
 

 
Abstract— In the present paper we study a uniform unsteady 

incompressible creeping fluid flow in the finite pipes with the 
polygonal cross-section. Our purpose is to define the velocity of 
the flow for the certain pressure. The velocity components 
satisfy the Stokes linear system of equations (STS) with the 
appropriate initial-boundary conditions. The STS represents a 
linearized Navier-Stokes equations (NSE) for the small 
Reynolds number. In our work STS is studied for the specific 
pressure. We used the conformal mapping method and the 
Poisson formula and reduced the Stokes system to the system of 
Fredholm integral equations. By means of the stepwise 
approximation method the unique solution of this system is 
obtained. Several cases of the fluid flow in   the pipes having 
regular polygons as a cross-section are considered.  
 

Index Terms—Conformal mapping, Creeping flow, Prismatic 
pipe, Stepwise approximation 
 

I. INTRODUCTION 

UR surroundings are full of various pipes. They are 
important part of our life. Pipes are everywhere: 

artificial pipes (water pipes, oil pipes etc.) as well, as 
biological pipes (human capillary network for example). 
They are composed of many different materials (steel, plastic, 
etc.). Within the pipes, the pressure can be controlled: by 
pumps in artificial pipes, by the heart in the human body. 
Regulating pressure is necessary to prevent turbulence [1], 
[2], [4], [6], [8], [9], [17], [24], [26], [27], [33], [35], [39], 
[40], [42], [47]. As a rule, oil and gas pipes are cylindrical 
and has the circular cross-section [1], [2], [4], [9], [13], [26], 
[27], [39], [40]. Pipes with the polygonal cross-section are 
widely used in technological processes and medicine [1], [2], 
[5], [7], [9], [12], [13], [17], [24], [26], [27], [34]- [36], [46]-
[48]. Besides, nanotubes have polygonal cross-section. For 
example, a single-walled carbon nanotubes (CNT) can have 
as the cross-section regular polygons with six, 10 or 20 angles 
(the vortices of the polygons are the carbon atoms) [5],[7], 
[12], [26], [27], [34], [36], [46], [48]. One can find the images 
of CNT at the web-page:  
www.bing.com/videos/search?q=Carbon+nanotubes.    

The thinnest (freestanding) single-walled CNT is about 
(3,3), (4,3), or (5,1) nm in diameter [5], [7], [34], [36], 
[46]. For the fluid flow in nanotubes there is no friction of the 
classical kind, but there exists the “quantum friction” [5], [7], 
[34], [36], [46], [48]. In our paper we suppose, that the 
creeping flow in the nanotubes is possible.  
The flows in pipes attract the attention of many scientists. 
STS was first solved by Stokes (1845), for the circular pipe 
flow [41]. Boussinesq (1868), obtained the solutions of NSE 
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for the pipes of rectangular, triangular and elliptic cross-
sections with a constant pressure gradient [4]. Proudman 
(1914), derived the solutions for the flow in a pipe with the 
right-angled isosceles triangular cross-section [40]. Berker 
(1963), gave the solutions for the pipe flows with the cross-
section of lemniscates, cardioids and limacon [2].  
  S.Tsangaris, D. Kondaxakis and, N. Vlachakis (2007) 
derived the exact solutions for the flow in porous circular 
pipes [43]. The solutions of the axi-symmetric STS for the 
fluid flow over the ellipsoidal bodies in the infinite channel 
are obtained in [17]. The non-smooth solutions of the NSE 
for the flow in the rectangular infinite prism are given in [22], 
[23]. 

 Hence, it is important to define the velocity of the fluid 
flow in prismatic pipes not only experimentally, but also 
analytically. Those analytical solutions enable to predict the 
velocity of fluids for the different pressure without 
experiment.  

 

II. PROBLEM  FORMULATION 

  Let us consider the prismatic area 𝐷௭ in Cartesian co-
ordinates (𝑥, 𝑦, 𝑧)  𝐷௭ = {𝐷 × [0, 𝑙_0]}; 0 ≤ 𝑧 ≤ 𝑙_0;  𝑙_0 >
0; , where 𝑙_0

  
is the certain constant.  By 𝑆 

   
we denote the 

boundary of 𝐷௭ and by 𝐷 the transversal  cross-section of 𝐷௭, 
𝐷 is the simply connected region of the plane 𝑥𝑂𝑦 bounded 
by 𝑆 (𝑆 is the polygon with vertices 𝑎 , and the internal 
angles 𝜋𝛼 ,  𝑖 = 1, ⋯ , 𝑛). In 𝐷௭   

we study incompressible 

creeping fluid flow with the velocity     𝑉
→

. (𝑉௫ , 𝑉௬ , 𝑉௭). 
  For the small Reynolds number the velocity components 
satisfy the Stokes system of equations [1], [2], [4], [6], [8], 
[9], [20], [21], [24], [25]-[27], [29]- [31], [33], [35], [37], 
[39], [42], [44], [47] 
 
డೣ

డ௧
+

ଵ

ఘ

డ

డ௫
= 𝐹௫ + 𝜈𝛥𝑉௫ ,                                                 (1) 

డ

డ௧
+

ଵ

ఘ

డ

డ௬
= 𝐹௬ + 𝜈𝛥𝑉௬ ,

                                                 

(2) 
డ

డ௧
+

ଵ

ఘ

డ

డ௭
= 𝐹௭ + 𝜈𝛥𝑉௭ ,

                                                  

(3) 

 

  

where t is a time, 𝐹
→

.(𝐹௫ , 𝐹௬, 𝐹௭) is the body force per unit 
mass, 𝑃 is the pressure, 𝜌is the density,  is the viscosity of 
the fluid, 𝛥 is the Laplacian operator.

 We consider the system (1), (2), (3) with the equation of 
continuity 
 
డೣ

డ௫
+

డ

డ௬
+

డ

డ௭
= 0,

                                            

             (4) 

 

 
and the initial-boundary conditions 
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𝑉௫|𝑠 = 𝑉௬|𝑠 = 𝑉௭|𝑠 = 0  ,                                                 (5)  
 
𝑉௫(𝑥, 𝑦, 𝑧, 0) = 𝑉௫

(𝑥, 𝑦, 𝑧), 
𝑉௬(𝑥, 𝑦, 𝑧, 0)   = 𝑉௬

(𝑥, 𝑦, 𝑧), (6)               
𝑉௭(𝑥, 𝑦, 𝑧, 0)   = 𝑉௭

(𝑥, 𝑦, 𝑧),    
                          
where 

 
𝑉௫

(𝑥, 𝑦, 𝑧), 𝑉௬
(𝑥, 𝑦, 𝑧), 𝑉௭

(𝑥, 𝑦, 𝑧),
  

 are some double-differentiable functions. 
  It is well known, that the pressure 𝑃 satisfies the Helmholtz 
equation [1], [2], [4], [6], [8], [9], [20], [21], [24]-[27], [29]- 
[31], [33], [35], [37], [39], [42], [44], [47] 
 

𝛥𝑃 = 𝜌𝑑𝑖𝑣𝐹
→

.                                                                       (7) 
 
We admit, that the pressure is regulated and can be 
represented in the form 
 
𝑃(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎 𝑒𝑥𝑝( − 𝛼𝑡)(𝑙 − 𝑧)𝑃(𝑥, 𝑦),                    (8) 
 
𝑃is the double differentiable function in 𝐷, a

 
and  0  

  
 

are some given constants. 
  Besides, we suppose 
 

  
𝐹௫ = 𝑒𝑥𝑝( − 𝛼𝑡)(𝑙 − 𝑧)𝐹௫

(𝑥, 𝑦), 
𝐹௬ = 𝑒𝑥𝑝( − 𝛼𝑡)(𝑙 − 𝑧)𝐹௬

(𝑥, 𝑦),                                    (9) 
𝐹௭ = 𝑒𝑥𝑝( − 𝛼𝑡)𝐹௭

(𝑥, 𝑦),

          
where𝐹௫

(𝑥, 𝑦), 𝐹௬
(𝑥, 𝑦), 𝐹௭

(𝑥, 𝑦)
 
are given continuous 

functions in 𝐷, l > l_0.

 We seek the solutions of the system (1), (2), (3) in the form 
 
𝑉௫ = 𝑒𝑥𝑝( − 𝛼𝑡)(𝑙 − 𝑧)𝑉௫

(𝑥, 𝑦), 
𝑉௬ = 𝑒𝑥𝑝( − 𝛼𝑡)(𝑙 − 𝑧)𝑉௬

(𝑥, 𝑦),(10)  
𝑉௭ = 𝑒𝑥𝑝( − 𝛼𝑡)𝑉௭

(𝑥, 𝑦),   
                                              

 
 
where the functions 

 
𝑉௫

(𝑥, 𝑦), 𝑉௬
(𝑥, 𝑦), 𝑉௭

(𝑥, 𝑦)
 

are 
unknown. 
  According to (8), (9), (10) the system (1), (2), (3), (4) 
becomes 
 

𝛥𝑉௫
 +

ఈ

ఔ
𝑉௫

 =
ଵ

ఘఔ

డబ

డ௫
−

ଵ

ఔ
𝐹௫

,                                               (11) 

 𝛥𝑉௬
 +

ఈ

ఔ
𝑉௬

 =
ଵ

ఘఔ

డబ

డ௬
−

ଵ

ఔ
𝐹௬

,                                      (12)

 𝛥𝑉௭
 +

ఈ

ఔ
𝑉௭

 = −


ఘఔ
𝑃(𝑥, 𝑦) −

ଵ

ఔ
𝐹௭

,                                 (13)

 డೣబ

డ௫
+

డ
బ

డ௬
= 0,                                                                  (14).   

  
 By (8), (9), (10) the initial-boundary conditions (5), (6) 
become 
 
𝑉௫

|𝑆 = 𝑉௬
|𝑆 = 𝑉௭

|𝑆 = 0 ,                                        (15)
                   𝑉௫(𝑥, 𝑦, 𝑧, 0) = (𝑙 − 𝑧) 𝑉௫

(𝑥, 𝑦), 
𝑉௬(𝑥, 𝑦, 𝑧, 0)   = (𝑙 − 𝑧) 𝑉௬

(𝑥, 𝑦), 
𝑉௭(𝑥, 𝑦, 𝑧, 0)   = 𝑉௭

(𝑥, 𝑦). 
 
The equation (7) becomes  
 
డమబ

డ௫మ +
డమబ

డ௬మ = 𝜌 (
డி

బ

డ௫
+

డிೣబ

డ௬
).

                
We have to solve the following problem 

  PROBLEM A. In the area 𝐷 find the double-differentiable 
functions 𝑉௫

, 𝑉௬
, 𝑉௭

  satisfying the system (11), (12), (13), 
(14) and the boundary conditions (15). 
 

III. SOLUTION OF PROBLEM  A. 

  We use the conformal mapping method and map the area

 

 
𝐷,

 
at the rectangle 𝐷ଵ, of 𝑤 = 𝜉 + 𝑖𝜂, plane , 

𝐷ଵ = {−𝑎/2 ≤ 𝜉 ≤ 𝑎/2; 0 ≤ 𝜂 ≤ 𝑏},
    

 00 ;ba are certain positive constants. 

The conformal mapping of 𝐷ଵ, onto the area 𝐷,  is of the form 
 
𝑓ଵ(𝑤) = 𝐶ଵ ∫ ∏ (𝑡 − 𝑏)ఈିଵ

ୀଵ
௭బ


𝑑𝑡 + 𝐶ଶ,                     (16) 

𝑧 = 𝑠𝑛𝑤, 
 
𝐶ଵ, 𝐶ଶ,  𝑏; 𝑏ଵ < 𝑏ଶ <. . . < 𝑏;  𝑖 = 1, ⋯ , 𝑛;

 
are certain 

constants, 𝑠𝑛𝑤 is the Jakobi sinus with the periods 2𝑎; 2𝑖𝑏 
[14], [28], [32]. 
  The mapping (16) is obtained by the combination of two 
mappings: first, we map the polygon 𝐷 onto the upper half 
plane by means of the Schvarz-Christoffel formula  and then 
we map the upper half plane onto the rectangle 𝐷ଵ. 
𝐶ଵ, 𝐶ଶ,  𝑏 ,  𝑖 = 1, ⋯ , 𝑛; are called the parameters of the 
conformal mapping, three of them can be chosen arbitrary 
and other parameters we can found by the formulas [10], [11], 
[14]- [16], [28], [32], [38], [45] 

|𝑎𝑎ାଵ| = ∫ |𝑓ଵ
′(𝑡)|

௦(శభ)

௦()
𝑑𝑡,  𝑖 = 1, ⋯ , 𝑛;                   (17) 

For the calculation of 𝐶ଵ we use the residue theory [10], [11], 
[14]-[16], [28], [32], [38], [45].  
  By means of the mapping 𝑓ଵ(𝑤) we can reduce the system 
(11), (12), (13), (14) to the following system in w= 𝜉 + 𝑖𝜂 
plane 

𝛥𝑉௫
 +

𝛼

𝜈
ห𝑓ଵ

′(𝑤)ห
ଶ

𝑉௫
 

            = ห𝑓 ′
ଵ

(𝑤)ห
ଶ ଵ

ఘఔ

డబ

డ௫

డ௫

డక
− ห𝑓 ′

ଵ
(𝑤)ห

ଶ ଵ

ఔ
𝐹௫

,             (18) 

 

𝛥𝑉௬
 +

𝛼

𝜈
ห𝑓ଵ

′
(𝑤)ห

ଶ
𝑉௬

 

                = ห𝑓 ′
ଵ

(𝑤)ห
ଶ ଵ

ఘఔ

డబ

డ௬

డ௬

డఎ
− ห𝑓ଵ

′
(𝑤)ห

ଶ ଵ

ఔ
𝐹௬

,               (19) 

 

                               𝛥𝑉௭
 +

ఈ

ఔ
ห𝑓 ′

ଵ
(𝑤)ห

ଶ
𝑉௭

 

       = −ห𝑓 ′
ଵ

(𝑤)ห
ଶ 

ఘఔ
𝑃(𝜉, 𝜂) − ห𝑓ଵ

′(𝑤)ห
ଶ ଵ

ఔ
𝐹௭

,                (20)

  
with the boundary conditions 
 
𝑉௫

|𝑆ଵ = 𝑉௬
|𝑆ଵ = 𝑉௭

|𝑆ଵ = 0 , 
                                        (21) 

𝑆ଵ is the boundary of 𝐷ଵ . 
  By the equation of continuity (14) in our previous work we 
have proved that  

ఈ

ଶగఔ
 can not be the eigenvalue of equations (18), (19), (20), 

and hence they have the unique solutions [20], [21], [24], 
[25]. 
  We have now reduced the system (18), (19), (20), to the 
system of the Fredholm integral equations. Taking into the 
account the Poisson formula and the boundary conditions 
(21) the system (18), (19), (20), becomes [3], [24] 

IAENG International Journal of Applied Mathematics, 52:4, IJAM_52_4_42

Volume 52, Issue 4: December 2022

 
______________________________________________________________________________________ 



 

 

𝑉௫
 −

𝛼

2𝜋𝜈
න 𝐺

భ

(𝜉, 𝜂, 𝑥ଵ, 𝑦ଵ) ห𝑓 ′
ଵ

(𝑤)ห
ଶ
 𝑉௫

 𝑑𝑥ଵ𝑑𝑦ଵ  

= −
ଵ

ଶగ
∫ 𝐺భ

(𝜉, 𝜂, 𝑥ଵ, 𝑦ଵ) ห𝑓ଵ
′(𝑤)ห

ଶ
𝛹ଵ

∗ 𝑑𝑥ଵ𝑑𝑦ଵ,        (22)

 

 

 

𝑉௬
 −

𝛼

2𝜋𝜈
න 𝐺

భ

(𝜉, 𝜂, 𝑥ଵ, 𝑦ଵ) ห𝑓ଵ
′(𝑤)ห

ଶ
 𝑉௬

 𝑑𝑥ଵ𝑑𝑦ଵ 

= −
ଵ

ଶగ
∫ 𝐺భ

(𝜉, 𝜂, 𝑥ଵ, 𝑦ଵ) ห𝑓ଵ
′(𝑤)ห

ଶ
𝛹ଶ

∗ 𝑑𝑥ଵ𝑑𝑦ଵ,      (23) 

 

        

 

𝑉௭
 −

𝛼

2𝜋𝜈
න 𝐺

భ

(𝜉, 𝜂, 𝑥ଵ, 𝑦ଵ) ห𝑓ଵ
′(𝑤)ห

ଶ
 𝑉௭

 𝑑𝑥ଵ𝑑𝑦ଵ 

= −
ଵ

ଶగ
∫ 𝐺భ

(𝜉, 𝜂, 𝑥ଵ, 𝑦ଵ) ห𝑓ଵ
′(𝑤)ห

ଶ
𝛹ଷ

∗ 𝑑𝑥ଵ𝑑𝑦ଵ,      (24) 

 

  

 
where 
 

𝛹ଵ
∗ =

1

𝜌𝜈

𝜕𝑃

𝜕𝜉
−

1

𝜈
𝐹௫

,

 
𝛹ଶ

∗ =
1

𝜌𝜈

𝜕𝑃

𝜕𝜂
−

1

𝜈
𝐹௬

,

 
𝛹ଷ

∗ = −
𝑎

𝜌𝜈
𝑃(𝜉, 𝜂) −

1

𝜈
𝐹௭

,

 
𝑓ଵ

′
(𝑤) = 𝐶ଵ𝑐𝑛𝑤𝑑𝑛𝑤 

𝑋(𝑠𝑛𝑤 − 𝑏ଵ)ఈభିଵ(𝑠𝑛𝑤 − 𝑏ଶ)ఈమିଵ ⋯ (𝑠𝑛𝑤 − 𝑏)ఈିଵ, 

 
𝐺is the Green function [3], [24], [28], [32]

  
                                                                                    

𝐺(𝑤; 𝑤) = − 𝑙𝑛 ቚ
௦௪ି௦௪బ

௦
_

௪ି௦௪బ
ቚ,

                                                                                                                                                     (25)  
                                                      
𝑠𝑛𝑤, 𝑐𝑛𝑤 and 𝑑𝑛𝑤 are the Jakobi functions [14], [28], [32]. 
  By means of Banach’s theorem we obtain [3], [24], [32]: 

If 
ఈ

ଶగఔ
<

ଵ

ெ
, where 

 

න |𝐺(𝜉, 𝜂, 𝑥ଵ, 𝑦ଵ)|
భ

 ห𝑓ଵ
′
(𝑤)ห

ଶ
 𝑑𝑥ଵ𝑑𝑦ଵ ≤ 𝑀; (𝜉, 𝜂) ∈ 𝐷ଵ , 

 
then there exists the unique solutions of the system (22), (23), 
(24) and they are given by the formulas 
 
𝑉௫

 = 𝑙𝑖𝑚
→∞

 𝑉௫; 𝑉௬
 = 𝑙𝑖𝑚

→∞
 𝑉௬; 𝑉௭

 = 𝑙𝑖𝑚
→∞

 𝑉௭,                (26) 

where 

𝑉௫ = −
ଵ

ଶగ
∫ 𝐺భ

(𝜉, 𝜂, 𝑥ଵ, 𝑦ଵ)ห𝑓ଵ
′(𝑤)ห

ଶ
𝛹ଵ

∗𝑑𝑥ଵ𝑑𝑦ଵ,       (27)  

    

𝑉௫ = 𝑉௫ +
ఈ

ଶగఔ
∫ 𝐺భ

(𝜉, 𝜂, 𝑥ଵ, 𝑦ଵ)ห𝑓 ′
ଵ

(𝑤)ห
ଶ
𝑉௫(ିଵ)𝑑𝑥ଵ𝑑𝑦ଵ, 

 

𝑉௬ = −
ଵ

ଶగ
∫ 𝐺భ

(𝜉, 𝜂, 𝑥ଵ, 𝑦ଵ) ห𝑓ଵ
′(𝑤)ห

ଶ
𝛹ଶ

∗𝑑𝑥ଵ𝑑𝑦ଵ,      (28) 

 
𝑉௬

= 𝑉௬ +
𝛼

2𝜋𝜈
න 𝐺

భ

(𝜉, 𝜂, 𝑥ଵ, 𝑦ଵ)ห𝑓ଵ
′
(𝑤)ห

ଶ
𝑉௬(ିଵ)𝑑𝑥ଵ𝑑𝑦ଵ, 

                                       

𝑉௭ = −
ଵ

ଶగ
∫ 𝐺భ

(𝜉, 𝜂, 𝑥ଵ, 𝑦ଵ) ห𝑓ଵ
′(𝑤)ห

ଶ
𝛹ଷ

∗𝑑𝑥ଵ𝑑𝑦ଵ,       (29) 

 

𝑉௭ = 𝑉௭ +
ఈ

ଶగఔ
∫ 𝐺భ

(𝜉, 𝜂, 𝑥ଵ, 𝑦ଵ)ห𝑓ଵ
′
(𝑤)ห

ଶ
𝑉௭(ିଵ)𝑑𝑥ଵ𝑑𝑦ଵ. 

  
Having found the velocity components, we define the profile 
of the velocity by the formula 
  

ቚ𝑉
→

ቚ                  

= 𝑒𝑥𝑝( − 𝛼𝑡)ට(𝑙 − 𝑧)ଶ(𝑉௫
)ଶ + (𝑙 − 𝑧)ଶ൫𝑉௬

൯
ଶ

+ (𝑉௭
)ଶ.   

 
REMARK 1. The formula (16) contains 𝑛 + 3 parameters 

𝐶 ଵ,  𝐶ଶ, 𝑏 ,  𝑖 = 1, ⋯ , 𝑛; three of them can be chosen 
arbitrary and other parameters can be found by the formula 
(17). Generally, we can find those parameters numerically, as 
they are given in the implicit form [10], [11], [15], [18], [19], 
[24], [28], [45], but in case of regular polygons we can 
diminish the number of parameters by means of the 
Riemann–Schwarz symmetry principle [3], [10], [28], [32].       
For example, all parameters can be defined for the triangle, 
rectangle, pentagon, hexagon and 8-gon (Octagon). For 7-gon 
(Heptagon), 10-gon (Decagon) only one parameter should be 
defined numerically, and for 9-gon (Nonagon)-2 parameters. 
Examples are given below. 

1. For the regular pentagon with the vortices 
𝑎ଵ, 𝑎ଶ,  𝑎ଷ, 𝑎ସ, 𝑎ହ,  (Fig.1)  

 

𝑓ଵ(𝑤) = 𝐶ଵ ∫ ൫𝑡ଶ − 𝑏ଵ
ଶ

൯
ିଶ/ହ௭బ


൫𝑡ଶ − 𝑏ଶ

ଶ
൯

ିଶ/ହ
𝑑𝑡,  (30) 

 

𝑎 = 𝐶ଵ 𝑐𝑜𝑠
3𝜋

10
න ൫𝑡ଶ − 𝑏ଵ

ଶ
൯

ିଶ/ହ
∞



൫𝑡ଶ − 𝑏ଶ
ଶ

൯
ିଶ/ହ

𝑑𝑡. 

 
2.  For the regular hexagon with the vortices 

𝑎ଵ, 𝑎ଶ,  𝑎ଷ, 𝑎ସ, 𝑎ହ,  𝑎 (Fig.2) [18], [19] 
 

𝑓ଵ(𝑤) = 𝐶ଵ ∫ ൫𝑡ଶ − 𝑏ଵ
ଶ

൯
ି

మ

య௭బ


൫𝑡ଶ − 𝑏ଶ

ଶ
൯

ି
భ

య𝑑𝑡,      (31)    
      

𝑎√3 = 2𝐶ଵ න ൫𝑡ଶ − 𝑏ଵ
ଶ

൯
ିଶ/ଷ

∞



൫𝑡ଶ − 𝑏ଶ
ଶ

൯
ିଵ/ଷ

𝑑𝑡.  

 
 
 

 
 
 
Fig.1. The regular Pentagon 
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Fig.2. The regular Hexagon 
 

3. For the regular Octagon with the vortices 𝑎 ; 𝑖 =
1, . . . ,8; (Fig.4) 
 

𝑓ଵ(𝑤) = 𝐶ଵ න ൫𝑡ଶ − 𝑏ଵ
ଶ

൯
ି

ହ
଼

௭బ



൫𝑡ଶ − 𝑏ଶ
ଶ

൯
ି

ଵ
ସ𝑑𝑡(32) 

 
      

𝑎 = 2𝐶ଵ 𝑐𝑜𝑠
3𝜋

8
න ൫𝑡ଶ − 𝑏ଵ

ଶ
൯

ିହ/଼
∞



൫𝑡ଶ − 𝑏ଶ
ଶ
൯

ିଵ/ସ
𝑑𝑡.  

 
4.  For the regular Heptagon with the vortices 𝑎; 𝑖 =

1, . . . ,7;  (Fig.3)  
 

𝑓ଵ(𝑤) = 𝐶ଵ න ൫𝑡ଶ − 𝑏ଵ
ଶ

൯
ି

ଶ


௭బ



൫𝑡ଶ − 𝑏ଶ
ଶ

൯
ି

ଶ
൫𝑡ଶ

− 𝑏ଷ
ଶ

൯
ି

ଶ
𝑑𝑡,                   (33) 

 

𝑎 = 𝐶ଵ 𝑐𝑜𝑠
5𝜋

14
න ൫𝑡ଶ − 𝑏ଵ

ଶ
൯

ିଶ/
∞



൫𝑡ଶ

− 𝑏ଶ
ଶ
൯

ିଶ/
൫𝑡ଶ − 𝑏ଷ

ଶ
൯

ିଶ/
𝑑𝑡. 

 
5. For the regular Decagon with the vortices 𝑎 ; 𝑖 =

1, . . . ,10; (Fig.5)  
 

𝑓ଵ(𝑤) = 𝐶ଵ න ൫𝑡ଶ − 𝑏ଵ
ଶ

൯
ି

ଷ
ହ

௭బ



൫𝑡ଶ − 𝑏ଶ
ଶ

൯
ି

ଵ
ହ൫𝑡ଶ

− 𝑏ଷ
ଶ

൯
ି

ଵ
ହ𝑑𝑡,                    (34) 

 
    

𝑎 = 2𝐶ଵ𝑐𝑡𝑔
2𝜋

5
න ൫𝑡ଶ − 𝑏ଵ

ଶ
൯

ିଷ/ହ
∞



൫𝑡ଶ − 𝑏ଶ
ଶ
൯

ିଵ/ହ
൫𝑡ଶ

− 𝑏ଷ
ଶ

൯
ିଵ/ହ

𝑑𝑡.  
 
6. For the regular Nonagon with the vortices 𝑎; 𝑖 =

1, . . . ,9;  
 
𝑓ଵ(𝑤) = 𝐶ଵ 

× න ൫𝑡ଶ − 𝑏ଵ
ଶ

൯
ିଶ/ଽ

௭బ



൫𝑡ଶ − 𝑏ଶ
ଶ
൯

ିଶ/ଽ
൫𝑡ଶ − 𝑏ଷ

ଶ
൯

ିଶ/ଽ
൫𝑡ଶ

− 𝑏ସ
ଶ

൯
ିଶ/ଽ

𝑑𝑡, 
 
 
 

 

𝑓ଵ(𝑤) = 𝐶ଵ 𝑐𝑜𝑠
7𝜋

18
 

× ∫ ൫𝑡ଶ − 𝑏ଵ
ଶ

൯
ିଶ/ଽ∞


൫𝑡ଶ − 𝑏ଶ

ଶ
൯

ିଶ/ଽ
൫𝑡ଶ −

𝑏ଷ
ଶ

൯
ିଶ/ଽ

൫𝑡ଶ − 𝑏ସ
ଶ

൯
ିଶ/ଽ

𝑑𝑡.                                      (35) 
 

In the formulas (30), (31), (32), (33), (34), (35) 
|𝑎ଵ𝑎ଶ| = 𝑎; 𝑧 = 𝑠𝑛𝑤  𝑎𝑛𝑑

 
𝑏ଵ, 𝑏ଶ, 𝑏ଷ, 𝑏ସ, are the real 

numbers          0 < 𝑏ଵ < 𝑏ଶ < 𝑏ଷ < 𝑏ସ;

 
𝑏ଵ, 𝑏ଶ, can be chosen 

arbitrary and 𝑏ଷ, 𝑏ସ can be defined from the formula (17)    
 

𝑎 = ∫ |𝑓ଵ
′(𝑡)|

௦య

௦మ
𝑑𝑡 = ∫ |𝑓ଵ

′(𝑡)|
௦ ర

௦ య
𝑑𝑡. 

 
 
 

 
 
 Fig.3. The regular Heptagon 

 
 
 

        
 

 
Fig.4. The regular Octagon 
 
 
REMARK 2. Here we have studied the boundary value 
problem for the creeping flows in pipes. The free 
boundary problem for the creeping flows were studied in 
the previous works of the author [20], [21], [25]. 
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Fig.5. The regular Decagon 
 

IV. CONCLUSION 

  If the pressure is given by the formula (8), where 𝛼 is 
rather small, then the creeping flow in the prismatic pipes is 
possible and the velocity components of the flow are given in 
the explicit form by the formulas (26), (27), (28), (29). Those 
formulas represent analytic solutions. 

In the forthcoming works we will give the solutions of 
Problem A. numerically. 
 

REFERENCES 
[1] G.K. Batchelor, An Introduction to Fluid Dynamics. Cambridge: 

Cambridge Univ. Press, 1967. 
[2] R. Berker, “Integration des equations du mouvement d’un 

fluidevisqueux incompressible,” in Handbuch der Physik, S. Flugge, 
Ed., Berlin: Springer,1963, pp.1–384. 

[3] A. Bitsadze, Some Classes of Partial Differential Equations. New 
York: Gordon and Breach Science Publishers, 1988. 

[4] J. Boussinesq, "Mémoire sur l'influence des Frottements dans les des 
Fluids". J. Math. Pures Appl.,vol. 13 (2), pp. 377–424, 1868. 

[5] B. Bhushan, (Ed.), Springer Handbook of Nanotechnology. Berlin: 
Springer, 2017. 

[6] T.Chacon-Rebollo, R. Lewandowski , Mathematical and numerical 
foundations of turbulence models and applications, Modeling and 
Simulation in Science, Engineering and Technology, New York: 
Springer, 2014. 

[7] A.Chatzichristos, J.Hassan,  “Current Understanding of Water 
Properties inside Carbon Nanotubes”, Nanomaterials (Basel), vol. 
12(1), pp. 3-174, 2022. 

[8] A. Chwang, T. Wu,”Hydromechanics of low-Reynolds-number flow”, 
J. Fluid Mech., 62, 1974. 

[9]  P.G.Drazin, N.Riley,The Navier-Stokes equations: a classification of 
flows and exact solutions (334), Cambridge University Press, 2006. 

[10] T.A.Driscoll,L.N. Trefethen  , Schwarz–Christoffel Mapping. 
Cambridge University Press, 2002. 

[11] T.A. Driscoll, R.J.  Braun , Fundamentals of Numerical Computation. 
SIAM, 2018  

[12] J. Ghorbanian, T.C. Alper, A.A. Beskok,” Phenomenological 
continuum model for force-driven nano-channel liquid flows”. J. 
Chem. Phys., vol.145(18), pp. 184-189, 2016.   

[13] Abdel-Alim Hashem, Oil and Gaz Pipeline Design, Maintenance and 
Rapear, Cairo University, 2000. 

[14] Jahnke-Emde-Lösch, Tafeln Höherer Funktionen, Stuttgart: 
B.G.Teubner Verlagsgesellschaft, 1960. 

[15] G.Kakulashvili , “On the Schwarz-Christoffel parameters problem”. 
Proc. I.Vekua Inst. Appl. Math., vol. 67, pp. 56-68, 2017. 

[16] N.Khatiashvili,“On the Conformal Mapping Method for the Helmholtz 
Equation,“ in Integral Methods in Science and Engineering, C. 
Constanda, Ed., New York: Birkhauser,Vol. 1, 2010, pp. 173-177. 

[17] N.Khatiashvili, K.Pirumova, D. Janjgava, „On the Stokes flow over 
ellipsoidal type bodies”, Lecture Notes in Engineering and Computer 

Science: Proceedings of The World Congress on Engineering  2013, 7-
9July, London, UK 2013, pp.148-151.  

[18] N.Khatiashvili, „On the Hexagonal Quantum Billiard“, Sem. I. Vekua 
Inst. Appl. Math., REPORTS, vol.40, pp.14-27, 2014. 

[19] N.Khatiashvili ,” On the energy levels of electrons in  nanostructures”,  
Lecture Notes in Engineering and Computer Science: Proceedings of 
The World Congress on Engineering  2018, 5-7July,  London, UK, 
2018, pp.14-19. 

[20] N.Khatiashvili, “On the Free Boundary Problem for the creepping 
Flows”, Lecture Notes in Engineering and Computer Science: 
Proceedings of The World Congress on Engineering  2021, 7-9 July,  
London, UK, 2021, pp.29-35. 

[21] N.Khatiashvili , „On 2D Free Boundary Problem for the Stokes Flow”, 
Proc. I.Vekua Inst. Appl. Math., vol. 70,  pp. 61-71, 2020. 

[22] N.Khatiashvili , “On the Non-Smooth Solutions of 3D Navier-Stokes 
Equations for the Incompressible Fluid Flows”, International Journal 
of Physics, 9 ( 3),  pp. 178-185, 2021. 

[23] N. Khatiashvili “On the Incompressible Fluid Flow over the Prismatic 
Bodies.” International Journal of Physics, 10(2), pp. 93-101, 2022. 

[24] N.Khatiashvili, “On the Stokes Flow in Pipes with the Polygonal 
Cross-Section”,  Lecture Notes in Engineering and Computer Science: 
Proceedings of The World Congress on Engineering  2022, 6-8 July,  
London, UK, 2022, pp. 1-7. 

[25] N.Khatiashvili, “On the Free Boundary Problem for the low Reynolds 
number”. In: Transactions on Engineering Technologies. Lecture Notes 
in Electrical Engineering, vol 919, Ao, SI., Gelman, L. (eds), 
Singapore: Springer, 2023, pp. 17-31.  

[26] S. Kim, S. Karrila, Microhydrodynamics: Principles and Selected 
Applications.  Dover, 2005. 

[27] B.J.Kirby, Micro and Nanoscale Fluid Mechanics in Microfluidic 
Devices, Cambridge University Press, 2010. 

[28] W. Koppenfels, F. Stallmann, Praxis der Konformen Abbildung, 
Berlin: Springer, 1959. 

[29] O.A. Ladyzhenskaya, The Mathematical Theory of Viscous 

Incompressible Flow, Mathematics and its Applications. 2nd Ed., 
Gordon and Breach, 1969. 

[30] L. D. Landay, E. M. Lifshitz, Fluid Mechanics,Course of Theoretical 
Physics. 6, Pergamon Press, 1987. 

[31] B. Lautrup, Physics of Continuous Matter, Second Edition,  CRC Press, 
2011. 

[32] M. A. Lavrenti’ev, B. V. Shabat, Methods of the theory of functions in 
a complex variable, Moskow: Nauka, 1987.  

[33] P.L.Lions,Mathematical Topics in Fluid Mechanicsnics,Vol.1, Oxford 
University Press, NY, 1996. 

[34] N.Manikandan, V.P. Suresh Kumar , S. Siva Murugan, G. Rathis, 
K. Vishnu Saran, T.K. Shabariganesh, “Carbon nanotubes and their 
properties-The review”, Materials Today: Proceedings, vol. 47, pp. 
4682-4685, 2021.  

[35] R.Mulley, Flow of Industrial Fluids: Theory and Equations ,CRC 
Press, 2004. 

[36] A. Nabok, Organic and Inorganic Nanostructures, Boston- London : 
Artech House, MEMS series, 2005. 

[37] H. Ockendon, J. Ockendon., Viscous Flow, Cambridge Univ. Press, 
1995. 

[38] N. Papamichael , N. Stylianopoulos , Numerical Conformal Mapping, 
World Scientific, 2010. 

[39] L.Prandtl, Essentials of Fluid Mechanics, third ed., vol. 158, NY:  
Springer, 2010. 

[40] J. Proudman,  “Notes on the motion of viscous liquids in channels”, 
The London, Edinburgh, and Dublin Philosophical Magazine and 
Journal of Science. 28(163), pp. 30-36, 1914.   

[41] G.G. Stokes, “On the steady motion of incompressible fluids”. 
Transactions of the Cambridge Philosophical Society. 7, Mathematical 
and Physical Papers, Cambridge University Press, pp. 75-129, 1880.  

[42] R.Temam, Navier-Stokes Equations, Theory and numerical Analysis, 
AMS Chelsea, 2001. 

[43] S.Tsangaris, D. Kondaxakis, N. Vlachakis, “Exact solution for flow in 
a porous pipe with unsteady wall suction and/or injection”, Commun. 
Nonlinear Sci. Numer. Simul., vol. 12, pp. 1181–1189, 2007. 

[44] C.Y. Wang, "Exact solutions of the steady-state Navier–Stokes 
equations", Annual Review of Fluid Mechanics, vol.  23, pp.159–
177, 1991. 

[45] R.Wegman, ” Methods for Numerical Conformal Mapping”. in 
Handbook of Complex Analysis, R.Kthnau, Ed., Elsevier, 2005. 

[46] M.Whitby, N.Quirke, “Fluid flow in carbon nanotubes and nanopipes” 
(Review), Nat Nanotechnol, 2(2), pp. 87-94, 2006. 

[47] G.B.Whitham, Linear and Nonlinear Waves. Reprint of the 1974 
original. Pure and Applied Mathematics , New York : John Wiley & 
Sons, Inc., 1999. 

IAENG International Journal of Applied Mathematics, 52:4, IJAM_52_4_42

Volume 52, Issue 4: December 2022

 
______________________________________________________________________________________ 



 

[48] J.Wilkes, Fluid Mechanics for Chemical Engineers: with 
Microfluidics, CFD, and COMSOL Multiphysics 5, (International 
Series in the Physical and Chemical Engineering Sciences, 3rd Ed.) , 
Pearson, 2017. 
 

 

 
 
N. Khatiashvili (M’76–SM’81–F’87) become a Member of IAENG in 2017. 
She graduated from Tbilisi State University (Tbilisi, Georgia) in 1978 
(Faculty of Mechanics and Mathematics). From 1978 to 1980 she was a PhD 
student at the same University and in 1986 she received her PhD degree 
under supervision of Academician Andria Bitsadze. 
 From 1980 to the present she is a Scientific Researcher and Lecturer at 
the I.Vekua Institute of Applied Mathematics of  Tbilisi State University. 
She is the author of 60 scientific publications. Her research interests are 
linear and nonlinear problems of Mathematical Physics, singular integral 
equations, Mathematical Biology.  
   Dr. Khatiashvili has been a Member of the AMS and SIAM since 1999. 
She received the best paper award at The World Congress on Engineering 
2022, 6 - 8July, London, UK. 
   
 
 

IAENG International Journal of Applied Mathematics, 52:4, IJAM_52_4_42

Volume 52, Issue 4: December 2022

 
______________________________________________________________________________________ 




