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Some Integral Inequalities for Polynomial

Reingachan N , Nirmal Kumar Singha , Barchand Chanam

Abstract—This paper contains the finding of some upper
bound estimates for the maximal modulus of a lacunary
polynomial of degree n on a circle of radius 0 < < R < k
under the assumption that the polynomial has no zero in a disk
of radius %, £ > 0. Our result extends some known inequalities
concerning derivative of a polynomial into integral analogues
and it further generalizes as well as sharpens some other results
in this direction.

Index Terms—polynomial, zero, integral inequality, maxi-
mum modulus.

I. INTRODUCTION

Let p(z) be a polynomial of degree n. We define

1 27 ] %
Iplly = {27r/ Ip(e’9)7d9} 0<y<oo. (1)
0

If we let v — oo in the above equality and make use of the
well-known fact from analysis [21] that

1 2m 0 ~
1 —_— g ’Y =
Hoo{%/o lp(e”)] d9} max [p(2)],

lim

we can suitably denote
|z|=1

Similarly, one can define

2m i
ol = 2= Jo ™ loglp(e™*)|do } that
lim ||plly = ||pllo- It would be of further interest that by
y—0+

erp { and show

taking limits as v — 0% that the stated results holding for
~v > 0, hold for v = 0 as well.

For r > 0, we denote M (p,r) = ‘m‘ax Ip(2)].

A famous result due to Bernstein [16], [22] states that if

p(z) is a polynomial of degree n, then

1 lloo < nllploc- (2)

Inequality (2) can be obtained by letting v — oo in the
inequality
lp Iy < nllplly, v > 0. 3)

Inequality (3) for v > 1 is due to Zygmund [23] and Arestov
[1] proved that it remains valid for 0 < v < 1 as well.
If we restrict ourselves to the class of polynomials having

Manuscript received July 06, 2022; revised December 24, 2022. This
work was financially supported in part by University Grant Commission
and National Institute of Technology Manipur.

Reingachan N is a PhD candidate of the Department of Mathematics,
National Institute of Technology Manipur, Langol-795004, India (Corre-
sponding author, phone: +917085223940; e-mail: reingal4 @gmail.com).

Nirmal Kumar Singha is a PhD candidate of the Department of Math-
ematics, National Institute of Technology Manipur, Langol-795004, India
(e-mail: nirmalsingha99 @gmail.com).

Barchand Chanam is an associate professor of the Department of Math-
ematics, National Institute of Technology Manipur, Langol-795004, India
(e-mail: barchand_2004 @yahoo.co.in).

no zero in |z| < 1, then inequalities (2) and (3) can be
respectively improved by

Ip [loo < 5 2 11plloo 4)

and

’ n
Iplly < s———lplly,7 > 0. 5)
T4l Y

Inequality (4) was conjectured by Erdos and later verified by
Lax [14] , whereas, inequality (5) was proved by de-Bruijn
[9] for v > 1. Rahman and Schmeisser [19] showed that (5)
remains true for 0 < v < 1. As a generalization of (4), Malik
[15] proved that if p(z) does not vanish in |z| < k, k > 1,
then

oo < so- 6
19 lloe < 17l ®)

Under the same assumptions, Qazi [18, Lemma 1] improved
the bound (6) by proving

n

<
P lloe < Lo ( Plaolks a2
nlao [ Ala, T

1Pl]oo- ™)
)

Under the same hypotheses of the polynomial p(z), Govil
and Rahman [13] extended inequality (6) to L” norm by
showing that

Il Iplly, v = 1. (8)

TS Hk + 2l
It was shown by Gardner and Weems [12] and independently
by Rather [20] that (8) also holds for 0 < v < 1.

While L7 analogue of (7) was given for v > 1 by Dewan
et al. [10] and independently by Chanam [6] for v > 0.

’ n
< — 9
||p ||’Y — HA-Q—ZHFYHPH’Y’ ( )

_ nlag kgl 5
where A = =l ala, b

Further, as a generalization of (6) Bidkham and Dewan [5]
proved that

n(r+ k)1

o, for 1 <r <k.
T [plloc, for 1 <7

Ip (r2)]|0 < (10)

Asa generalization of (10), Aziz and Zargar [4] proved that if

*a0+Za,,

nhav1ngnozer01n|z|<k: k>1thenfor0<r < R<k,

, 1 < u < n,is a polynomial of degree

nRFL(RM 4 k)i

/RZ oo < m
I o) < PR

Ip(rz)llee- (1)
Equality holds in (11) for p(z)
multiple of p.

Moreover, as an improvement and generalization of (10),
Aziz and Shah [3] proved that

= (2" 4+ kM) where n is a
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if p(2) =ap + Z ayz”,1 < p <n,is a polynomial of de-

v=p
gree n having no zero in |z| < k, k > 0, then for

O0<r<R<kEk,
nRAI(RI 4 k!
(i —+ k)

Ip' (R2) oo < {lp(r2)lleo =

m},

(12)
The result is best possible and equality in (12) holds for
p(z) = (#* 4+ k*)» where n is a multiple of .

Further, Chanam and Dewan [7] improved (12) by involv-
ing certain coefficients of the polynomial. In fact, they proved
Theorem 1. If p(z —ao—i—ZaV .1 < u<mn,isa

V=L
polynomial of degree n having no zero in |z| < k,k > 0,
then for 0 <r < R <k,

1P (R2)llse <
©® |au\ k“+1R“ 1+Ru

n lag|—m

Rutl +k,u+1 + Hl |a|“\ (k,u+1R,u+k2uR)

X

14 \a“| ku+1tp 1_|_tp

R
exp n/ n lao|~ dt
r o tptl + frt1 + B e T |a}L\ (ku+1tu + kQ,ut)

{llp(r2)l —m}-

where m = min |p(z)|.
|z|=k

13)

Inequality (13) is sharp for p(z) = (2" + k*)# where n
is a multiple of .
Mir and Dar [17] proved the following inequality for the
same class of polynomials by involving some more parame-
ters, which they claimed that their result was a generalization
and refinement of Theorem 1. But if we analyse closely, it
is noticed that their result is just a weak generalization of
Theorem 1.

Theorem 2. If p(z —ao—l—ZaV .1 < puw<nisa

polynomial of degree n havmg no zero in |z| < k,k > 0,
then for every | > 1,0<r < R<kand 0 < A <1,

Ip(1R2) = p(Rz)||oo <
(= D) { (5=} papek LR+ ReLY

lag|—Am
+1 +1 »—1
RH + k’u’ (ln 1)

X
|au‘
laol—

—(kHTIRI 4+ k21 R)

© lau| p+1rp—1 "
n \ao\f/\mk t +1

R
exp n/ ] dt
Pty T e g gug)

{lp(rz)lloc — Am},

14
where m = ‘n‘lir}c |p(2)]

Dividing both sides of (14) by R(I — 1) and making limit
as [ — 1, inequality (14) reduces to

[P (R2)[|oe <
p_laul fept1l pp—1 + RM

n Jao[—Am
n X
Rkl 4 1 4 & Ila | (k1R 4 k20R)
n |ag|—Am

14 lau]

frtlgp=1 4 yn

R
exp n/ n lao=Am dt
ro ] R (g4 2y

{lIp(r2)lloc = Am},

5)

where 0 < \ < 1.

For A = 1, inequality (15) immediately assumes (13) of
Theorem 1. For each A € (0, 1), inequality (15) does not set
to any significant result having implications to the related
existing results. For example, for A = %, it is obvious from
Lemma 5 that the first two factors in it are respectively less
than or equal to that of inequality (13) of Theorem 1, whereas
in the last factors, the situation is reverse. That is,

m
lp(r2)lly = 5 = [p(r2)lly —m.

Hence, as mentioned earlier, inequality (14) of Theorem 2 is
just a weak generalization. Thus it would have been better
for the authors [17] to set A = 1 in the proof of Theorem 2
in order not to arise these ambiguities.

Extensions of (11) and (12) into LY norm were done very
recently by Chanam et al. [8] by proving the following two
results.

Theorem 3. If p(z —a0+ZaV .1 < pu<mnisa

v=p
polynomial of degree n having no zero in |z| < k,k > 0,
then for 0 <r < R <k, and v > 0,

Ip (R2)|ly <

27 R —1
i0 nt“
[/O {|p(’l"6 )‘ +/r t”-ﬁ-k”

where M (p,t) = max |p(z)|

n
RFWX

M(p, t)dt} d@]

==

(16)

and F, _{

Theorem 4. If p(z —ao—l—ZaV .1 < pu<nisa

polynomial of degree n hawng no zero in |z| < k,k > 0,
then for 0 <r < R <k, and v > 0,

’ n
I (Rl < FFo

pn—1

2m " R L=
| {weeniens [* o

R yp-1 v 7
T

where F, and M (p,t) are as defined in Theorem 3 and

; (17)
m = min IP( )l

M(p, t)dt—

II. LEMMAS

For the proof of the theorem, we require the following
lemmas.

Lemma 5. For p=1,2,3,..n,n € N, any complex number
ay # 0, and for every 0 < R < k, the function

N|au|k#+1Ru 1+R,u,

n_x

RuA1 4 fut1 4 Iil%ﬂ(kuﬂRn + k21 R)

fz) = (18)
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is a non-increasing function of x > 0.

Proof: The proof follows simply from first the derivative
test. For

2
, ,%|azu2\ k2pRH71(k2

 p2
) = - i

i+ o]

< 0.

| |
Lemma 6. If p(z *aOJrZay”,lgugn, is a

polynomial of degree n havmg no zero in |z| < k, k > 1,

then
ma < — 19
o' ()] < 2 {maxlp()] - mf. 19
where m = ‘H‘ui Ip(2)]
and
© |’Lu‘ p—1
oy = bt | mmolmm T 1

© |au|
n fao|—

—krtl 1

The above lemma is due to Gardner et al. [11].

Lemma 7. If p(z —a0+ZaV”,1§u§n, is a

polynomial of degree n havmg no zero in |z| < k, k > 1,
then on |z| =1
@ lawl k=141

()] 3 oot 2o

1+ o ||“u|| ]{;H+1 (20)

p ()],

where ¢(z) = 2"p(2).
This lemma was proved by Qazi [18].

Lemma 8. If p(z) is a polynomial of degree n and q(z) =
z p(%) then for each o, 0 < o < 27 and v > 0,

27 27
/ / ¢) +ep (') Vdfda <

27
QW/ Ip(e?®)[7d6. 1)
0
This lemma was obtained by Aziz [2].
Lemma 9. If p(z —aoJrZay , < wuw < nisa

polynomial of degree n havmg no zero in |z| < k,k > 0,
then for 0 <r < R <k,

Ip(Re"")l < Ip(rei‘))l +

X
r tu+1+“ ‘f‘u| (k;b+lt;b+k2ut)+ku+l

m} dt,

{M (1% t) — (22)

and
M(p,r) +n[{M(p,t)
/R LSl byt g g
r (krtltn 4 k20t)

—m} X

dt| <

t,u+1+k,u+l+ H \a#\

n lag|—m

R
exrp n/
T

p ol pptipp=1 4 g
‘ao‘— dt
t“+1+k“+1+ HI “Tu‘ (k”+1t“+k2”t)
xA{AM(p,r) —m} +m, (23)
where m = lrrllilf}C Ip(z), M(p,t) = |m|ax Ip(z)| and
z|=t

M(p,r) = max |p(2)]

Proof: Since p(z) has no zero in |z| < k,k > 0, for
0 <t < k,P(2) = p(tz) has no zero in |z| < % % > 1,
Thus using Lemma 6 to P(z), we have

max|P () < P —
#1= 14 (bt § 2lala” Shla }
R PR
max |P(z)| — min |P(2)]
lz1=1 lz|=%
where
m = min |P(z)| = min |p(tz)| = min |p(2)].
lz|=% l2l=% |2|=Fk
Which gives
fmax|p (2)] <
|z|=t
lap| Bt
" alm 7 1
la|  krtl lau| K20 ket
1 + g “10‘} t + 3 ‘UIO‘} m te + t“’+1

{maxlp(es) = m}

which is equivalent to

max |p/(z)| <
|z|=t

123 ‘au|
n lao|—

k;’”‘lt“ 1 + M
(krtitr + k20t) + krtl

1 4 lll |‘Tu‘

{gax p(z)| - } 24)
Now, for 0 <r < R <k and 0 < 6 < 27, we have
R
Ip(Re™) — p(re?)] < / 1P (i)t
which implies
. . R ’ .
Ip(Re™)| < [p(re™®)] + / P (te?)d. @5)

Since

R , ] R ,
/ 1P (te™)]dt < / x|y (2)]d,
r z|=t

using inequality (24) in (25), we get the first inequality (22)
of Lemma 9.

Further, taking maximum over # in inequality (22), we
have

max |p(z)| < max |p(z)| +

|z|=R T lel=
R &I |a|u‘ k/L+1t/L 1 4t
apg|—m
n
/r thtl 4 N‘ |a“| (k”+1ﬁ”+l€2“t) + kptl
x {M(p,t) —m} dt. (26)
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Now, let us denote the right hand side of inequality (26) by  Since ¢(r) = M(p,r) and using the value of ¢(R) in (30),

¢(R). Then we get
, . 14 \a‘oa\“l k‘#-HR,u 1 + RM M(p, 7“) +n [{M(p, ) _ }
=n
(b( ) Rut+l 4 B b ‘“‘;ﬂ (k,u+1R,u+k2p,R)+kp,+l /R E‘a‘o‘:‘bul Jortlpn—1 4+ tH atl <
o thtl g fptl 4 B _laul (kqultu + k2“t) -
< {M(p,R) —m}. 27) n laol-m
Using M (p, R) < ¢(R), equality (27) can be written as R
, gl |“;i‘ k/H—lR/L 1+R/L m—&-{M(p,r)—m} Xexp{n/
@b (R) -n |Z ‘
Rutt 4 Lot (kLRI 4 B2 R) + Kkt £t \a‘ul frtlgn—1 4 n
- dt
% {QZ)(R) _ m} S 0. (28) t/H—l + k.u-&-l + © . | l/l‘ (k/t+1t/L + kQ/Lt)
Multiplying both sides of (28) by This completes the proof of inequality (23) of Lemma 9. &
efﬂp{nx/ Lemma 10. If p(z —aoJrZay 1< pu<nisa
%‘a‘oa‘“ lmkﬂﬂR” L4+ Re iR polynomial of degree n havmg no zero in |z| < k,k > 0,
Ru+1 + & ‘a‘a‘u|m (ky+1Ry +k2,uR) _|_k,u+1 then u |a ‘k;/t
- <1, (€20
we get n|ag| —
d .
— [{o(R) — m} exp{—nx where m = min [p(2)].
/ MI Ialu\ krtiRr—1 4 R This lemma is due to Gardner et al. [11].
ao dR
Ru+1+n‘ \ u| —(kHHLIRI 4 k2 R) + kr Tl Lemma 11. If p(= —ao+zay V1< u<misa
<0. (29)
polynomial of degree n havmg no zero in |z| < k,k > 0,
It is concluded from (29) that the function then 0 < R <k,
exrp {—n/ ‘(I;(I)T\R k21 4 fptl
] > 1. (32)
HI Ialu\ khtlRe—1 4 R %Iaoli krt1Re 4+ Rutl
ag
Rutl 4o _loul _(knHL R 4 k21 R) + kit R Proof: Since p(z) # 0 in |z| < k,k > 0, for
n faol=m 0<R < k: the polynomial P(z) = p(Rz) # 0 in
x {¢(R) —m} |z| < R, R > 1. If we apply Lemma 10 to the polynomial
is a non-increasing function of R in (0, k]. Hence for P(z), we have
0<r<R<Ek, podaal g (33)
lag| —m  —
“rp {—n/ Since R < k, we have
Elaloalfi‘mkﬂ‘FltM 1 + tH p 0< R*k — REM < k/t+1 _ R/H_l. (34)
r
el + B | \“lm (kittn 4 k21t) + krtt Multiplying (33) and (34) sidewise, we have
x{o(r) —m} =
B lau] kH(RME — REM) < (kHL — REHLY,
|ao]
erp {n / which is equivalent to (32) and the proof of Lemma 11 is

JI L Ry TS TR completed. m

n lag|—m
d ; . .
L1 lal  (pp+iip 2 i1 Lemma 12. If p(z) is a polynomial of degree n having no
t +n\ ol— m (RHTIE  R20E) + K zero in |z| < k,k > 0, then
x{¢(R) —m},

p(z)| =2 m  for |z[ <F, (35)
which is equivalent to

R where m = mir]li |p(2)].

cap / |z|=

r This lemma is due to Gardner et al. [11].

ﬁ#k”“t“*1 +tH Lemma 13. The function

o dR

Al oo 0l i 4 g20g) 4 fptl tlape-1 4 g

 Taol = ) glo) =kt {n e T2 (36)
x{o(r) —m} = {$(R) —m}. (30) lad g1 g
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where k > 1,t > 0,n € N, is a non-decreasing function of
x> 0.

Proof: The proof follows simply by the first derivative
test. |

Lemma 14. If p(z —ao—l—Za,,”,lgugn, is a

polynomial of degree n hawng no zero in |z| < k,k > 0,
then for 0 <r < R <k,

{M(p,t) —m} x
/ ’ bk dt
AR ST (AR TR )
R -1
< | e M —myar @
where M (p,t) = max|p(z)|, m = min |p(z)|.

|z|=t |z|=F

Proof: Since p(z) # 01in |z| < k, k > 0, the polynomial
P(z) = p(tz) # 01in |z| < 5 % > 1 where 0 < t < k.
Hence applying Lemma 10 to P(z), we get

R\
b lauftt (k <1, (38)
nlagl —m \ t
where m = min |P(2)| = min |p(tz)| = lnlun Ip(2)].
z|=% |z |—*
Now, (38) becomes
n
H |a’N‘k S 17
n|ag| —
which is equivalent to
laul 1
R i i o
Ry Ay 7|atalu\m(ku+1tu k) Ttk
(39)

Since 0 < t < k, in particular, by Lemma 12, we have

max [p(z)| > m,

|z|=t
that is,
M(p,1)

Multiplying both sides of (39) by {M (p,t) — m} and inte-
grating both sides of the resulting inequality with respect to
t from r to R, we obtain inequality (37) of Lemma 14. W

—m >0. (40)

Lemma 15. [f p(z —a0+Zal, .1 < pu<mnisa

v=p
polynomial of degree n having no zero in |z| < k,k > 0,
then for 0 <r < R <k,

® |au|

R =3
/ n Jag[—m
exp 4y n
ro thtl gt 4 B

v |ag]—
n w\ i
<(k +R >M7
= \ kB 4 pp

where m = min [p(z)|.
|z|=k

kuﬂtu 1y gm

lau|

(ke k)

This lemma was obtained by Chanam and Dewan [7].

(41)

III. MAIN RESULT

In this paper, under the same set of hypotheses, by
involving certain coefficients of the polynomial, we improve
both the Theorems 3 and 4 proved recently by Chanam et al.
[8] by extending Theorem 1 into LY norm. More precisely,
we prove

Theorem 16. If p(z) = ap + Z ayz
v=p

polynomial of degree n having no zero in |z| < k,k > 0,
then for 0 <r < R <k, and v > 0,

1< pu<nisa

P El < 2 L [ e+
R o

4 4 ol Py ]

n t

/r tputl + kptl + I3 \a“| (/{“'Ht“ + kQ[Lt)

n Jag]—m \
{M(p,t) —m} —m]" do}” .
where

(42)

1
T, = :

1
(£ 14+e}

m = min [p(z)],

(43)

and
© |01L‘R k2u+kp+1

n lag|—m

kptlRe 4+ Rutl '

w_laul
n lao|—m

n

Proof: Since p(z) = ap + Z ayz’, 1 < p < n, does

not vanish in |z| < k,k > 0, fo? any A with [A] < 1 by
Rouche’s theorem, the polynomial p(z) — Am has no zero
in |z] < k,k > 0. Hence for 0 < R < k the polynomial
P(z) = p(Rz) — Am has no zero in |2| < £, £ > 1.
Applying Lemma 7 to the polynomial P(z), we have for
|z| =1,
BIF ()| <1Q'(2)], (44)

where Q(z) = 2" P(

Using Lemma 12, |p(z)| > m for |z| < k, i.e., in particular,
lag] > m. Since |A| < 1, we have |[Alm < m < |ag|, and
therefore
lag — Am| > |ag| — |A|m > |ag] —
Using the fact of Lemma 13, we have B > A, where
n_lau|R k21 4 feptl

A= n lag|—m (45)
p_laul kht+1Re 4+ Ru—&-l

n lag|—m

From (44), we have for |z| = 1,

AlP (2)] <1Q ()]
and by Lemma 11, A > 1.

(46)
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We can easily verify that for every real number o and
R >r >1,

IR+ e > |r + €. (47)

This implies for each v > 0,
27 , ) 27 , )
/ IR +e“|"da > / |r + e*“["da. (48)
0 0
For point ¢, 0 < 6 < 27, for which P’ (¢i) # 0, we denote

Q' (e)
p/(ew)

’

R =

)

and 7 = A, then from (47), R >r > 1.
Now, we have for each v > 0,

27
/ Q' () + P ()| dax
0

27 (10 v
' Q) |
—|pP 0\ |y i 1o
Penr [ |GG e da
27 Y]
_ R ANE! Q(e ) 1Y
|P (e*)] /0 P () +e da

27
> |P’(ei9)|7/ |A + e™|"da.[by (48)] (49)
0
For points ¢, 0 < 6 < 2, for which P'(

inequality (49) trivially holds.
Now using (49) in Lemma 8, we obtain for each v > 0,

27 27
/ A+ emwda/ P (%) [1df <
0 0

eiﬂ) — 0,

27
2mn’ / |P(e)|7df. (50)
0

Since P(z) = p(Rz) —
as

Am, inequality (50) can be written

27 27
/ |A+em|7da/ Ry (Rei®)|do <
0

0

27
27rn7/ Ip(Re®) — Am)|7db. (51
0
Now, we choose the argument of \ suitably such that
p(Re™®) — Am| = [p(Re™)| — [Alm. (52)
Using (52) in (51), we have
27 2T
/ A+ em|7da/ Ry (Re™®)[d6 <
0 0
27 )
21 {Ip(Re®)| — |Alm}" df. (53)

By applying inequality (22) of Lemma 9 to inequality (53),
we obtain

2 27
RV/ |A+em|7da/ P (Re'®)[7d < 270

0 0

2
/ [|p<re ) - |A|m+n{max p(:)| —m}

0 .

R s _lapl pptigp=1 4 g v
/ n lag|—m dt do
R e G

or equivalently,

1

27
’ n i
b (B2)lly < 5T {277/ [Ip(re®)| + nx
0
® |au‘

R 2 k-lH‘ltH 1 Lotk
/ n ool di
o tHHL 4 fptl 4 B b ‘a‘ul (k;t-‘,—ltu + kQHt)
{M(p,t) —m} — [\m]" do}” .

where T, is as defined in (43).
Taking limit as |[A| — 1, inequality (54) becomes (42) of
Theorem 16 and this completes the proof of Theorem 16. ®

(54)

Remark 17. Both the ordinary inequalities (11) and (12) are
best possible for the polynomial p(z) = (z# + k)i where
n is a multiple of p. It may be expected that inequality (42)
of Theorem 16 is sharp for this polynomial. But it is not so,
as is discussed below:

It is obvious that for p(z) = (2" + k*)&, where n is a
multiple of u, m = ‘H‘lil}c Ip(z)] = 0, and hence inequality

(42) of Theorem 16 equivalently takes

1 2m .
{%/ |k —|—R“ew‘|’ydo¢} X
0
o 1E-1)
{/ |Rie?r 4 o |7 de}g
0
27 ) n
[ o
0

H +
(R* + k") % — (7 + k#)%}7 o] .

(55)

In particular, if we set k = R = r, and 1 = 1, then inequality
(55) assumes
d@}

1 27\' .
{/ |1+em|”da}{/ i 1
27T 0 0
27 )
{/ |eze+1|"”d9}. (56)
0

Now, we have for p > —1,

VAT (& + 1)
POdO) = ~———2 22, 57
/0 o o2 +1) 67
For v > 0, by a simple calculation, we have
2w . 5
/ }1 + e’a| do = 20F2 / cos” ada,
0 0
which on using (57) gives
27 ) ]:‘(l + l)
1+ e da =20 /r—2 27 (58)
fy e TG+
Applying equality (58) in inequality (56), we have
v(nfl) 1 1
+3) I'(3+3)
% 27(n 1)+1f ( 7+1f 2
2 (W’ L 1) '3 +1)
L% +3)
A e
Ny
that is
T y(n—1) 1 (y+1 (4 1
1 IS ta) TGty) TG +3)
Vi) gy TG+ T TR+
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Further, when n = 3, = 4, inequality (59) becomes
1 T@A+3) T@2+3) _T6+3)
r'(5) I'(3) I'(7)

X
v -
which on simplification gives

5 <11,

in which equality does not hold. This shows that inequality
(42) of Theorem 16 is not sharp.

Remark 18. Since (%)“ < A, where A is as defined in
Theorem 16, and by Lemma 14, the bound given by Theorem
16 is better than both the bounds given by Theorems 3 and
4 recently proved by Chanam et al. [8].

Remark 19. Using [p(rei®)| < M(p,r) in Theorem 16, we
have the following interesting result.
Corollary 20. If p(z) = ag + Za,,z”, 1<pu<nisa
polynomial of degree n having no zero in |z| < k, k > 0,
then for 0 <r < R <k and v > 0,

lp (R2)[ly <
n lag|—m

R
/r e
{M(p,t)

where T, is as defined in Theorem 16 and m = |nfllir}C [p(2)].

%T [M(p,r) +nx

© |au‘ k,u.+1tu 1_|_t,u

el (e 4 2

dt

—m} — m] , (60)

Remark 21. By the same argument of Remark 18, it is
evident that Corollary 20 yields a better bound than that of
the bounds given by Chanam et al. [7, Corollaries 3.5 and
3.10].

In addition, using inequality (23) of Lemma 9 in inequality
(60) of Corollary 20, we have the following L” version of
Theorem 1

Corollary 22. If p(z) = ag + Z ayz
v=u

polynomial of degree n having no zero in |z| < k, k > 0,
then for 0 <r < R <k and v > 0,

1< pu<mnisa

’ n
I (Rl < 27, x

R
exp n/
.

{M(p,r)

where T’ is as defined in Theorem 16 and m = |Hllirllﬁ |p(2)].
zl=

n_laul
n lag|—m

t,qul + k,qul + © ‘

kptlgp—1 4 gu
el (gt ien 4 g2nt)
(61)

—m}

Letting v — oo in inequality (61) we get inequality (13)
of Theorem 1.

Remark 23. Using Lemma 15 and considering limit as v —
o0, we see that inequality (61) of Corollary 22 reduces to
inequality (12) proved by Aziz and Shah [3].

Further, if we let 4 = 1 and » = 1 in Corollary 22,
we obtain an improved L7 version of inequality (10) due
to Bidkham and Dewan [5].

Also, when ¢t =1 = R = r in Corollary 22, it gives an
improvement of L7 inequality (8) due to Govil and Rahman

[13] of inequality (6) for ordinary derivative proved by Malik
[15].

In addition, if we use Lemma 15 forpy=1=R=1r =k,
then Corollary 20 gives an improved version in L7 setting
of inequality (4) due to Erdos and Lax [14].
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