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Stochastic Differential Equation With Fuzzy
Coefficients

Sumitra Panda, Jayanta K. Dash* and Golak B. Panda

Abstract—Stochastic differential equation is an efficient tool to
handle the uncertain systems. But in case of hybrid uncertain
systems i.e. randomness and fuzziness. Stochastic differential
equation is not sufficient. To handle such situation, so we extend
this tool in fuzzy environment. In this paper, different types fuzzy
stochastic differential equations are discussed. Here stochastic
process, Brownian motion and coefficients of such equation are
taken as fuzzy random variable. The existence and uniqueness of
fuzzy ssochastic differential equationt are discussed using
Gronwall's inequality, Lipschitz condition linear growth
condition. Moreover, linear fuzzy stochastic differential equation
is derived and also provide pertinent illustrative examples of
fuzzy stochastic differential equation and linear fuzzy stochastic
differential equation.

Index Terms— Fuzzy Brownian motion, Lipschitz
condition, Fuzzy Ito integral, Fuzzy stochastic process, Fuzzy Ito
lemma, & -cut of a fuzzy number, Linear growth condition.

I. INTRODUCTION

Differential equation is a mathematical model to solve many
real-world problems. In most of the cases, the coefficients of
the DEs are random. In such cases, stochastic differential
equation(SDE) will arise. Stochastic Calculus is one of the
branches of mathematics which is a generalization of various
disciplines such as Mathematical finance, Engineering,
Physics, Biology, etc. In 1946 Ito [1] introduced Ito integral
which plays an important role to solve SDE. Then many
researchers developed different techniques to solve SDE.
Bensoussan et. al [2] discussed the approximation solution of
some SDEs of parabolic type using the splitting up method.
Klebaner[3] provides a concise presentation of stochastic
calculus, Finance, Engineering, and Science. Bass[4]
demonostrate the weak existence and weak uniqueness of
SDEs, where the path wise uniqueness and strong solution
does not exist in SDEs.
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Some analytic solutions for SDEs related to the martingale
process were proposed by Farnoosh et. al [5]. Halidas and
Stamatiou [6] proposed the numerical solution of nonlinear
SDE with the help of semi discreet method. A scalar SDE with
periodic coefficients is discussed by Boudref and Berboucha
[7]. The application of SDEs in different areas were discussed
in [8, 9]. Corwin and Shen [10] studied on singular stochastic
partial differential equation. Qi [11] studies the existence and
uniqueness of the SDEs using Ito formula and Lipschitz
condition. Bibi and Merahi [27] determmine the new formula
for linear stochastic differential equation(LSDE) utilizing the
Adomian decomposition technique.

After the introduction of fuzzy set theory by
Zadeh [12], several researchers have developed fuzzy logic in
different areas of science, engineering, and management. A
fuzzy random variable(FRV) was introduced by Zadeh [13].
After that Puri, Ralescu [14], and other researchers developed
FRV. Puri [15] discussed the convergence theorem for fuzzy
martingale. Buckley [16] developed fuzzy probability theory
using fuzzy numbers as parameters in the probability density
function and probability mass function. This idea is more
helpful according to a computational perspectives. Panda and
Dash [17] discussed the nonlinear fuzzy chance constraint
programming problem(PP), where coefficient in the objective
function and constraints are FRVs.

Acharya et. al [18] solved the multi objective fuzzy
probabilistic PP. A new approach to fuzzy integral equations,
the existence and uniqueness of solutions to the FSDEs driven
by BM are discussed by Malinowski and Michta [19, 20]. The
positive and negative fuzzy number is discussed by Hadi [21].
Li et. al [22] discuss fuzzy valued Gaussian processes(G.P)
and martingales with continuous parameters. FlIl driven by an
fuzzy Brownian motion(FBM) was discussed by Seya et. al
[23]. Additionaly, they construct the fuzzy stochastic integral
equation. Kim [24] derived the existence and uniqueness of
FSDE using the Lipschitz condition. Stochastic finance
problem was derived by Dash et. al [25]. Malinowski [26]
discuss the solutions to the symmetric type of FSDEs using
the Global Lipschitz condition. Feng [28] discussed the
solution of Linear FSDE(LFSDE). Panda et. al [29] discuss
the properties of fuzzy Ito integral (FII) with respect to FBM.

Here using Buckley's [16] concept of fuzzy
probabilities, the existence and uniqueness of FSDEs and
LFSDEs are derived. Due to the presence of randomness and
fuzziness, the stochastic  process(SP)  :,Brownian
motion(BM) B;, drift term ={y:. t), and diffusion term
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viye t) are taken as FRV, which are denoted as
Y B ()L F(. ). 900 t). In LFSDEs, the coefficients are
taken as FRV.

The present work is organized as follows. Section
2 contains the prerequisites of SDE and FSDE. Types of
FSDE, the existence, the uniqueness of FSDE and its solution
of FSDE have been discussed in section 3. Linear fuzzy
stochastic differential equation(LFSDE) and example are
derived in section 4. Finally conclusion and concluding
remarks are given in section-5 using some references.

I1. BASIC PRELIMINARIES
A. Stochastic Differential Equation(SDE) [3]

Stochastic  Differential  Equation(SDE) is a
differential equation in which one or more term is stochastic
and the resulting solution is also stochastic, this equation is
called stochastic differential equation.

dipy = Ty, t)dt + v(Yr, t)dE,; @

Where the coefficient =(i.t} and v thare drift and
diffusion coefficients.

B. Brownian motion(BM) [3]

Brownian Motion(BM) B; is a stochastic process satisfy the
following property:-

(i) BM satisfies independence increment property i.e. If £ = s,
then B; — E; is independent of past.

(i) B; satisfies normal increment property i.e. B — B; has a
normal distribution with mean zero and variance t-s.

(iii) B¢ is continuous function of t.

C. Fuzzy Brownian motion [23]

A Fuzzy stochastic process
[B..te[0,TL.0 = T < =} is called a fuzzy Brownian motion
on probability space (£2.4.F7} if and only if ¥a € [0.1], the
process

Bila] = [BEal. BV [a] ]

is an interval valued Brownian motion on {£%LA. P and

Bl = | | Bilal
ce[D.1]

D. White Noise [3]

White noise is defined as the informal nonexistent
derivative of BM i.e. B;. K. Ito used the white noise as a
random noise which is independent of different times.

E. Fuzzy Ito formula [29]

and f(i.. t) be a twice- differentiable function, then f (¥ .. £)
is a FPP.
Fuzzy Ito lemma is defined as

) 5f . 5f
d(f(Prt)) = {5—’: (e £)dE) B {% d,
s t
@il span,

2 8¢
F. Positive fuzzy number(FN) [21]

A fuzzy number 4 on IR is called positive FN if
A= 0 and it is the membership function ug{x) satisfies
wylx) = 0vx = 0.

G. m-cut of an FN [23]

Let i € F(IR) be a fuzzy number, the e-cut of i, for
every o € [0,1] is the set,

[i][a] = {x € IR: fi(x) = &}
= [u'[a].u” [a]](Say)
where [1]*[a] = inf {x € [a][a]]
and [#]" [a] :ﬁg{x € [4][a]}
the support of i is given by
[#][0] = Support (&) = {x € IR:di(x) = 01,
H. Fuzzy arithmetic operations [18]

Arithmetic operation of fuzzy numbers are defined
using arithmetic operations of their @-cuts. Let &. 5 be the two
fuzzy numbers whose &-cuts are

éla] = [atlal. a?[al].

bla] = [b*[a]. ¥ [a]],

Let &, & (0, and @ denote addition, subtraction,
multiplication, and division of fuzzy numbers.

* Fuzzy addition:-

(& b)[a] = [a"[a] + b'[a].a” [a] + b7 [a]]
* Fuzzy subtraction:-

(&S b)[a] = [a"[a] — b*[a].a” [a] — &7 [a]].
* Fuzzy multiplication:-

(& @ b)la] = élal - bla]

Let 3; be a fuzzy Ito process(FIP) satisfying the FSDE = [ Min{a* [a]b*[a]. a* [a]bY [a]. [«] b*[a]. a” [a] BY [a]}.

dy, = d(t. ¢ )dt B (6 (. ¥ @ dB)) Max{a® [a] bt [al, a* [a] bY [e] [a] - [a]. a¥ [a] BY [a]}].
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=Fuzzy division:-

(&/B)[a] = dla]/bla = [a*[a].a” [a]] - [1/B" [a].1/b" [a]].
provided0 € 5[a].

I. Gronwall's Inequality [3]

Let @ and f be nonnegative, continuous functions
defined for 0 = t = T, and let £ = 0 denote a constant. If

r
:;ngr:,_,+f fods, 0=t <T,
o

then
¢ < Cpe 0ztzT,

®)

J. Langevin equation [3]

Langevin equation is an SDE to describe the time
evaluation of a stochastic process like BM, Markov process,

etc. P
W
E = —by, + o,

diy = —bdt + odB, 4)
K. .Lemma: [28]

Let (T,); be a sequence of nonnegative fuzzy
functions such that (Tx), = € is fuzzy number and for +ve
fuzzy number B

L
(Grode < B | @uds <oovesT
o
then

Ta

(W) = f‘ﬁ“:,l—;,*oft =T.

()
L. Lipschitz condition [3]

A stochastic process #{t} satisfies Lipschitz condition if
|3 _Tll!:_'l.'l =K|x —y|.
M. Linear growth condition [3]

An SP i, satisfy linear growth condition if
e = K(1 4+ |x|). K = constant.

N. Linear Stochastic Differential equation [5]

The SDE can be expressed as

dip(t) = (P(t) + Q () )dt + (R(E) + S(t))
where P(t), Q(t), R(t) and S(t) are adapted processes and
continuous function of t.

I11. Fuzzy Stochastic Differential Equation(FSDE)

An equation is of the form

dipy = T(, t)dt P vy, t) @ dBy) (6)
is said to be an SDE where i+ is an unknown stochastic
process, T{:. £} and v (. £} are known, B; is a BM process.
When &, is an FBM and ¥ is FSP with fuzzy drift £(3..t)

and fuzzy diffusion 9(4. t) is called FSDE.
For each & = [0.1].

dyp; [a] = T(y;. ) [a]dt + T, £) [a]d B, [a]
is @-cut of FSDE.
velal = [ 1al ¥ [l | and Bla] = [B%[a], BY [a]]
are the interval valued FSP and FBM respectively.
In a particular case, let the fuzzy stochastic process 3’; be
invested in a saving account in time t, t € T, and R be the

risky free fuzzy interest rate, which is uncertain fuzzy interest
rate, so K can be perturbed by random fuzzy noise £; i.e

E=RpTa).
Then the fuzzy stochastic differential equation
dij, = Rjdt @ 09.dB, o= 1) ™
where i be the intensity of noise.
Let & = [y |y, € ¥ lal} & v={wl e dlall,
& R=1{R|R e Rlel}, » B ={B/|B, € B.[al}

2Y={0|V eTlal), af={flfeflall
AT =11|t e T[e]}

Then for each o = [0.1],

{dy;| ay} = {Rydt + vy dB;| 2 Y4 R,
av,a Bl {8)

is the -cut of equation (7) with initial condition ¥ () = 1.

Case-i @ =0, i.e. nonoise. The solution of equation ( 8) can
be obtained by separating variable method.

As i = 0, takes the following term,
{dye| a9} = {Rypdt]| & Ray}
d ]
= % ayy = et o R
W
= {logy,] & ¥} = (Rt + logC| & R,a C)

(infegrating both sides)
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Integrating two sides from 0 to t, the a-cut becomes

(el a9} = {Ce™| 2 C.aR) ) : : :
Case-ii 7% 0, {J‘D die| &9} = {J; dat + J; BedB| aBap.aT}
Put ) = Iny;
B ¢
e 1 = 1 e —Wplavi={t+ 5 -5 2B.ay.aTh
fa) == f@)== e 2 2 :
¥ ¥ )
According to fuzzy Ito formula, the &-cut of e —1la WAl = H_?_;_E ABAY A
d(insg,) becomes 1 o e —1aypall={t+-—--|2Bay,.aT}
{dliny )l ayl= &L—_rd#-'r + 5{—;5]1"‘?#:‘5“ ] syl ={1+¢t+ E—f_E | A Byat,aTa 1)
] Z
& pa v} =(1++>|aBayaTal)
1 1
:%L—.r{ﬂtlbrdt-l-vtlﬂfrd'ﬂr:]—av‘dt (a1={11 ET[I‘I]}:]
|a RayaBav} HmegEr=T$:E$ii—;,
1.
= {Adt +vdB, —Jvidt|a R.aB.av} EXAMPLE 3.2 : Find the solution of FSDE

(d(in@.)| & ¥} = (R - TvHdt +vdB, dy, = (B; — D)dt + B1d B = 1

| & RaBav) SOLUTION : Given FSDE is

Integrating two sides from O tot the a-cut becomes di; = (B — 1)dt + Bld B, = 1

1 Y
{Inp —Inyrg] & ¢} = {(R - ;v:]t +vB; The a-cut of FSDE di; is

Rav,aB T
|ﬂ1 sv,sB} dif[a] = {dip;] & ¥4}

{Inye| a9} ={Inyp + (R —5v)t +
} = {(B; — 1)dt + BidB;| o B.a .4 T}

vB | aRav,AB LAY
Integrating two sides from 0 to t, the @-cut becomes

om 1 2
(el a9} = (oe® T F A Rav,

E 4
(| awlavy=1f @ -nar+zias,
o ]

AR AYL
’ | & Ba yrp.aT)

) 3 = o BT HE
el 2wi={e | & Rav.aBy} (10) > -l 2y} = {rnr 'Brdt_fnr dt

EXAMPLE 3.1 : Find the solution of FSDE .
+fy BidB| aB.ayy)

dyp; = dt D (B, ®@ dBp).yp =1 .
= —1layLal}= {fnt Bedt—t+ !_r

SOLUTION : Given FSDE is

. = dE @ (F, @ dB ), = 1 (11) —E— —|aBaP,AT)

The a-cut of FSDE ¥ is S0 —1]aw,.a1) =12, — t+$—$—§
dy[a] = {dy| & ¥} |ﬂ'EJﬂ¢l_,ﬂ,T}- o
{de | ey} = {dt + BedBy| a Biayny,a T} (WhereZ, = J,Dr #.an

Volume 53, Issue 1: March 2023



TAENG International Journal of Applied Mathematics, 53:1, [JAM 53 1 09

H] 2
B It

> lap )=+ 422

| & BoayfaTal}
(where Z, = [} B,dt)

A. Fuzzy Langevin SDE

Time evaluation of fuzzy stochastic process can be
described by fuzzy Langevin SDE, which can be defined as

(dy, | &) = {—a, dt + vdB,
|& yav,aB,aal (12)
where & be a +ve fuzzy number and
s a={a|ac da]}
Case-i 7 =@ i.e. no noise, the a-cut of the solution (12)
becomes
{dye| ay} = {—ag| a9}
(el 29} = {Woe™ ™| 2 9}
Case-ii o =0
Let Up = iy @ eF
(Yol & Y} = (e 2 )
{dU;| & Y;} = {e* dy; +yeadt] &y}
= {e% (—ay,dt + vdB,) + Y e adt
| & 9o B,av}
= [—ae Y dt + e vdB, + ay, e dt
| & g Bos v}
(dY,] 2 Yt = [ve®dB,| a Bavl  (13)

Integrating both sidesE from 0 to 1, the e-cut of becomes

(Y 2 Y ={Yp + J‘ ve T dB,| & v.a B.A V)
o
So, (Y| & 9} = {Yre ™| 2 Y}

r
(el 29} = (e (Yo + L ve® dB,)

| & B.a v}
4

] a9} ={e™ P, + e‘“f ve®dB| Aynav,

]

t
= fe™ %y, + e~ Y ([ue® B, — J‘ vB(s)e%ads)| Av.A B)
0

t
= [e "y, +ve B8 — Ei‘_ﬂJ‘ vae™B.ds| & v.a B}
0

T
= {g‘“tlf:n +ve B — e'“[ vae™ B ds
0

ABA v}

t
= [e~ %y, + vB, —vaJ‘ g~ R de] AB.A Y)Y
0

By assuming different values of « € [0.1], the solution of
equation ¢ is

Y] a9} ={e Yy + vB; —va
r
[, e % B ds| o B,a y)
B. Grown-wall's Inequality for fuzzy function
For the existence and uniqueness of FSDE, it is required
to prove Grown-wall's inequality, in a fuzzy sense.

Let H'(t) and J(t) are two positive continuous fuzzy
functions that satisfy

A < 1@ f;, )T ()ds, t = &,

then there exist a fuzzy number £ = @ such that

) < 1@ e %

Proof. Leta H = {H (£)|H(t) € H(t)[al},
a7 ={I()|7(t) € J(e) [a]}.

For each & & [0.1]. 7 (£) [a] and[(t)[a] are a-cuts of fuzzy
continuous functions.

H(t)[a] = [F ) [«]. H ()" [«]].
I(t)[a] = () [a]. I []]
are interval-valued continuos fuzzy function.

Given H'(t) and d(t) satisfies the inequality

A®) < I, IFAEds  (14)
For each & £ [0.1], the ;:t—cuts becomes,
(H(E)| 2 HY= A+ f I(s)H (s)ds
1]
| & H,aT,4 4} (15)

Hit)
Os [} 1)H (s)ds

|a H.aTad)<{11 e 1]

Multiplying J(t3[a] both sides
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Hn (e
{

L+l T (= H (s)ds

| & Hoad s A} = {3(8)| & T} (16)

Integrating both sides from ¢; to t, the -cut of
equation(16) becomes
.1+J':u.?.;s:..?-:.;sjds

{log f | & T80 H,2 1)

<{[} 1) ds| 270 7}

2+ IE)H (s)ds

=T 1 | & J.8 H, 8 4}

S G PN
= [i +J‘ I(S)H (s)ds| & Ao H,a T}
2]

J'ru ti(zyds

< {le | & T4 1) (17)

Hence [H(£)] & H) < [Ae F%| a4 2,4 7,4 5)
C. The existence and uniqueness of FSDE

Consider the fuzzy stochastic initial value problem
dyj, = £ (P t)dt B (3(..t) @ aF,),

il =¥z (18)
Assume that the coefficients fuzzy drift #(..t) and fuzzy

diffusion ¥(4r. £) are uniformly continuous and satisfies the
Lipschitz condition i.e.

|‘f{ﬁ5ra t} = ’E{gra t} | = ihEr = 'gr| and
[T, £) © TCAE). )] = kI © Tl (19)

where 4 and & are fuzzy numbers. Also both coefficients
(.. t) and D(,. £) satisfy the linear growth condition.

£ )] © 150 )] < A1 + 9¢) (20)
THEOREM 3.1 : Every fuzzy stochastic initial value problem
of the form (18) with Lipschitz conditions (19), and linear
growth condition (20) have a unique solution.

Proof. Let & w = {w, jw, € ¥.[al}.

aY =YY € U:[a]} 2 B = {B;|B, € B,[a]},

Av= v eda]lat = {r|r € T[]}

For each & € [0,1], the @-cuts of FSDE (18), Lipschitz
condition (19) and linear growth condition (20) is

{dy | a9} = [t(Yp. E)dt + v (Y. ) dBe| & 2 B},
(ol t) — vl O] 2 .8 Ut < {4 — Ue|] 2.8 Y}
and

(tQ £) + v )] oYY = (AL + 9] & wa Y
respectively

The existence of a fuzzy stochastic initial value problem (18)
can be proved by using the iterative method.

A(Pns1)e = H(@n)et)dt & (F((Pn)e t) @ dB,)

integrating from 0 to t, the =-cut of the solution of (18)
becomes

4 4
(¥nside = Po B f (W n)e.5)ds B f F((Pn)s 5)d B
o o

As #(¥..t) and ¥ (. £) are uniformly continuos and satisfies
Lipschitz condition, so for each & € [.1]. the &-cut becomes
{Ce(¥nde) — 70—l 2 T2 9}

= {0 Pn)e) — (Wn_gded| | 2wt 0]
= {lv{(¥nde) —v{(Wn-gdek || & P av}
= {00l — (Wnoadel2wanaly] (21)

where £, is a fuzzy number.
The process ¥, is well defined and continuos path.
[EI((Wn+1)) — ()P a9} < (Gl & Chve € [0.1].

(Cybe a fuzzy number)

Now

U esde — @Wndel*| 29} =

=0y T(n)eds + [y v(@n)e)d B, —

( f o(@neseds + f o Fne))dE ] 2)
(where a=a .4 A 0,4 B)
= (E|(¥nss)e — @] 29
< (ELfy @ ((@n)e) = T((Fn-1)e)
ds + [y @(@n)e) — v(Pn-1)e)dB:1%] A}
= (E|(¥nss)e — @] 29

< 2E[fy (2({n)e — T (¥n-1)s))ds]?
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F2ELf; (w((Wn)s) — v(Wn_s)e))dBs]?| 22
(using (x + ¥)* < 2x% + 2y%)

< (2C2ELf; (1 @nde — (Wnos)slds)?

+2€ J: E|((¥n)e) — (@Wn—1)e)ds]] ap.a €}
(By Cauchy schwratz inequality)
< (2C2ET [} 1((n)e) — (@n-p)o)lPds
+2€2 [; EI(n)e) — (¥n-1)e)%ds]
laya )
El(¥ner)e — (Wnde*l 2 9} = (2CHT + 1)
Iy E1Gn)e) — ((n-))I%ds] & 9.8 C;} (22)

Using (5), the @-cut becomes

n (T+17

(E(¥nss)e — (el 2 W) = (20CF | & Cal}

n!

As the fuzzy stochastic process(FSP) ¥ is uniformly
continuous and satisfies Lipschitz condition.
FSP (i) converges ¥, in L7,

For each « £ [0.1]. the @-cut of the limit of a fuzzy stochastic
process is

el 2y} ={L7 - lm (e | & 9.

Are bounded in L,

Since (dy); converges to ¥, and Lipschitz condition are
bounded so

{lm[E|z((¥n)e) — W) *] +
[Elw((¥nde) —v(¥) 1l 2y} =10

and
L — {lim f; v((¥n):)dB;| & 0.0 9.4 B}

= {fy v(¥:)dB,| & v pa B

Similarly
L2 = {lim [y #((Wn)e)ds| & 7.0 o B

= {J’; () ds| ATAYA 'B}

Hence the solution to the fuzzy stochastic initial value
problem exists.
The -cut becomes

r
AP EY A f T(W)sdt

r
+[; v(y.)dB,| & P.aB.avaT)
Next to prove Uniqueness:-

Let 3; and Y, are two solutions of (18) then ¥t £ [0,1].
So {; — Yl & 9.8 Y3 = {[Jy G@)s — 7(Y);)ds]
+ Uy @@)se(Y):)dB| ap.aBaYa tav)

(E(: — %) & w2 Y) < (2] fy (2() —
4
T(Ys))ds | + EFIL () — v(Y:))dB ()]

| & Yo nava YaBY (23)
(as(a + b)* < 2a® + 2B,
E(a + b)? < 2 (%) + 2E (b%)).

According to Cauchy Schwartz inequality,

{ J;r}rds|=

So (E(|fy [x(¥:) — 7(Yadlds|)| 2.6 Y.a )

T
A :H"} = {rj |7 %dsl & F},r = 0.
o

< (TE(Jy [2(ps) —t(Ylds)| ap.aYas)  (24)

ot — -
< {CIT [y Elgy — YplPds| & 9.0 Yoa Cy)
and also

(E (o) — v(Yo)dB | 2 w0 Y)

= (E(fy v@:) - v(Ye)) ds| 2 9.2 Y}

< {CIT [} Elpe — Yelds| & g2 Yoa Cy)
So equation(19) is

(Elg — Yl 2 wa )

< {Cfy Elp —Yel?ds| & paY.a €}

(where C = (T + 1)L? = constant)
Let us set

@(t) =Elj: ©Tel*. vt € [0.T]. (25)

For each & £ [(.1].
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{o.] 2 0} = {r:[ peds| A €A :p},‘u"[l zt=T.
o

According to Grown-wall's lemma,

r
[flagl=[C+ J; Heds| 2 H.ala¢]
Then

(ol & ¢} = {Coe"%%| 30,8 c]. (26)
Comparing (26) and (17) £, =
Sog =10
Thus (E|, — Y I*l 2 g0 Y} = 0
(e — Yel*l 2 9na Yy = {0] 2 0}
el 29} ={Yl 2 Y we e [0,T].
So there exists a unique solution.
IV. Linear Fuzzy Stochastic Differential Equation(LFSDE)
An equation is of the form
dipy = (P(t) + Q(t))dt + [R(E) + S(thy1dB,. (27)
is called LSDE.
Here ¥ is an SP that satisfy the

Plt). Q). R(t), and$ (t) are adapted processes and B,
isa BM, which is a continuous function of t, £ £ [0. T'].

SDEs,

If the adapted processF(£}. Q(t), R(t), and& (£} are FSP
P die), Bie). &0ty and BM B; is a FBM E; then (28) is a
LFSDE, which takes the following form

d, = (P ® (00 @ 4,)) at

@ [R(E) & (5(t) @ ¥,)1dE,. (28)
For each & £ [0.1]

dy;[a] = (P()[a] + (I(t)[al¥: [a]))dt
+[R(®) [a] + (5 [l [a])]d B, [a]

is the -cut of LFSDE where

P(t)[a] = [PH()al. PP (©)[a]l.
g()[a] = [FH(©)[=]. 97 (O)[=]]
R(t)[a] = [RE()[a]l. &7 (6 [a]].
S()[a] = [$*(0)[al. &7 O [a]].

are the interval valued adapted process,
and B,[a] = [Bf[a]. B{ [a]]
is a interval valued BM.
Let & y = {yhp, € §.lal} 2P ={P|P e Plal},
20 ={0]0 e lal}).a ® = {R|R e Rlal].
a5 =15|5€$lallay = {Yly e Ylal}
U= UL eUallaV = VIV e Pa]l
A" =faPaQ aR s aBl
AT =AU APa S VA
For each & = [0.1],
{de] 2y} = {(P() + 20Oy )dt +
(Rt} + S(thp)dBe| 27} (29)
To find the solution of (29), first to find the fuzzy stochastic

exponential of FSDEs, with #(#) = 0 and E(t) = 0, equation
(29) written as

{dy| a9} = [Q(ENW,dt + S(D)YdB,| 27} (30)
Let T(t) satisfy the equation.
fdUCt)] & U} = (UMY | 6 WaYLTADm =1 (31)

So{U(t)] & U} = {a(Y: (£))] 2 Y}
where Tt} is called the stochastic exponential of T,.
P i aF -
[UE)| aU} = {u@) VOV sy sy (32)
T, is an Ito process that satisfy the FSDE.

(dY,] 2 Y} = {Q(B)dt + S(D)dB,| & Q.05 & B)

= Y- Yl a Y = (f; 0ds +
[} 5(s)dB,| 2 0.2 5.B)
(Integrating both sides 0 to t)

4 E
wian=(f owas+ [ s@raz, +y
o o

| 2 R2.88AB, AT}
So
ul aul
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f Py 1t .3,
ur 2=y d.s+_|ur.-_'- (=) dB:—E_Iur & (eyde

= {U(0)e’ |8 Yau}
UE) AT = U {UJQJII:E-:SJ%J',;J’ (sds+ ]} §(=)dBs
laY.aT} (33)
Let the general solution of (29) be
(el 2y} ={UOV(O] 2 UaV]}
with initial condition Tl =1
w(0) = V().

where T (t) is a fuzzy stochastic exponential
and V(t) satisfies FSDE,

{av(e) a V) = {altdde + bt} dB.| a B2 a,a b},
(P(0) = #(0))

where the coefficients a(t) and b(t) satisfy

(34)

la@UB & Usal =Pk -sEOVERI
AU PASY
and {BEYUCE) a U B} ={R{E)| 2R} (35)
(e-F(eve

fa(t)] o a) = OO 1A PLa ST

Ue)

and{b(t)] & b} = f—: | & Roa UK

S
0 {d"‘?(mﬂv}:{wd”%
dB;| & Ua P.a 8}
SV 2 V)= V) + ), st
+JF,_\r @dﬁﬂ P | (36)

Uiz

(Integrating both sidesfrom 0 to t)

The solution ) of1 o LFS_DE becomes
{#‘rl A t,n!a} — { {TLL{U:] g-lu |_£|_sj—;_lu a‘u_s‘_‘ujds+_lu.-_1|_33d3r:]

FP(s) - S(s)V(s) J‘fﬂ{s}
(o + J‘D UE) ds + UE) dBg)| &7}

EXAMPLE 4.1: Find the solution of LFSDE.
dip, = (29, @ 1dt @ ™ dE,

SOLUTION: Given LFSDE is

dy, = (29, + 1)dt P ™ dB,  (37)

The a-cu of di’; is
dyi:[a] = {dy| & ¥y}
= {(2¢, + 1)dt + e dB,| 2,2 B,aT,a 1)
fdy, — 2y dt| ay,aB,}={1.dt + e dE,;
|~ BaT.a1)
fe~ 2 dy, — 2~ 2y, dt| & P2 B)
={e¥dt +dB;|a B.aT.al}

Integrating both sides from 0 to t, the a&-cut becomes

r r t
{J‘ d{g‘“t,f:rjh:-.t,f:,aﬂ}:{f .-r“.:zz+j dB,| &B,a 1)
o o o

r

r
{wrlw}:{wne“w“f e“dt+e“[ dB;| & B}
i} o
= oo™ +7 (&% — 1) + 6B, | 2 B.a Y}

Sogi; = (o ® e™) B (6% — 1) B (7B.).
V. CONCLUSION

This paper mainly discussed the existence and
uniqueness of FSDE using Grown wall's inequality, Lipschitz
condition, linear growth condition. Moreover, the fuzzy
Langevin SDE and LFSDE are discussed with suitable
examples.

Here the Buckley concept of fuzzy probability.

In future, one can discuss the existence and
uniqueness of FSDE that does not satisfy the Lipschitz
condition, which is the future extent of the current work.
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