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Graphs of Order n with Partition Dimension 1 — 3

Debi Oktia Haryeni, Muhammad Ridwan, and Edy Tri Baskoro

Abstract—The characterizations of all graphs of order n with
partition dimension 2,7 — 2, n — 1 or n have been completely
studied. Recently, all graphs of order n > 11 and diameter
two with partition dimension n — 3 have been characterized. In
this paper, we continue characterizing all graphs on n vertices
with partition dimension n — 3 and diameter either 3 or 4. This
completes the characterization of all graphs of order n > 11
with partition dimension n — 3.

Index Terms—partition dimension, graph, characterization,
diameter.

I. INTRODUCTION

ET G(V,E) be a connected graph, u,v € V(G) and

S C V(G). The distance between vertices v and v,
denoted by d(u,v), is the number of edges in a shortest
path connecting w and v in G. The distance of u and
S, denoted by d(u,S), is min{d(u,z) : * € S}. The
eccentricity of u is defined as ecc(u) = max{d(u,v) :
v € V(G)}. The diameter of G, denoted by diam(G),
is the maximum eccentricity of the vertices in G, namely
diam(G) = max{ecc(u) : v € V(G)}. Furthermore, if
ecc(u) = diam(G), then wu is called a peripheral vertex of

Let IT = {S1,5%,...,Sk} be a partition of a connected
graph G. For any u € V(G), the representation r(u|ll)
of u with respect to II is the k-vector (d(u,St),d(u,Ss2),
..., d(u, Sk)). Such partition IT is called a resolving partition
of G if r(u|Il) # r(v|II) for any two vertices u,v € V(G).
The cardinality of a minimum resolving partition of G is
called the partition dimension of G and it is denoted by
pd(Q).

The study of the partition dimension of a connected graph
was initiated by Chartrand et al. [5]. They characterized all
connected graphs G of order n with pd(G) € {2,n — 1,n}.
They showed that pd(G) = 2 if and only if G = P,, and
pd(G) = n if and only if G = K,,. Furthermore, they showed
that pd(G) = n — 1 if and only if G is one of the graphs
Kipn-1, K, —eor K1+ (K1 UK,,_5), with e is an edge.
In [18] Tomescu proved that there are only 23 connected
graphs of order n > 9 with partition dimension n — 2. These
graphs are Kgm_g, KQ —|—Kn_2, Kn — E(Pg), Kn —E(Kg),
Kn — E(P4), K1 + (Kl U (Kn_g - 6)), Kn - E(O4),
Kin_1+e K,—E2K;), Kyp_2—e, K, — E(K;3+e),
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G1,Ga,...,G12, where e is an edge. However, Baskoro
and Haryeni [3] revised this characterization. They showed
that two of these above graphs, namely K;,_1 + e and
K, — E(K; 3 + e), have partition dimension n — 3 (not
n—2). Two other graphs, namely G5 and G5 are isomorphic
to two graphs in [3] namely His and (K7 U Ks) + K,,_3,
respectively. Furthermore, the graph G4 is isomorphic to Gg.
The characterization of Tomescu also missed one graph F'
constructed from K,,_; — e by adding one new vertex = and
connecting x with vertex a, where a is one of the end-vertices
of e [3]. In addition, in this paper we show that G1; and
K5 y_o—ein [18] have partition dimension n—3 (not n—2),
where G11 = F30 and Kgm_g —e = (2K1 + Kn_2) — €.
This concludes that there are only 17 non-isomorphic graphs
of order n > 9 with partition dimension n — 2.

Further results on the partition dimension of graphs ob-
tained from unary or binary graphical operations can be seen
in [1], [9], [16], [20]. The bounds of the partition dimensions
of certain graphs have been studied in [2], [6], [12]-[15],
[19]. The study on the partition dimension has been extended
so that it can also be applied to disconnected graphs, see
[7], [8], [10]. The applications of the concept of resolving
partition of graphs can be seen in [11], [17] and [12].

For any connected graph G of order n, we have pd(G) <
n — diam(G) + 1 [5]. This implies that if pd(G) = n — 3,
then diam(G) € {2, 3,4}. The characterization of graphs of
order n > 11 with pd(G) = n — 3 has been completed for
diam(G) = 2 [3]. There are 114 non-isomorphic such graphs
G on n > 11 vertices with pd(G) = n — 3 and diameter 2.
In this paper, we characterize all graphs G of order n > 11
and diam(G) € {3,4} with pd(G) = n — 3. We show that
there are 46 non-isomorphic such graphs, 41 of them with
diameter 3 and the remaining S such graphs with diameter
4.

II. MAIN RESULTS

In the following result, Chartrand et al. [5] showed that
any two vertices of G having the same distance to all other
vertices belong to distinct elements of a resolving partition
of G.

Lemma 2.1: [5] Let 11 be a resolving partition of G' and
u,v € V(G). If d(u,x) = d(v,z) any z € V(G) \ {u,v},
then u and v belong to distinct elements of II.

Baskoro and Haryeni [3] generated some conditions of
graphs so that forming certain graphs, as follows.

Lemma 2.2: [3] Forn > 8, let G be a graph on n vertices.
If G does not contain the following three configurations:
(C1) five vertices a,ty,ts,ts and ty forming aty,aty €

E(G) and ats3, aty ¢ E(QG), as depicted in Figure 1(a),
(C2) six vertices a,b,ty,ts,t3 and t4 forming aty,bts €
E(G) and ata, bty ¢ E(G), as depicted in Figure 1(b),
and
(C3) four vertices t1, ta, t3 and t4 forming ¢1t2 € F(G) and
tity, tats, tsts € E(QG), as depicted in Figure 1(c),
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then G is isomorphic to either K,,, K, K1 -1, Kn—1UK7,
K, — E(Kyn—2), or K, — e for an edge e € E(K,).

Fig. 1.
C3

(a) Configuration C1, (b) Configuration C2, and (c) Configuration

In the following theorem, we prove that there are 46 non-
isomorphic graphs G of order n > 11, diam(G) € {3,4} and
pd(G) = n — 3. In particular, there are 41 non-isomorphic
graphs of pd(G) = n — 3 with diam(G) = 3, namely
(2K + K,—2) — e, F1, Fy,..., Fy, and 5 non-isomorphic
such graphs with diam(G) = 4, namely Hy, Hs, ..., Hs.
Note that the graphs Fy, Fy, -+, Fyo and Hy, Hy,--- , Hg
are presented in Appendix A.

Theorem 2.3: Let G be a connected graph of order n > 11
and diam(G) € {3,4}. Then, pd(G) = n — 3 if and only if

G is one of the graphs (2K71 + K,,_2) — e, F1, Fs, ..., Fyo,
H,,Hy, H3, Hy or Hs.
Proof: Tt is easy to verify that the graphs

(2K1 + K,,—2) — e, F; and H; for each ¢ and j have
partition dimension n — 3. Now, we will show for the
reverse direction. Let G be a connected graph of order
n > 11 where pd(G) = n — 3 and diam(G) € {3,4}. Let =
be a peripheral vertex of G with ecc(x) € {3,4}. Denote
N;(x) as the set of all vertices of G at distance ¢ from x
and let n; = |N;(z)|, for any i € [1,diam(G)] . We divide
into two cases based on the diameter of G.

(A) diam(G) = 3.

Let = be a peripheral vertex of G with ecc(z) = 3. Let
Ni(z) ={u; : 1 <j<m}, Na(z) = {v; : 1 < j < ma},
and N3(z) = {w; : 1 < j <ng}. If each of {ni,nq,n3} is
at least 2, then (z)(u1,v1,w1)(ug, ve, we)7w is a resolving
partition of G having (n — 4) classes, where 7 is a
singleton partition consisting of a single vertex, which
contradicts the hypothesis. Therefore, there are at most
two of {ni,nq,ng} greater than or equal 2. However, only
one of {nj,ng,n3} is greater than 2. Since otherwise,
without loss of generality suppose that ni,ne2 > 3. Then
one deduces that (x)(u1,v1,ws)(us,vs)(us,vs)m, where
7 is a singleton partition, is also an (n — 4)-resolving
partition of G, a contradiction. Therefore, based on the
values of (nj,n2,ns) we have the following 9 subcases:
(Al (1,1,n — 3), (A2) (1,n — 3,1), (A3) (n — 3,1,1),
(Ad) (1,2,n — 4), (A5) (1,n — 4,2), (A6) (2,1,n — 4),
(A7) (2,n—4,1), (A8) (n—4,1,2), and (A9) (n—4,2,1).

(A1) (1,1,n — 3).
Assume that N3(z) contains one of the configurations (C1),
(C2) or (C3) in Lemma 2.2 such that
(C1) wyws, wiwy € E(G) and wyws, wywe € E(G), or
(C2) wyws, wowy € E(G) and wyws, wews € E(G), or
(C3) wawy € E(G) and w3wg, WawWs, WsWe Q E(G),
then one deduces that (x)(w)(ws)(u1,vr,wr)(ws,ws)
(wy, we)m, where 7 is a singleton partition of the remaining
vertices, is a resolving partition of G having n — 4
classes, a contradiction. It follows that N3(z) induces

one of {K, 3, K, 3, Kin 4, K, 4 U Ki,K, 3 —
E(Kiy-5),K,—3 — e} by Lemma 2.2. If N3(z) induces
K,,_3, then the resulting graph is G = F3y as depicted
in Figure 2(a). If N3(z) induces K, _3, then G = Gyy.
However pd(G1p) = n — 2 by [18]. Now suppose that
N3(z) induces Kj ,_4. Let w; be the center of Kj ,_4.
However, the partition (x,ws)(uy,ws)(vy,ws)(wy,ws)m,
where 7 is a singleton partition, is an (n — 4)-resolving
partition of G, which contradicts the hypothesis. Suppose
that N3(x) induces K,,_3 — E(K1,,_5) with the edge set
{wiw; : 1 <1< j<n—3}\{ww; : 3 <i<n—3}
However, (ws)(w1,ws)(x,ui, v, ws)w, where 7 is a
singleton partition, is an (n — 4)-resolving partition of
G, a contradiction. Finally assume that N3(x) induces
K, 4UK; or K, _35—e. The first case yields that G = F3,
and the second case yields that G = Fy5 (Figures 2(b) and
2(c)).

K, 3 K, 4UK,; K, 3—e
. . ..
° . \\‘o
»—0—< . o—o—< . v—o—< .
e o %
. . °

(a) (b (@

Fig. 2. Graphs (a) F30, (b) F32, and (c) F15

(A2) (1,n —3,1).
By a similar reason to Subcase (Al), if Na(x) contains
one of the configurations (C1), (C2) or (C3) such that
(Cl) vyvs,v1v4 € E(G) and vyvs, 1106 € E(G), or
(C2) v1v3,v9v4 € E(G) and vqv5, v9v6 € E(G), or
(C3) vgvy € E(G) and v3vg, V45, UsVg ¢ E(G),
then one deduces that (x)(v1)(v2)(u1, vz, wr)(vs,vs)
(v4,v6)T, where 7 is a singleton partition, is an (n — 4)-
resolving partition of (G, a contradiction. Therefore by
Lemma 2.2, Ny(z) induces one of graphs (A2.1) K, _s,
(A22) K,_3, (A2.3) K1, _4, (A24) K,_4 U K, (A2.5)
Kn—3 — E(K17n_5), or (A26) Kn_g — €.
(A2.1) Na(z) induces K,,_3. If viwq,vowr,vswy € E(Q)
and vgwy,vsw; € E(G), then (wy)(z,u1,vr)(va,vy)
(vs,vs)m is an (n — 4)-resolving partition of G, a
contradiction. Therefore, the number of neighbors of w; in
Ny (x), denoted by d(w1), is either 1,2,n —4 or n — 3.

If d(w1) = n — 4 where viw; ¢ E(G), then one deduces
that (vq, v2)(x, v3)(u1,v4)(wy,vs)7 is an (n — 4)-resolving
partition of (G, a contradiction. Otherwise, G = F3q if
d(wl) = 1, or G = F31 if dNQ(a,)(wl) = 2, or G = (2K1+
K,_o)—eif d(wy) = n—3, as depicted in Figures 3(a)-3(c).

(A2.2) Ny(x) induces K,_3. By a similar reason to
subcase (A2.1), the number of neighbors of w; in Nao(x)
is either 1,2,n — 4 or n — 3, since otherwise we have
an (n — 4)-resolving partition of G. However, G = G
if d(wy) = 1 and G 2 F if d(wy) = n — 3. In this
case pd(Gi2) = n — 2 [18] and pd(F) = n —2 [3], a
contradiction. Hence the resulting graph is G = Fyy if
d(w1) = 2 or G = F if dy,(z)(w1) = n — 4, as depicted
in Figures 3(d) or 3(e), respectively.
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Fig. 3. Graphs (a) F3g, (b) F31, (¢) (2K1 + Kn—2) —e, (d) Fi4 and (e)
Fy.

(A2.3) Nz(x) induces Kj,_4. Let v; be the center
of Ki,_4. We consider the neighbors of w; in
No(z). If dy,@)(wi) = 1, then one deduces that
(z,v9)(u1,v3)(v1,v4)(wy,vs5)7 is an (n — 4)-resolving
partition of G. If 2 < dn,)(w1) < n — 3, then one
can deduces that (x,vq)(u1,vs)(v1,vs)(wr,vs)m, where
wivg € E(G) and vy, is element of a singleton partition, is
an (n — 4)- resolving partition of G, a contradiction.
(A2.4) Ny(x) induces K,,—4 U K;. Let v; be an isolated
vertex of K,,_4 U K;. We consider the neighbors of w; in
NQ(.T) \ {Ul}. If wWiV2, W1V3 € E(G) and wqvy ¢ E(G),
then (w1)(z, u1,v2)(vs, v4)(v1,v5)m is an (n — 4)-resolving
partition of G, a contradiction. Therefore, the number of
neighbors of w; in Na(z) \ {v1} is either 0,1 or n — 4.

If wiv; € E(G) for all i > 2, then wyv; € E(G)
and one deduces G = Fj3s, as depicted in Figure 4(a). If
wyve € E(G) and wyv; € E(G) for all other ¢ > 3, then we
have two cases. First, if wiv; € E(G) then it follows that
(z,w1)(ve, v3)(u1,v1,v4)7 is an (n — 4)-resolving partition
of G, a contradiction. Second, if viwy ¢ E(G) one deduces
G = Fjg, as depicted in Figure 4(b). Now, let wyv; € E(Q)
for all 4 > 2, and one deduces G = Fi if wiv1 € E(G) or
G 2 Fig if wivy € E(G), as depicted in Figures 4(c) or
4(d), respectively.

K, UK, K, 4UK, K, 4UK, K, 4UK,
o ° o °
° Ny o "\ °
’—< . \ o—< o Do o—< . > »—< ° >
L4 L4 b4 °
° ° ° °

(a) (®) (e) (d)

Fig. 4. Graphs (a) F32, (b) F36, (¢) F16, and (d) Fyg.

(A2.5) Ny(z) induces K,_3 — E(Kj,_5). Assume the
edge set of K,_3 — E(Kin-5) is {vv; 1 <1 <
j < n—=3}\{vw; : 3 <i < n— 3} We consider the
neighbors of w; in Na(x) \ {v1,v2}. If wyvs € E(G) and
w1vg & E(G), then (vg)(w1)(vs,vs)(x,u1,vs)(v1,v6)T
is an (n — 4)-resolving partition of G, a contradiction. In
addition, if wyv; ¢ E(G) for all ¢ > 3 or wivy € E(G),
then (vo)(x,u1,v3)(vy,vq)(wy,v5)m is an (n — 4)-

resolving partition of GG, a contradiction. This implies that
wiv; € E(G) for all ¢ > 3 and wivy ¢ E(G). This
case produces G = Fyg if wivy € E(G) or G = Fyy
if wivy € E(G), as depicted in Figures 5(a) or 5(b),
respectively.

(A2.6) Ny(z) induces K,_3 — e. Let e = wvjuy. If
wivs, wivs € E(G) and wivs ¢ E(G), then (wq)(vy)
(z,u1,v3)(v4,v5)(v2, v6)7 is an (n — 4)-resolving partition
of G, a contradiction. This implies that the number of
neighbors of w; in No(x) \ {v1,v2} is 0,1 or n — 5.

If wiv; ¢ E(G) for all ¢ > 3, then one deduces G =
Fi7 if wivy € E(G) and wivy € E(G), or G & Fyy if
wivy, wive € FE(G), as depicted in Figures 5(c) or 5(d),
respectively.

If wivs € E(G) and wyv; ¢ E(G) for all other i > 4,
then wyv; € E(G) for at least one of ¢ € {1,2}, since
otherwise (w1)(x,u1,v3)(v1,v4)(ve,vs5)T is an (n — 4)-
resolving partition of G, a contradiction. In this case one
deduces G = Fig if wivy,wivy € E(G), and otherwise
G = Fy,, see Figures 5(e) and 5(f).

Now assume that wyv; € E(G) for all i > 3. It follows
that wyv; € E(G) for at least one of ¢ € {1,2}, since
otherwise (w1)(x,u1,v3)(v1,vq)(ve,vs5)T is an (n — 4)-
resolving partition of (G, a contradiction. One deduces
G 2 F, if wyv, € E(G) and wyve € E(G), or G = Fyg if
wivy, wive € E(G), as depicted in Figures 5(g) or 5(h),
respectively.

K3 = E(Kyns)

[ ]
\
\

Fig. 5. Graphs (a) Fag, (b) Fao, (¢) Fi7, (d) F21, (e) Fis, (f) F22, (2)
F4, and (h) Fg.

(A3) (n—3,1,1).
By a similar reason to Subcase (Al), if that N1 (x) contains
one of the configurations (C1), (C2) or (C3) in Lemma 2.2.
Without loss of generality, we may assume:
(Cl) wyuz,uruy € E(G) and ujus, uyug € E(G), or
(C2) urus, usuy € E(G) and ujus, UsUg ¢ E(G), or
(C3) usuq € E(G) and usug, ugus, usug € E(G).

Then one deduces that (x)(u1 ) (u2)(uz, v1,wy)(us, us) (ug, ug)mw

is an (n — 4)-resolving partition of G, a contradiction. It
follows that Nj(x) induces one of graphs (A3.1) K, _3,
(A3.2) K,_3, (A3.3) Ky —4, (A34) K,_4 U K, (A3.5)
K,_3— E(Ky,-5), or (A3.6) K,,_3 — e, by Lemma 2.2.

(A3.1) If Ny(z) induces K, _s3, then v; is adjacent to
all vertices of Nj(x), since otherwise diam(G) = 4. One
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deduces G = (2K, + K,,_2) — e, as depicted in Figure 6(a).

(A3.2) Nj(z) induces K,_3. By a similar reason to
subcase (A2.1), the number of neighbors of v; in Np(z),
denoted by dy, () (v1), is either 1,2,n — 4 or n — 3, since
otherwise we have an (n — 4)-resolving partition of G.

If le(z)(Ul) =1or le(z)(Ul) =n—3, then G = G
or G = F, respectively. However, pd(G19) = n—2 [18] and
pd(F) = n — 2 [3], a contradiction. If dy, (,)(v1) = 2, then
G = Fi3. Otherwise, dy, (;)(v1) = n — 4 and one deduces
G = F5, see Figures 6(b) and 6(c).

(A3.3) Ni(xz) induces Kj,_4. Let u; be the centre
of Kj,_4. Now we consider the neighbors of v; in
Ni(z) \ {u1}. If viug € E(Q), then (ugz)(x,us)(u1,uq)
(v1,us)(wy,ug)m is an (n — 4)-resolving partition of G, a
contradiction. Therefore, v1u; ¢ F(G) for all ¢ # 1 and one
deduces G = Fyy with vju; € E(G), as depicted in Figure
6(d).

K3
.\

Kos K

- <

(a) ®)

K1.71—4

!

viee gl

Fig. 6. Graphs (a) (2K1 + Kn—2) — e, (b) Fis, (¢) Fa, and (d) Fyo.

(d)

(A3.4) Ni(x) induces K,,_4 U K;. Let u; be an isolated
vertex of K, 4 U K;. Note that viu; € FE(G) and
viu; € E(G) for at least one ¢ > 2, since otherwise
diam(G) = 4. Now, we consider the neighbors of v; in
Ny(x)\{ur}. If viuz, viuz € E(G) and v1uy € E(G), then
(v1)(m, uz)(us, ug) (w1, us) (w, ug)m is an (n —4)-resolving
partition of (G, a contradiction. Therefore, we have two
cases. First, if v; is only adjacent to exactly one vertex
of K, _4, namely vius € E(G), then it is follows that
(u1,v1,wy)(ug, us)(x, us)m is an (n —4)-resolving partition
of G, a contradiction. Second, if vy is adjacent to all vertices
of K, _4 then one deduces G = Fig, as in Figure 7(a).

(A3.5) Ni(z) induces K,_3 — E(Ki,—5). Assume
the edge set of K,,_3 — E(K1,-5) is {uu; : 1 <i<j<
n—3}\{uzu; : 3 < i < n—3}. Note that vius ¢ E(G), since
otherwise (uz)(u1,us)(x,uq)(us, v, wr)w is an (n — 4)-
resolving partition of G, a contradiction. This implies that
viug € E(G), since otherwise diam(G) = 4, a contradiction.
Furthermore, if viug € E(G) and viuqs ¢ E(G), then
(u2)(v1)(us, ug)(z, us)(ur, ug) (wy, ur)m™ is an (n — 4)-
resolving partition of G, a contradiction. Therefore, we
have two cases. First, if viu; ¢ E(G) for all i > 3,
then it is follows that (z,u4)(u1,us)(us, vy, w1)m is an
(n — 4)-resolving partition of GG, a contradiction. Second, if
viu; € E(G) for all ¢ > 3, then one deduces G & Fy3, as
depicted in Figure 7(b).

(A3.6) Ni(x) induces K,,_3 —e. Let e = wujuq. By a
similar reason to subcase (A2.6), the number of neighbors
of vy in Ny(x) \ {u1,us} is either 0,1 or n — 5.

If viu; & E(G) for all i > 3, then viuy,viue € E(G),
since otherwise diam(G) = 4, a contradiction. This case
yields that G = Fy4 as depicted in Figure 7(c).

If vius € E(G) and viu; ¢ E(G) for all i > 4, then
viu; € E(G) for at least one of 7 € {1,2}, since otherwise
(v1)(z, u1)(ug, uq)(us, us) (w, ug)m is an (n —4)-resolving
partition of G, a contradiction. This case produces G = Fi5
if viug,viue € E(G), or G & Fys if vyu; € E(G) and
viug € E(G), as depicted in Figure 7(d) or 7(e), respectively.

Now assume that viu; € E(G) for all ¢ > 3. It follows
that viu; € E(G) for at least one of ¢ € {1,2}, since
otherwise (uy,us)(us,us)(x,us)(vy, wr)w is an (n — 4)-
resolving partition of G, a contradiction. One deduces
G 2 Fs if vju; € E(G) and vius ¢ E(G), or G = Fy
if viuy,viue € E(G), as depicted in Figure 7(f) or 7(g),
respectively.

K, UK,

Bl

K3 — B(Ky05) K, 3—e K, 3—e¢

AP
- <?%

() (6] (9)

Fig. 7.
(g) Fs

Graphs (a) F1g, (b) Fas, (c) Fa4, (d) F15, (e) Fas, (f) F5, and

(A4) (1,2,n — 4).

If there exist three vertices wy,wq, w3 € N3(z) such that
wiwy € E(G) and wiws € E(G), then (z)(wy)(u1,v1,wy)
(we,w3)(ve, ws)w is an (n — 4)-resolving partition of G,
a contradiction. Therefore, N3(z) induces (A4.1) K,,_4 or
(A42) K, ..

(A4.1) N3(z) induces K,,_4. In this case, (z,w;)(ur,ws)
(v1,ws) (v, wy)m is an (n — 4)-resolving partition of G,
a contradiction. Therefore, there exists no graph G with
pd(G) = n — 3 satisfying this condition.

(A4.2) N3(z) induces K,_4. If viwy,viwy € E(G)
and V1W3, V1W4 g E(G), then (x)(vl)(ul,vg,w5)(w1,w3)
(we,wy)7 is an (n — 4)-resolving partition of G, a contra-
diction. Therefore, the number of neighbors of v; in N3(z)
for any i € {1,2}, denoted by d,(a)(vs), is either 0, 1,n—5
or n —4.

If dn,(z)(v1) = 0, then dp,(;)(v2) = n — 4. This implies
that G = F33 if v1v9 € E(G) or G =2 Fzyif vqvg € E(G), as
depicted in Figures 8(a) or 8(b). Now let d, () (v1) = 1 with
vwy € E(G). If dy,(q)(v2) = n —5 with vow; ¢ E(G),
then (w1)(z, we)(u1,v1,ws)(ve, ws)w is an (n—4)-resolving
partition of G, a contradiction. If dy, () (v2) = n — 4, then
(v1) (w1, we)(ve, ws)(z, wa)(ur, ws)mw or (x,ur,vy)(wy, wa)
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(v, w3)m is an (n — 4)-resolving partition of G for v1ve €
E(G) or viva ¢ E(G), respectively. However this leads
to a contradiction. Next, let dy,(,;)(v1) = n — 5 with
viwy ¢ E(G). If dyypy(v2) = n — 5 with vowy ¢
E(G), then (v1)(ve)(wy,ws)(wa,ws)(z, ws)(ur, we)m is
an (n — 4)-resolving partition of G, a contradiction. If
dn,(2)(v2) = n — 4, then vivy € E(G), since otherwise
(v1) (w1, we)(ve, ws)(z, ws)(u1, ws)w is an (n—4)-resolving
partition of GG, a contradiction. One deduces G = Fys, as
depicted in Figure 8(c).

For the remaining case, let dy,(;)(v1) = dn,(2)(v2) =
n — 4. This condition yields G = Fyy if viva € E(G) or
G = Fy3 if vyve € E(G), as depicted in Figures 8(d) or
8(e), respectively.

K,_4 K, Ky
[ ] Y ]
[ ] [ [ ]
[ ] ) [ ]
. o .
. R .

. .
. .
. .
. [
. .

(d) (e)

Fig. 8. Graph (a) F33, (b) F34, (¢) Fbs, (d) Fag, (e) F13

(AS) (1,n —4,2).
By a similar reason to Case (A4), Na(z) also induces one
of (A5.1) K, _4 or (A5.2) K, _4.

(A5.1) No(z) induces K, 4. If wiv; € FE(G) and
wive € E(G), then (x)(u1,vs)(vg, w2)(vs, wr)(vy,ve)w
is an (n — 4)-resolving partition of G, a contradiction.
Therefore, any vertex of N3(z) is adjacent to all vertices
Ny(z). However, (v1)(va,ws)(vs,wr)(z,us,vs)m is an
(n — 4)-resolving partition of G, a contradiction. This
implies there exists no graphs satisfying this condition.

(A5.2) No(x) induces K,_4. If wiv;,wivy € E(G) and
wyvs, wive € E(G), then (x)(wy)(vi,vs)(ve, va)(us,vs)
(ve,wz)m is an (n — 4)-resolving partition of G, a
contradiction. Therefore, the number of neighbors of w; in
Ny (x) for any ¢ € {1,2} is either 1,n — 5 or n — 4.

If dy,(e)(w1) = dy,(@)(w2) = 1 and w; and wy are
adjacent to the same vertex in Ny(z), then G = Fyq if
wwy € E(G) or G = F37 if wywe € E(G), as depicted
in Figure 9(a) or (b). If w; and ws are not adjacent to
the same vertex in Na(x), say wivy,wave € E(G), then
(x,u1,v1)(v2,v3)(wy, we)m is an (n — 4)-resolving partition
of GG, a contradiction.

Let sz(w)(wl) =1 and wiv; € E(G) If dNZ(I)(U}Q) =
n — 5 and w.lo.g. wavy € E(G) or wave ¢ E(G), then
(w2)(v1,v2)(u1,v3)(x, v4) (w1, vs)m is an (n — 4)-resolving
partition of G, a contradiction. If dy,(z)(w2) = n — 4, then

one can deduce G = Fi7 if wywy € E(G) or G &£ Fyy if
wiwy € E(Q), as depicted in Figures 9(c) or 9(d)).

Let dy,m)(wi1) = n — 5 and wivy ¢ E(G). If
dn,(@)(w2) = n — 5, then wyvy ¢ E(G), since other-
wise for wavy € E(G) we have (wi)(ws)(v1,v3)(va, vy)
(x,v5)(u1,vg)m is an (n — 4)-resolving partition of G, a
contradiction. Furthermore, w; must be adjacent to ws,
since otherwise (w1 )(v1,v2)(x, v3)(ur,vq)(we, vs)w is also
an (n — 4)-resolving partition of G, a contradiction. This
condition yields G = Fy;, as depicted in Figure 9(e). If
dn, () (w2) = n — 4 then w; must be adjacent to wy, since
otherwise (wy)(v1,v2)(x,v3)(u1,vs)(ws, vs)m is an (n—4)-
resolving partition of G, a contradiction. This condition
yields G = F3, as depicted in Figure 9(f).

For the remaining case, let dy, () (w1) = dn,(z)(w2) =
n — 4. This case produces G = Fy if wywe ¢ E(G) or
G 2 F, if wywy € E(G), as depicted in Figures 9(g) or
9(h), respectively.

Ky

-\I%.

Ky Ky Ky

[ ) \ [ )

;q — .:> F4< .

o Do .

Fig. 9. Graphs (a) F36, (b) F37, (c) Fi7, (d) Fa3, (e) F11, (f) Fs, ()
Fy, and (h) F>

(A6) (2,1,n —4).

By a similar reason to Case (A4), Ns(z) also induces
one of (A6.1) K,,_4 or (A6.2) K, 4, since otherwise we
have an (n — 4)-resolving partition of G, a contradiction.
Note that for these two subcases, viui,vius € E(G) or
(one of {viuy,v1uz} is in E(G) and ujuz € E(Q)), since
otherwise diam(G) = 4.

(A6.1) N3(z) induces K,_4. If viui,viue € E(G),
or one of {viuy,viuz} is in E(G) and ujus € E(G), then
(z,w1)(u1, wse)(ug, ws)(vy,ws)m is an (n — 4)-resolving
partition of G, a contradiction. Therefore, we conclude that
there exists no graph G satisfying this condition.

(A6.2) N3(z) induces K,,_4. In this case, one deduces
G = Fsg if ViU, UTUY € E(G) and vius ¢ E(G), or
G = F35 if viug,viue € E(G) and wjus € E(G), or
G 2 Fyg if viug, viug, ujus € E(G), as depicted in Figure
10.

(A7) (2,n —4,1).
By a similar reason to Case (A4), Na(z) induces (A7.1)

Kn,4 or (A72) Kn,4.
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Fig. 10. Graphs (a) F3g, (b) F35, and (c) F39

(A7.1) Na(z) induces K, _4. Suppose that wyv; € E(G).
However, (x,v1)(u1,v2)(u2,v3)(wi,vq)7 is an (n — 4)-
resolving partition of G, a contradiction. This concludes
that there exists no graph G satisfying this condition.

(A7.2) Ny(z) induces K,,_4. If uyvi,uqve € E(G) and
uivs, uvg € E(G), then (x)(uy1)(vi,v3)(ve,vs)(ue,vs)
(w1,v6)m is an (n — 4)-resolving partition of G, a
contradiction. Therefore the number of neighbors of u; in
Ny (z) for any i € {1,2} is either 0,1,n — 5 or n — 4.

If dy,(z)(u1) = 0, then dy,)(u2) = n — 4. This
implies that ujus € FE(G), since otherwise diam(G) =
4. Now we consider the number of neighbors of w; in
No(x). If wyv,wivy € E(G) and wivs € E(G), then
(w1)(v1,v3)(ug,v2)(u1,v4)(x,vs)m is an (n — 4)-resolving
partition of G, a contradiction. Therefore, d(w;) = 1 or
d(wy) = n — 4. The first case produces G = F37 and the
second case yields G = Fyg (Figures 11(a) and 11(b)).

Now assume that dy,(,)(u1) = 1 with uyv; € E(G). If
dn,(a)(u2) = n — 5, then ugv; € E(G) for all i # 1. How-
ever, one deduces that (uz)(v1, v2)(x, v3)(u1,v4) (w1, v5) T is
an (n —4)-resolving partition of G, a contradiction. This im-
plies that d, () (u2) = n—4. To see the number of neighbors
of wy in Na(z), by a similar reason to the previous case we
also can conclude that d(wq) = 1 or d(wy) = n—4. However,
in the first case one deduces that (uq)(v1, v2)(x, v3)(usz, vy4)
(w1, vs)m is an (n — 4)-resolving partition of G if ujus €
E(G), or (z,u1)(v1, v2, w1)(usg, v3)m is an (n—4)-resolving
partition of G if uyus ¢ E(G), a contradiction. In the second
case G = Fyy if ujus Q/ E(G) or G = Fug if ujus € E(G)

o
N )

(Figures 11(c) or 11(d)).
N q( ) < ) <E )

(a) (b) (© (d)

K,y Ky

Fig. 11. Graphs (a) F37, (b) Fbe, (c) Fa7, and (d) Fog

Let dn,(z)(u1) = n — 5 where wyv1 ¢ E(G). If
dn,(z)(uz2) = n — 5 where upve ¢ E(G), then (2, u1)(u2)
(v1,v3)(v2,v4)(wy,v5)m is an (n — 4)-resolving partition
of G, a contradiction. Therefore, dp,(;)(u2) = n — 4. In
this case ujus € E(G), since otherwise (uq)(v1,v2)(x,v3)
(ug,v4)(wy,vs)m is an (n — 4)-resolving partition of G,
a contradiction. Furthermore, we consider the number of
neighbors of wy in Na(x)\ {v1}. If wyva, wivs € E(G) and
wyvg € E(G), then (wq)(v1)(ve, v4)(uz, v3)(ur, vs)(z, ve)m

is an (n — 4)-resolving partition of G, a contradiction. This
implies that the number of neighbors of w; in Na(z) \ {v1}
is either 0,1 or n — 5. If wyv; ¢ E(G) for all i # 1,
then wiv; € E(G) and one deduces G = Fy3 as de-
picted in Figure 12(a). If wyjvy € E(G) and wyv; &
E(G) for all i # 1,2. Then wyvn ¢ E(G), since other-
wise (x)(w1)(v1,v3)(va, v4)(u1, vs)(us,ve)m is an (n — 4)-
resolving partition of G, a contradiction. We deduce G =
Fy55, as depicted in Figure 12(b). Otherwise assume that
wiv; € E(G) for all 4 # 1. Then wiv; € E(G), since
otherwise (w1)(v1,v2)(x, v3)(ur, vye)(us, vs)m is an (n—4)-
resolving partition of G, a contradiction. We deduce G = Fy,
as depicted in Figure 12(c).

Ky

> L G

(a) (b) (c)

Fig. 12. Graphs (a) Fs3, (b) Fa2, and (c) Fg

For the remaining case, let dy, (2)(u1) = dn, (2)(u2) =
n — 4. We consider the number of neighbors of w; in
No(z). If wivr,wive € E(G) and wivs, wivy € E(G),
then  (x)(wy)(v1,v3)(ve,va)(ur,vs)(uz,v6)T is  an
(n — 4)-resolving partition of G, a contradiction. If
wivy, wivg, wivs € E(G) and wivy ¢ E(G), then
(w1)(u1,v1)(ug, va)(vs,v4)(x,v6)m is an (n — 4)-resolving
partition of G, a contradiction. This implies that d(w;) =1
or d(wy) = n—4. In the first case G = Fy; if ujus € F(Q)
or G = Fuy if ujus € E(G). In the second case G = Fyg
if ujus € E(G) or G = F3 if uyus € E(G) (Figure 13).

e

(a) (b) (@ (d)

Ky

Fig. 13. Graphs (a) F21, (b) Fi4, (c) Fio, and (d) F3
(A8) (n —4,1,2).
By a similar reason to Case (A4), Ni(z) induces (AS8.1)

Kn_4 or (A82) Kn_4.

(A8.1) Ni(x) induces K, 4. However, (z,u;)(us,v1)
(uz, w1 )(ug,wa)m is an (n — 4)-resolving partition of
G, a contradiction. Therefore, no graph G satisfying this
condition.

(A8.2) Ny(x) induces K,_4. We consider the number of
neighbors of vertex vy in Ny (z). If viuy,vius € E(G) and
viug € E(G), then (v1)(x,ur)(us, us)(ug, wr)(us, ws)mw
is an (n — 4)-resolving partition of G, a contradiction.
Therefore, dy, (4)(v1) = 1 or dy,(y)(v1) = n — 4. In the
first case one deduces G 22 F33 if ujus € E(G) or G = Fig
if uyuy € E(G), as depicted in Figures 14(a) or 14(b). In
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the second case one deduces G = Fyg if ujus & E(G) or
G = Fyq if ujug € E(G) (Figure 14(c) or 14(d)).

Kn-s Kna K K

N N : )

4NN

(a) ®) © @

Il

Fig. 14. Graphs (a) F33, (b) F3g, (¢) Fie, and (d) Fae

(A9) (n —4,2,1).
By a similar reason to Case (A4), N;(z) induces (A9.1)

Kn,4 or (A92) Kn,4.

(A9.1) Ni(z) induces K, _4. If viui,vous € E(G),
then (uq)(uz2)(x, usz)(v1, uq)(va, us)(wy, ug)m is an (n—4)-
resolving partition of (, a contradiction. Therefore, no
graph G satisfying this condition.

(A9.2) Ni(z) induces K,,_4. If viuj,vius € E(G) and
viug,viug € E(G), then (z)(v1)(u1,us)(us, uq)(ve, us)
(w1,ue)m is an (n — 4)-resolving partition of G, a
contradiction. This implies that the number of neighbors of
v; in Ny (z) for any ¢ € {1,2} is either 1,n — 5 or n — 4.

Let dy,(z)(v1) = 1 with viuy € E(G). If dy, () (v2) =
1 with vouy € E(G), then wyvi,wive € E(G), or
wiv; € FE(G) for some i and vive € E(G), since
otherwise diam(G) = 4. However, for the first case one
deduces that (z)(w1)(u1,us)(usg, uq)(v1, us)(ve, ug)m is an
(n — 4)-resolving partition of G, and for the second case
(x,u1)(u2,uz)(vi,v2,w1)m is also an (n — 4)-resolving
partition of G, a contradiction. If dy,(y)(v2) = 1 with
Vou1 € E(G), then G = F3o if wivg € E(G) and
wivg, v1v2 € E(G), or G = F3y if wivy,vive € E(Q)
and wyve € E(G), or G 2 F35 if wyvy, wive € E(G) and
vivg & E(G), or G 2 Fyg if wivy, wivg,v1v9 € E(G), as
depicted in Figure 15.

Ky

ENT NS BITEN

() ®) © )

K, Ky K,y

Fig. 15. Graphs (d) F32, (b) F34, (C) F35, and (d) F39

If dy,z)(v2) = n — 5 with vou; ¢ E(G), then
(v2)(u1, u)(x,us)(v1, uq)(wy, us)mw is an (n — 4)-resolving
partition of (i, a contradiction. Otherwise, assume that
dn, (2)(v2) = n — 4. One deduces G = Fi5 if wiv, € E(G)
and wyvq, v1v2 € E(G), or G = Fyy if wyvy, 1102 € E(Q)
and wive ¢ E(G), or G Fi7 if wyve € E(G) and
w1v1,V1V2 ¢ E(G), or G F20 if wiV2, V1V € E(G)
and wiv, € E(G), or G 2 Fyy if wivy, wive € E(G) and
vve € E(G), or G = Fog if wivy, wive,v1v2 € E(Q)
(Figure 16).

1111

Ky Ky Ky

I
¢

(d) (e) ()

Fig. 16. Graphs (a) F1s5, (b) Fas, (¢) F17, (d) Fao, (e) Fb7, and (f) Fog

Let dy,(»)(v1) = n — 5 with vijuy ¢ E(G). If
dn, (2)(v2) = n — 5 with vauy & E(G) or viva & E(G),
then (v1)(u2)(u1,us)(z, uq)(ve, us)(wy, ug)m is an (n —4)-
resolving partition of (, a contradiction. It follows that
if dn,(z)(v2) = n — 5 with vau; ¢ E(G) for some i,
then ¢ = 1 and vive € E(G). One deduces G = [y,
if wivy € E(G) and wivy ¢ E(G), or G =2 Fiy if
wivy, wive € E(G). Otherwise, dy, (z)(v2) = n — 4. By
a similar reason to the previous case, vive € E(G), since
otherwise we have an (n — 4)-resolving partition of G. We
deduce G = F5 if wiv; € E(G) and wive ¢ E(G), or
G = Fy if wvy € E(G) and wivq ¢ E(G), or G = Fy if
w1v1, W1V € E(G)

For the remaining case, let dy, ()(v1) = dn, () (v2) =
n — 4. We deduce G = Fy if wiv; € E(G) and
wivg, v1v2 € E(G), or G = Fy if wivy,v1v2 € E(G) and
w12 g E(G), or G =2 Iy if w1V, W1V € E(G) and
V1V2 € E(G), or G = Iy if wqvV1, W1V2, V1V € E(G)
(Figure 17).

(B) diam(G) = 4.
Let 2 be a peripheral vertex of G with ecc(z) = 4. Let
u € Ni(z), v € No(z), w € N3(z) and z € Ny(z). If
there exist two other vertices p and ¢ such that p € N;(x)
and ¢ € Na(x), then (x)(u,v,w, z)(p,q)w is an (n — 4)-
resolving partition of G, a contradiction. This implies that
only one of {nj,ng,n3,ng} is greater than or equal to
2. Therefore, based on the values of (ny,na,ns3,n4) We
have the following subcases: (B1) (1,1,1,n — 4), (B2)
(1,1,n—4,1), (B3) (1,n—4,1,1), and (B4) (n—4,1,1,1).
Now w.l.o.g., assume that n; = n — 4. Since |V(G)| > 11,
then there exist three other vertices a, b, c € Ny(z) \ {u}. If
ab € E(G) and ac ¢ E(G), then (x)(a)(u,v,w, 2)(b,c)m
is an (n — 4)-resolving partition of G, a contradiction. This
implies that N (z) induces either K, _4 or K,_4. Hence
we can conclude that if n; > n — 4, then N;(z) induces
either K,,_4 or K,,_4.

Let the set of vertices of N;(z) for all
NS {1,2,3,4} be Ni(xz) = {ui 1 <1 < n1},

No(z) ={v; : 1 <i<ng}, N3(z) = {w; : 1 <i<mng},
and Ny(x) ={z;: 1 <i<ny}.

B1) (1,1,1,n — 4).
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Fig. 17.  Graph (a) F11, (b) F12, (¢) F5, (d) Fy, (¢) Fr, (f) Fo, (9) F1,
(h) Fio, and (i) F3

If Ny(xz) induces K,_4, then (x,z1)(uy,22)(v1,23)
(wi,24)7 is an (n — 4)-resolving partition of G, a
contradiction. Therefore, Ny(x) induces K,_4 and it
follows that G = Hj, as dipected in Figure 18(a).

(B2) (1,1,n —4,1).

If N3(z) induces K,_4, then (z,w;)(ur,ws)(vy,ws)
(z1,wq)m is an (n — 4)-resolving partition of G,
a contradiction. Therefore, N3(z) induces K,_4. If
w21, wez1 € E(G) but wzz,wazy € E(G), then (z)(z1)
(w1, ws)(we, wq)(ug,v1,ws)w is an (n — 4)-resolving
partition of G, a contradiction. Therefore, the number of
neighbors of z; in N5(z) is either 1,n—5 or n—4. However,
if d(z1) = 1, namely wyz; € E(G) and w;z; ¢ E(Q)
for all other ¢ # 1, then (z,u1, z1) (w1, w2)(vy, ws)7 is an
(n — 4)-resolving partition of G, a contradiction. Hence the
resulting graph is G & Hj if d(z1) = n—5or G = H;
if d(z1) = n — 4, as depicted in Figures 18(b) or 18(c),
respectively.

(B3) (1,n—4,1,1).

Let Ny(z) induces K, 4. If wivi,wivs € E(G) and
wivs ¢ E(G), then (z,v1)(u1,v2)(21,v3)(w1,vs)T 18
an (n — 4)-resolving partition of G, a contradiction.

Furthermore, if wyv; € E(G) for all 4, then
(z,v1)(u1,v2)(wy,v3)(21,v4)m is an (n — 4)-resolving
partition of G, a contradiction. This implies that

dn,(z)(w1) = 1 and one deduces G = H,, as depicted in
Figure 18(d).

Let Ny(x) induces K,_4. If wiv,wive € E(G) and
wivs € E(G), then (wq)(vy,vs)(u1,va)(x,v4)(21,v5)7 is
an (n — 4)-resolving partition of G, a contradiction. This
implies that the number of neighbors of w; in Ny(z) is
either 1 or n — 4. However, in the first case by considering

viwy € E(G) one deduces that (z,wy, z1)(v1, v2)(u1,v3)m
is an (n — 4)-resolving partition of G, a contradiction. In
the second case, the resulting graph is G = Ho, as depicted
in Figure 18(e).

(B4) (n—4,1,1,1).

If Ni(x) induces K,_4, then wv; is adjacent to all
vertices of Ny (z) since otherwise diam(G) = 5. However,
(z,u1)(v,u2)(w,us)(z,us)m is an (n — 4)-resolving
partition of G, a contradiction. Therefore, No(z) induces
Ky If ugvy,ugv; € E(QG) but uzvy,ugvy € E(G), then
(v1) (w1, us)(x, uz)(wy,uq) (21, us)mw is an (n — 4)-resolving
partition of G, a contradiction. This implies that the number
of neighbors of vy in Nj(z) is either 1 or n — 4. One
deduces G = Hj for the first case or G = H; for the second
case, as depicted in Figures 18(f) or 18(g), respectively.

. ; < ; > < ; = -

>

(e) (€)) (9)

Fig. 18. Graph (a) Hs, (b) Hs, (c) H1, (d) Ha, (e) Ha, (DHs, (2) H1

III. CONCLUSION

In this paper, we give the characterization of all graphs G
of order n > 11 and diam(G) € {3,4} with pd(G) = n —3,
as stated in Theorem 2.3. There are 46 non-isomorphic such
graphs, 41 of them with diameter 3 and the remaining 5 such
graphs with diameter 4. By combining Theorem 2.3 and the
results of [3], we have a full characterization of all graphs
on n > 11 vertices with partition dimension n — 3, namely
there are exactly 160 non-isomorphic such graphs.

APPENDIX

Graphs F; and H;, for i € [1,40] and j € [1, 5], obtained
by Theorem 2.3 can be classified in the following manner.

Graphs of order n obtained from K, ; — E(P;) by
adding one new vertex adjacent to:

Fi: one end vertex of Ps;

F5: a center vertex of Ps;

F3: two end vertices of Ps;

Graphs of order n obtained from K, _; — E(P;) by
adding one new vertex adjacent to:

Fy: one end vertex of Pjy;

F5: one vertex of P, with degree two;
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Fg: two vertices of P, with degree two;
F7: two vertices of P, with different degree;

Graphs of order n obtained from K, ; — E(2K5) by
adding one new vertex adjacent to:
Fy: one end vertex of 2K5;

Graphs of order n obtained from K, ; — F(C3) by
adding one new vertex adjacent to:

Fy: one vertex of Cs;

Fig: two vertices of Cf;

Graphs of order n obtained from K, ; — FE(C4) by
adding one new vertex adjacent to:

Fi1: one vertex of Cy;

Fio: two vertices of Cy;

Graphs of order n obtained from K, _, by connecting
two new vertices x and y with:

Fi3: exactly two vertices a and b in K,,_o such that (a,z),
(b,x), (z,y) are new edges;

F14: exactly three vertices a,b and ¢ in K,,_o such that
(a,z), (b,x), (c,y) are new edges;

Graphs of order n obtained from K,,_5 — e by connecting
two new vertices x and y with:

Fi5: two new edges (c,z), (z,y), where ¢ is a vertex of
K, _2 — e with maximum degree;

Fig: two new edges (a, ), (a,y), where a is one of the end
points of e;

Fi7: two new edges (a,x), (¢,y), where a is one of the end
vertex of e and c is a vertex of K,,_o — e with maximum
degree;

Fis: two new edges (c,z),(d,y), where ¢ and d are two
vertices of K,,_o — e with maximum degree;

Fig: three new edges (a,x), (a,y), (b,y), where a and b are
the end points of e;

Fy: three new edges (a,zx),(a,y), (c,y), where a is one
of the end points of e and c is a vertex of K,,_o — e with
maximum degree;

Fyy: three new edges (a,z), (b,z),(¢c,y), where a and b
are the end points of e and c is a vertex of K,,_o — e with
maximum degree;

Fyo: three new edges (a,z), (¢, ), (d,y), where a is one
of the end points of e, and ¢ and d are two vertices of
K,,_s — e with maximum degree;

Fys3: three new edges (a, z), (b,y), (¢,y), where a and b are
the end points of e, and c is a vertex of K,,_o —e with
maximum degree;

Fyy: three new edges (a, ), (b,2), (x,y), where a and b are
the end points of e;

Fy5: three new edges (a, ), (¢, ), (x,y), where a is one
of the end points of e and c is a vertex of K,,_o — e with
maximum degree;

Fys: Fi6 by adding new edge (z,y);
Fy;: Fi7 by adding new edge (z,y);
Fsg: Fy7 by adding new edge (a,y)
H;: two new edges (a,z), (z,y), where a is one of the end
points of e;

Hy: two new edges (a,z),(b,y), where a and b are end
points of e;

)

Graphs of order n obtained from K,_» — E(Ps;) by
adding two new vertices x and y with:

Fsg: three new edges (a, z), (¢, z), (¢,y), where a and ¢ are
end points of Ps;

Hj: two new edges (a,x), (x,y), where a is an end point
of Pj;

Graphs of order n obtained from K,,_5:
F3p: K1 + K,,_2 and added by one new vertex adjacent to
one vertex of K,,_o;
F31: K1 + K,,—2 and added by one new vertex adjacent to
two vertices of K,,_o;
H,: K1+ K, _2 — e and added by one new vertex adjacent
to two vertices of K,,_o with different degrees;

Graphs of order n obtained from K, _3 by connecting
three new vertices z,y, and z with:

F3o: exactly one vertex a in K,,_3 such that (a,z), (a,y),
(y, z) are new edges;

Fjs3: exactly one vertex a in K, _3 such that (a,x), (z,y),
(z, z) are new edges;

F34: exactly one vertex a in K,,_3 such that (a,z), (a,y),
(z,y), (z, z) are new edges;

Fjs5: exactly one vertex a in K,,_3 such that (a,z), (a,y),
(z,2), (y, z) are new edges;

Fjs6: exactly two vertices a and b in K,,_3 such that (a, z),
(a,y), (b, z) are new edges;

F37: F3g by adding new edge (z,y);
Fsg: F33 by adding new edge (y, 2);
Fs9: F34 by adding new edge (v, 2);

Hs: exactly one vertex a in K,,_3 such that (a,x), (z,y),
(y, z) are new edges;

Graphs of order n obtained from K,,_j:

Fyo: (Ko + K,,_3) — e where ¢ is an edge connecting Ko
and K, _3, and added by one new vertex adjacent to one
end point of e with minimum degree;
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