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Cross-diffusion-driven Instability and Pattern
Formation in a Nonlinear Predator-prey System

Wenbin Yang, Yimamu Maimaiti

Abstract—In this paper, a spatial predator-prey model with
an alternative food sources and cross-diffusion is studied. We
show that the self-diffusion can not induce a Turing Instability
theoretically, but the cross-diffusion can. Moreover, the one-
dimensional morphological spatial pattern is characterized, and
the effects of parameter ;1 or p on pattern formation are
discussed numerically.

Index Terms—reaction-diffusion equations, predator-prey
model, pattern dynamics, cross-diffusion.

I. INTRODUCTION

ANY of the most interesting dynamics in biology are
related to the interactions between species, and the
spatio-temporal dynamics of a predator-prey system has been
investigated by many researchers [1]-[4]. For the predator
population without any alternative source, the general Lotka-
Volterra predator-prey system can be described as follows:
% =yu(l — %) — auv, "

% = puv — P,
where u and v are the biomass of the prey and predator at
any time ¢, respectively; ~y is the intrinsic growth rate, k is
the environmental carrying capacity of the prey species, «
is the predation rate, p(< 1) is called the conversion rate of
prey to predator biomass, and [ is the natural death rate of

the predator.

Ghosh and Kar [5] have considered a predator-prey ODE
model having some alternative source to predator, as follows:
{ G =ul— %) -

auv,

dv u (2)
G = m(l = %)+ puv — B,

where p is the maximum growth rate due to alternative
source for food. The term (1 — u/K) adds a density-
dependent effect to the focal prey, and it is observed that
as the focal prey population u increases, the predator uses
less amount of alternative source and the consumption of
alternative source tends to zero when u approaches K. [5]
showed that alternative source of food to the predator hurts
the growth of the prey species.

Recently, much attention has been focused on the Turing
instability of the predator-prey model by taking into account
the effect of cross-diffusion [6], [7]. Cross-diffusion, the
phenomenon in which a gradient in the concentration of one
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species induces a flux of another chemical species, has gener-
ally been neglected in the study of reaction-diffusion systems
[8]-[14]. Now, we consider the Lotka-Volterra predator-prey
model (2) with cross-diffusion and an alternative source of
food for the predator:

{ Gu — dng% +yu(l — %) — auw,

&= dzlg% + d22% + po(l = %) + puv — Po, 3
where © € (0,1), d1; and doo are diffusion coefficients
of the prey and predator population, do; is cross-diffusion
coefficient of the predator population, and [ > 0 is a positive
constant.

The paper is organized as follows. In section II, we will
derive the sufficient conditions of the asymptotic stability
and Turing Instability of our proposed models. The one-
dimensional morphological spatial pattern will be character-
ized, and the effects of parameter y or p on pattern formation
will be discussed in section III.

II. MATHEMATICAL ANALYSIS

In this section, we will consider the asymptotic stability
and Turing instability of our proposed models. First, it
is obvious that system (1) has the following nonnegative
constant solutions:

1) e = (0,0);
2) €9 = (K,O),
3) ez = (u.,v,) = (2, 2528)) if pK > B.

Accordingly, system (2), and thus system (3) has the follow-
ing nonnegative constant solutions:

1) Up=(0,0);

2) Uz = (K,0);

3) Us = (0,c¢), where c is an arbitrary positive constant,

if p# f;

4) Uy = (u*,v*), where
ﬁ — M )
pK —p’’

¥ = ol = (X PE =B
v = o(p) (a)(pK_u

u* =u(p) = K(

);

if either 4t > 8 > pK or u < 8 < pK holds.
Theorem 1. i) For system (1):

e e1 is a unstable saddle point.

o If B> pK (B < pK), then es is a asymptotically stable
node (a unstable saddle point).

o Assume the pK > B. If fj}é > 4(pK — ), then es is a

asymptotically stable node; if f 22% < 4(pK — f8), then

es is a asymptotically stable spiral point.

ii) For system (2):
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o Ifu> B (pn < B), then Uy is a unstable node (a unstable
saddle point).

o If B> pK (B < pK), then U, is a asymptotically stable
node (a unstable saddle point).

o Ify<acand p < B (v > acand iy > 3), then Us is a
asymptotically stable node (unstable); if (v — ac)(u —
B) < 0, then Us is a unstable saddle point.

e If w > B > pK, then Uy is unstable. Therefore,
variation of the growth rate p due to alternative source
never stabilizes the system (2). If u < 5 < pK, Uy is
stable.

iii) For system (3):

o If £t < B < pK and doy =0, then Uy is still stable.

e If n < B < pK, then a necessary condition for
the emergence of cross-diffusion instability is do; >

(2a11-1)—\/148(2Det(J)++/Det(7))

2a12
The results show that, self-diffusion can not induce Turing

instability, but cross-diffusion may lead to Turing instability.

Proof: We only consider cases ii) and iii), since a similar
proof of case i) can be made in more straightforward way.
ii) For system (2), the Jacobian matrix at some a equilib-
—au

rium is
1(1-%) —av >

JU) = K7, ” . 4
© ( vp— ) (-2 +pu-p ) @
At the equilibria Uy, Uz and Us, the corresponding Jacobian
matrix can be respectively, calculated as
—aK )
pK =5 )’

o= (5,0 ) =7

¥ — ac 0
J(Us) = .
=% uls)
By the linear stability theory, we obtain that
o If 4 > (3, then U; is a unstable node; if © < 3, then
U, is a unstable saddle point.
o If 8> pK, then Us is a asymptotically stable node; if
B < pK, then Us is a unstable saddle point.
o If v < ac and p < B, then Uz is a asymptotically
stable node; if v > ac and p > 3, then Us is unstable;
If (v — ac)(p— B) < 0, then Us is a unstable saddle
point.
At the equilibrium Uy, the Jacobian matrix is
_aw —au* a a
J=J(Us) = K ab )= o)
(Us) ( v*(p— %) 0 ) ( a21 a2
since (1 —2%) —ap=[y(1— %) —ap] — & = -2 and

(1 — )+ pu— B =0 at the equilibrium Uj.
If pK > p, then

a11 <0, a12<0, as1 >0, ax=0~0.

Now the first principle diagonal minor is —%* < 0, the
second principle diagonal minor is
—au*

Det K - By
i iphy 7)o
The second principle diagonal minor would be positive if and
only if pK > p. Hence both the eigenvalues of the Jacobian

matrix have negative real part. Now we can demand that the
system is stable if p/K' > u, and unstable if pK < p.

iii) Let us define

dir  di2
D =
( doy  da >
where di2 = 0 and
) —k%di1 + a1 —k%dia + ais
M,=J—-k°D =
—k?da1 +az  —k*doz + az

where £ =0,1,2,--- . Then
A+ k2dyy — an

A — My = .
k*da1 — an

k2d12 — @12
A+ k2dyy —agy )

where K =0,1,2,--- . By some calculations, we obtain

Trace(My) = Trace(J) — k*(d11 + da2),
Det(My,) = k*(di1dae — d12da1) + k?(—dazar1 + darais
+di2a21 — di1age) + Det(J),
and

Det( A — My,) = A2 + [k*(dy1 + daz) — (a11 + ag2)])
+ (k‘zdn - (111)(7€2d22 — ag2)
- (k2d21 - a21)(ki2d12 - 012)~

Since Trace(J) < 0, Trace(My) < 0 is always true
since dy; > 0,dso > 0. Hence if M}, has an eigenvalue with
positive real part, then it must be a real value one and the
other eigenvalue must be a negative real one. A necessary
condition is

= —dgea11 + do1a12 + di2a21 — di1aze <0,

if Det(D) > 0 and Det(.J) > 0.
Notice that Det(Mj}) achieves its minimum

2
i DetMs) = g s + Detl)
at the critical value k. > 0 where
k2 =— 1 :
* 2(d11daz — dy2da1)
Since
di2=0, a1 <0, a2<0, ag >0, axn=0,

the necessary condition for cross-diffusion driven instability
of (u,v,) is given by

H2
in Det(My) = — + Det(J) < 0,
heRb (M) 4(d11d2g — di2da1) etJ)
&)
and
H
k2= — > 0. (6)
2(dy1da2 — dy2da)
By simple calculations,
(5) = —doga11 + dorain <0
* d
= dggﬂ —dojauy, < 0= do; > M,
k ko
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(—do2a11 + 61216112)2

6) = — + Det(J) <0
() 4dy1dao ()
(@2% - d21au*)2 1%
= — ey + oy (p — k) <0
oy (deef — dane)?us
= avi(p =) Adyydon
k — .
= 4akd11d22w > (’Yd22 - adel)Z

= \/404]€d11d22(pk;m< > Ozk‘d21 - 7d22

k — « d
= do1 < {/4di1da2 (ok = v 4 1022
aku, ak

To sum up, we have

d
1022 do1 < \/4d11d22 (

k—p)ve  ydoo
ki, ak

ak

By the necessary conditions for instability above, let (k~)?
and (k*)? be the two roots of Det(My). They can be
calculated as

dosarr — dorara £ Ay
2d11d22 ’

where Al = \/(dggall — d21a12)2 — 4d11d22D€t(J). From
(6), we deduce that

0< (k)

(k%) =

)

< (k1)
Thus, in order to get the instability of (u.,v.), we must

have (k’)2 <k?< (k+)2 for some positive integer k, and
a necessary condition is k™ — k£~ > 1, which results in

2[(d22a11 — d21a12)? — 4dy1daz Det(J)]
> 2dy1dgg * (d22011 —da1a1z + vAz)

= 2dy1daz * (da2a11 — da1a12 + 2+/di1dg Det(J)),

where Ay = (dy2a11 — da1a12)® — [(da2a11 — daraia)® —
4d11d22D6t(J)]. Let diy = dos = 1. Then 2 Cl11 —
d21a12)2 — 4D6t(J)] > 2((111 — d21a12 + 2\/D6t and
we have
(a11 — d21a12)2 — 4D€t(J)
Z ail — d21a12 + 2\/ Det(J)
& afy - d3; +arp(1 - 2a11) - doy
+(a?, — a1y — 4Det(J) —
= dy; > ai2(2a11—1)++/As

2(112

a12(2a11—1)—ar2\/1+8(2Det(J)++/Det(J))

2a12

(2a11—1)—\/148(2Det (J)++/Det(J))

2(112

Det(J)) > 0

= do

Y

= dy >

where Az = a?5(1 — 2a11)? — 4a35(a3, —ay1 — 4Det(J) -
Det(.J)). This concludes the proof of the theorem. W

III. NUMERICAL SIMULATION

In this section, we using numerical simulations methods
illustrate to verify our theoretical findings. To illustrate the
results given by Theorem 2.1, we choose parameters K = 2,
y=1La=1land p=1.

We plot the phase portraits of system (1) for different 3
in Fig.1. The equilibrium point e; is unstable saddle point
and the equilibrium e is a asymptotically stable node when

B = 2.5 (see Fig.1(a)). The equilibrium ez is a asymptotically
stable node and e;, e are unstable saddle points when 5 =
1.5 (see Fig.1(b)). The equilibrium es is a asymptotically
stable spiral point and e;, e are unstable saddle points when
8 = 1.5 (see Fig.1(c)).
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Fig. 1. The phase portraits of system (1) with fixed K = 2, v = 1,

a=1and p=1.¢; (i =1,2,3) represents the constant equilibrium. (a):

B =2.5;(b) f=1.5;() =18

In Fig.2, we plot the phase portraits of system (2). The
equilibrium point Uy is unstable node when p > [ (see
Fig.2(a, ¢)) or unstable saddle point when p < [ (see
Fig.2 (b, d)). The equilibrium U is a asymptotically stable
node when 8 > 2 (see Fig.2(a, d)) and unstable saddle
point when 5 < 2 (see Fig.2(b, c¢)). Black and green
rectangular line represent equilibrium Us = (0,¢) (where
c is an arbitrary positive constant) and asymptotically stable
node when ¢ > 1, 5 > u (see Fig. 2(b, d) black rectangular
line) and unstable when ¢ < 1, 8 < u (see Fig. 2(a, ¢)
green rectangular line). The equilibrium Uy is unstable when
> 8> 2 (see Fig.2(a)) and stable when 2 > 3 > u (see
Fig.2 (b)), the positive equilibrium U, does not exist when
2>p>pand B> pu > 2 (see Fig.2(c, d)).

Here, we use parameters as v = 1, K = 2, = 1,u =
0.5,p=1,8=1.5,d11 =1 and dy; = 1. By Theorem 2.1,
we have d5; = 1.366. According to Theorem 2.1 there exists
an unbounded region da; > d$; in which Turing instability
occurs. Taking cross-diffusion coefficient dy; = 1.066, a
value less than the critical diffusion coefficient dS;, we
observe that Re(A) < 0 and Det(My) > 0 (red curve in
Fig.3) for all k. If we take d2; = 1.866, a value that is greater

Volume 53, Issue 1: March 2023



TAENG International Journal of Applied Mathematics, 53:1, IJAM 53 1 13

T T
Va ' trajectory 1 )
6 / trajectory 2 -,

,,,,,,,,,,,, —trajectory 1|
-~trajectory 2||
trajectory 3|
~--trajectory 4|
trajectory 51
---trajectory 6|
1

rajectory 4 trajectory 5

[ i e I S S
o os p 157% z 2 Pg

— LU

1
7777777777 Re—— ”7+U2

; /trajeclory 3 —-U,
P trajectory 4
/ -

—trajectory 1|
-~-trajectory 2]
trajectory 3||
---trajectory 4|
trajectory 5

/trajectoWS
I Y‘/UZ [—
g o : I : m pg

6 trajectory 6 |-=-U.

—trajectory 1|
__|-—-trajectory 2|
—trajectory 31
~--trajectory 4|
trajectory 5[]
~~-trajectory 6|

trajectory 1 T
trajectory 5

. . trajectory 4 u
trajectory 2 B

trajectory 2 . !

rajectoryl /.-~ trajectory 4 —trajectory 1/]
-~-trajectory 2
7 trajectory 3
trajectory 6 trajectory 5 trajectory 4
~--trajectory 5|
U -—-trajectory 6|/
. 2\ . trajectory 3
i 1 | |

157% ’ 3"

(d

Fig. 2. The phase portraits of system (2) with fixed K = 2, v =
and p = 1. U; (i = 1,2, 4) represents the constant equilibrium. (a
p=4 () B=15 H—l (e B=1p=15;():p =4,

t

than the critical diffusion coefficient d$;, then Re(A) > 0
and Det(My) < 0 (blue curve and red point in Fig.3) for
k = 1. If we take do; = 2.366, a value that is greater than
the critical diffusion coefficient d$;, then Re(\) > 0 and
Det(My,) < 0 (magenta curve and blue point in Fig.3) for
k =1, 2. Fig.3 implies that Re()\) < 0 and Det(Mj,) > 0 for
all k (green curve in Fig.3) when dg; > d$; and Re(\) > 0
and Det(M},) < 0 for some k when dg; > dS;.

We consider the effect of p on system (3). For the
fixed other parameters, the system (3) admits patterns when
do1(p) > d; (u) (see red curve in Fig.4(a)), and stable when
do1(p) < d$;(p) , where d$;(p) is given by Theorem 2.1.
Let vy =1,K =2a=1,p=1,=15,d; =1 and
dog = 1. It is easy to check that the system (3) has positive
equilibriums for all p. From Fig.4(a), we can see pattern
formation in green region and homogenous state exists in
region yellow. Next, we fix parameters v = 1, K = 2, a =

- - .
25 ||y =2 2321y, 2.7321>d;,
7d21—1.7321—d21

- —AC
157 || dy=27321>d5, d21'1'7321'(121

. Det(Mk)<0, when k=1
_ c

1 d,,=7.7321>d5,

57| - Det(M,)<0, when k=12

o)

- c
d,,=2.2321<d,

Det(M )<O whenk=2 |

e =173

5 | \Det(Mk)<0 when k=1 / I

\Det(M )<0 whenkiq' e N ‘

~ T - 5 Y=g L Ea—g
(@

4

1
_2\‘,

IS

/ &

.

o0 15 P

(b)

Fig. 3. Plots of Det(M(k)) and Re(\) with fixed reaction parameter
values v = 1, K = 2, = 1,4 = 05,p = 1,8 = 1.5,d11 = 1 and
dos = 1.

1,u = 05,8 =1.5,dy; = 1 and dos = 1, and consider
the effect of p on system (3). According to the Fig 4(b),
it is easy to deduce that positive equilibrium exist when
p > 1 and does not exist when p < 1. The system (3)
admits patterns when da1(p) > d$;(p) (see red curve in Fig
A4(b)), and stable when da1(p) < d5;(p) , where d5;(p) is
given by Theorem 2.1. We consider the effect of p on system
(3). To be more precise, pattern formation occurs in black
solid lines and does not emerge in black dashed lines when
do1 = 0.3,1.366, 2.366.

6,503 stale  d5,=1236"
L
o 05 i 157"
(@)
20 |
[CIno constant steady-state solution|
| no —d;,
constant
/ steady-state|| 0.3,1.366,2. 366(stable)
10 | solution
| p=0.75
0" = = — o

()

Fig. 4. The effects of parameter p or p on pattern formation for the model
(3). (a): The parameter p is vary and other parameters: v = 1, K =2, o =
1,p=1,8=1.5,d11 = 1 and d22 = 1; (b): The parameter p is vary and
other parameters: v = 1, K =2, = 1,4 = 0.5, = 1.5,d1; = 1 and
doo = 1.

To investigate the impact of cross-diffusion on Turing
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pattern, we fixed vy =1, K =2, a=1,u=05,p=1,8=
1.5,d1; = 1 and dos = 1 in system 3, which means the
equilibrium Uy of the corresponding kinetic and diffusion
systems is asymptotically stable (see Fig.5(a,b)). We illus-
trate the change in the pattern form as ds; = 0, 1.066, 1.866
and 2.366. By Fig.6(a,b), when the cross-diffusion rate
d2; = 0,1.066, the equilibrium U, is stable, which is
did not occurs Turing instability. When cross-diffusion rate
d21 = 1.866 and dy; = 2.366, the equilibrium Uy is unstable
(Fig.6(c-f)), which occurs Turing pattern state. It is easy to
see that small values of the time ¢, the system resides in a
stable homogeneously state (Fig.6(c)). As time increases to a
value great, the homogeneous state becomes Turing unstable
(Fig.6(c-f)). In Fig.6, we observe that the system (3) may
generates pattern formation for large diffusivity ds;.

u(x.t)

Distance x

(@)

v(x.t)

0.55
600

Distance x

(b)
Fig. 5. Numerical solutions of the system (3) for d2; = 0 in the region
0 < 2 < 10, and initial data Ug, v = 1, K = 2, = 1,u = 0.5,p =
1,6=1,d11 =1 and do2 = 1.
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