy (0, n)-ideal of S are defined.
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Theorem 4.25: Let S be an (m,n)-regular semigroup
where m,n be positive integers and A be any picture fuzzy
set on S. Then, A is a minimal picture fuzzy (m,n)-ideal of
S if and only if there exist a minimal picture fuzzy (m, 0)-
ideal B of S and a minimal picture fuzzy (0, n)-ideal C of
S such that A = B ◦ C.

Proof: Assume that A is a minimal picture fuzzy
(m,n)-ideal of S. Since S is (m,n)-regular, A = Am ◦
S ◦ S ◦ An. By Lemma 4.21, Am ◦ S and S ◦ An are a
picture fuzzy (m, 0)-ideal and a picture fuzzy (0, n)-ideal
of S, respectively. Next, we want to show that Am ◦ S is
minimal. LetM be any picture fuzzy (m, 0)-ideal of S such
that M⊆ Am ◦ S . By Corollary 4.15, we have that

M◦ (S ◦ An) =M∩ (S ◦ An)

⊆ (Am ◦ S) ∩ (S ◦ An)

= (Am ◦ S) ◦ (S ◦ An) = A.

By Lemma 4.23,M◦(S◦An) is a picture fuzzy (m,n)-ideal
of S. By minimality of A, we have that M◦ (S ◦An) = A.
By Theorem 4.7 and Lemma 4.8, we have that A = M ◦
(S ◦An) ⊆Mm ◦S ⊆M. Thus, Am ◦S ⊆Mm ◦S ⊆M.
Hence,M = Am◦S. Therefore, Am◦S is a minimal picture
fuzzy (m, 0)-ideal of S. Similary, we can show that S ◦An

is a minimal picture fuzzy (0, n)-ideal of S.
Conversely, assume that there exist a minimal picture

fuzzy (m, 0)-ideal B of S and a minimal picture fuzzy (0, n)-
ideal C of S such that A = B ◦ C. By Theorem 4.24, A is a
picture fuzzy (m,n)-ideal of S. LetM be any picture fuzzy
(m,n)-ideal of S such that M⊆ A. Then,

Mm ◦ S ⊆ Am ◦ S = (B ◦ C)m ◦ S
= (B ◦ C) ◦ (B ◦ C) ◦ · · · ◦ (B ◦ C)︸ ︷︷ ︸

m terms

◦S

⊆ B ◦ S ⊆ (Bm ◦ S ◦ Bn) ◦ S
⊆ Bm ◦ S ⊆ B.

Since Mm ◦ S is a picture fuzzy (m, 0)-ideal of S and B
is a minimal picture fuzzy (m, 0)-ideal of S, we have that
Mm ◦S = B. Similarly, we can show that S ◦Mn = C. By
Theorem 3.13, we have

A = B ◦C = (Mm ◦S)◦ (S ◦Mn) =Mm ◦S ◦Mn =M.

That is,M = A. Consequently, A is a minimal picture fuzzy
(m,n)-ideal of S.

V. CONCLUSION

As generalizations of picture fuzzy bi-ideals, picture fuzzy
right ideals and picture fuzzy left ideals of semigroups, we
have introduced the concepts of picture fuzzy (m,n)-ideals,
picture fuzzy (m, 0)-ideals and picture fuzzy (0, n)-ideals of
semigroups where m and n are positive ingeters. Then, we
investigated some characterization of (m,n)-regular semi-
groups by their picture fuzzy (m,n)-ideals as shown in
Theorem 3.13. Finally, we have characterized various classes
(m,n)-regular, (m, 0)-regular and (0, n)-regular semigroups
by the properties of their picture fuzzy (m,n)-ideals, picture
fuzzy (m, 0)-ideals and picture fuzzy (0, n)-ideals were
shown in Theorem 4.12, Theorem 4.14 and Theorem 4.20.
In our future work, it will be possible to characterize many
classes of regularities in semigroups and other algebraic

structures using many types of their picture fuzzy (m,n)-
ideals.
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