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Finite Volume Scheme and Renormalized
Solutions for an Elliptic Operator with
Discontinuous Matrix Diffusion Coefficients

Arouna Ouédraogo and Wendlassida Basile Yaméogo,

Abstract—We are interested in this paper to show that the
approximate solution, by the finite volumes method, converges
to the renormalized solution of an elliptic oll)erator with discon-
tinuous matrix diffusion coefficients and L -data. By adapting
the strategy developed in the finite volume method, we show that
the approximate solution converges to the unique renormalized
solution.

Index Terms—Discontinuous matrix diffusion, L'-data,
Renormalized Solutions, Finite Volume schemes.

I. INTRODUCTION

E are interested here in the discretization of an
Welliptic operator with discontinuous matrix diffusion
coefficients, which may appear in real case problems such
as electrical or thermal transfer problems or, more generally,
diffusion problems in heterogeneous media. Let’s €2 be an
open bounded polygonal subset of R, d > 2, with boundary

012, and consider the problem
{ —div(AVu) + div(vu) +bu = f

u =0

in €,
(1)
on 0%,
with the following assumptions on the data (one denotes by
R the set of d x d matrices with real coefficients):

(Hy) A is a bounded measurable function from 2 to
R¥*? such that for any = € Q, A(x) is symmetric,
and that there exists o and § € R such that

af & < A(x)é-€ < Be-€ for any z € Q and any ¢ € RY,

(Hy) v e (LP(Q)% 2 <p < +ooifd=2p=d,if
d>3.

(H3) b e L*(Q) is a positive function.

(Hy) f e L'().

In the sequel, we use the notation Avw for the scalar product
of the vector Av by the vector w (which is often denoted by
fw - Av).

The main difficulties in dealing with the existence and the
uniqueness of a solution to problem (1) are due to the
discontinuous character of the matrix and the '-data.

The theory of renormalized solutions has been introduced in
[6] for Boltzmann equations and has been adapted in [13],
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[14] for elliptic problems with L'-data. It is well known that
the renormalized solutions are a convenient framework for
parabolic and elliptic equations with L'-data which provides
in general existence, stability and uniqueness results.
Concerning the discretization methods, several techniques
are developed in [9], [16] and [17]. The convergence of the
cell-centered finite volume scheme for equation (1) has been
studied in [10] when v = 0 and with measure data. In [9] the
authors consider a bounded piecewise continuous function
f with Non-homogeneous Dirichlet boundary conditions:
They prove that the solution of this scheme for equation (1)
converges to the unique variational solution v € H*(Q) of
(1).

In [12] the author studied problem (1) with Awu instead of
-div(AVu).

Recall that a renormalized solution of (1) is a measurable
function v defined from Q to R, such that u is finite a.e. in
Q and

Vk > 0,Ty(u) € Hy(Q), (2)
lim 1/ VT (u)Pdz =0 3)
k——+oo ]{: Q k R

Vh € CH(R), Ve € HE(Q) N L>®(Q),
/ AVTy (1) Vb h(w) dz
Q
+ /Q h'(u) AVTy(u) VT (u) 1 dz )
7/ wh(u) vV de — / wh'/(u) v Vudz
Q Q

+/Qbuh(u)¢da:z/sz¢h(u)fdx,

with T}, the truncate function at height k (see Figure 1
below).

b T ()
o

[ S
]

Fig. 1. The function T},

Since h has a compact support, each term of (4) is well
defined.
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The existence and the uniqueness of a renormalized solution
to (1) for L'- data is proved in [14] by F. Murat.

In the present paper, using the tools developed for finite
volume schemes, we adapt the strategy used to deal with the
existence of a renormalized solution for elliptic equations
with L'-data (see [4], [5], [13], [14], [15)).

The main originality in the present work is that we pass to
the limit in a “renormalized discrete version”, this is to say
that we take a discrete version of ph(u) as a test function in
the finite volume scheme. The first difficulty is to establish a
discrete version of the estimate on the energy (3). Moreover it
is worth noting that in (4) all the terms are truncated” while
a discrete version of ph(u) in the finite volume scheme leads
to some residual terms which are not truncated”.

The second difficulty is then to handle these residual terms.
The method developed in [12] allows us to deal with nonlin-
ear version of (1) in the sense that the solution of the discrete
scheme converges to the unique renormalized solution (see
Section 4).

The rest of the paper is organized as follows. In Section
2, we present the finite volume scheme and the properties
of the discrete gradient. In Section 3, we prove existence
and uniqueness of the solution to the schemes. Section 4
is devoted to prove several estimates, especially the discrete
equivalent to (4) which is crucial to pass to the limit in the
finite volume scheme. In Section 5, we prove the convergence
of the cell-centered finite volume scheme via a density
argument.

II. FINITE VOLUME SCHEME

As in [9], let us define the admissibility mesh in the
present work.

Definition 2.1: (Admissible meshes)

Let 2 be an open bounded polygonal subset of RY, d = 2
or 3. An admissible finite volume mesh of {2, denoted by T,
is given by a family of “control volumes”, which are open
polygonal convex subsets of €, a family of subsets of Q
contained in hyperplanes of R%, denoted by £ (these are the
edges (two-dimensional) or sides (three-dimensional) of the
control volumes), with strictly positive (d — 1)-dimensional
measure, and a family of points of {2 denoted by P satisfying
the following properties (in fact, we shall denote by 7 the
family of control volumes):

(i)  The closure of the union of all the control volumes
is Q.

(i) For any K € T, there exists a subset 7 (K) of

T denoted £(K) = {0 € &0 € JK}, such

that 0K = K \ K = Uycg(i)o for all K € T.

Furthermore, £ = Uge7E(K).

For any (K,L) € T2 with K # L, either the
(d — 1)-dimensional Lebesgue measure of K N L
is 0 or KNL = 7 for some o € &, which will
then be denoted by o = K/L.

(iii)

(iv) Forall K € T, xk is in the interior of K.

(v) Forany K € T, let Ag denote the mean value of
A on K, that is

1
A :—/Axda:.
KR A

There exists a family of points
P = (K )KeT such that 2 = Uyee(x) Dk .o,

where Dy, is a straight line perpendicular to
o with respect to the scalar product induced
by Ax' such that Dx, No = Dp, No #
if ¢ = K/L. Furthermore, if 0 = K/L, let
Yo = Drgos No(= DL, N o) and assume that
TK 75 xXy,.

(vi) For any o € &gy, let K be the control volume

such that 0 € £(K) and let Dk, be the straight

line going through zx and orthogonal to o with

respect to the scalar product induced by A}l; then,

there exists Yy, € Dg » No.

In the sequel, the following notations are used.

The mesh size is defined by: hy = sup diam(K).

K

For any K € 7 and ¢ € &, Weetienote by |K| the
d-dimensional Lebesgue measure of K (it is the area of
K in the two-dimensional case and the volume in the
three-dimensional case) and |o| the (d — 1)-dimensional
measure of o.
The unit normal to o € £(K) outward to K is denoted by
NK,o-
The set of interior (resp. boundary) edges is denoted by
Eint (resp. Eezt), that is Epy = {0 € &; o ¢ IN} (resp.
Eext ={0 €E&; 0 COOY).
The set of neighbours of K is denoted by N(K), that is
N(K)={LeT;30ce€é(K),c=KnNL}
For any K € T and 0 € &, we denote by dg , the
Euclidean distance between zx and o.
For any 0 € &, d, is defined by dy = dg,o + dp o, if
o= K/L € &;;,; (in which case d,, is the Euclidean distance
between x i and zy, ) and d, = dg.» , if 0 € ey N E(K).
For any o € &, the “transmissibility” through o is defined
byTa:I(%'ifdg#().

We will need discrete Sobolev inequalities (see Lemma
2.9), which depend on the constant ( appearing in the
following assumption.

3¢ such that VK € T, Vo € €k, dg.o > (ds.  (5)

In the continuous case the usual tools to solve the problem
are Poincaré and Sobolev inequalities. In the discrete case
we will need such estimates, so we have to establish their
discrete versions (see [4]).

Let us define the discrete WO1 ' norm.

Definition 2.2: (discrete VVO1 " norm ) Let © be an open
bounded polygonal subset of RY, d > 2, and let 7 be an
admissible mesh. Define X (7) as the set of functions from
Q to R which are constant over each control volume of the
mesh. For v € X(T) and ¢ € [1,400[, we define the
discrete W,"¢ norm by

Vg |4 U — L |4
lor W gr= X lolda| 2"+ 3 lolds| 2]
0€Eext 7 g€int 7
c€&(K) oc=K/L
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where vy, denotes the value taken by v on the control volume
K.

Definition 2.3: The set of measurable functions of LP(2)
which admit some small derivative up to p € N is denoted
by HP(Q) .

The sub-set vectorial space H”(2) of the functions at com-
pact support in € is denoted by H}(Q2) C HP(Q).

Definition 2.4: The set of measurable functions of LP(2)
whose all the derived are also in LY (Q) up to the total
derivation order of ¢ € N is denoted by WP (Q).

For 1 < p < 0o, a norm in W%P(Q) is

>

kitthg <q

kytethg

| ul ) ”LP(Q) .

[ u ”W‘LP(Q):

The sub-set vectorial space of W?P(§) consisting of the
functions at compact support in €2 is denoted WP (Q) C
WTP(Q).

Theorem 2.5: (of Rellich) [14] Let €2 be an open set of R
that we suppose boundary and with border regular enough.
Then, the injection H{(Q) < LP(f2) is compact.

Before writing the finite volume scheme, let us define a
discrete finite volume gradient (see [12])).

Definition 2.6: (Discrete finite volume gradient) For all
K € T and for all 0 € £(K), we define the volume D
as the cone of basis o and of opposite vertex xx. Then, we
define the “diamond-cell” D, by:

Dy =
Dy =

DK,U U DL,O‘
DK,O'

lfCT:K/L € Eint,
if 0 €&t NE(K).

do
For any vy € X(7,,) and notice that |D,| = o] ,

we define the discrete gradient Vv by: for all x in D,

Vo € Eipt,o0 = K/L,Vyu(z) = degivKnK,g,
Vo € Eune N E(K), Vrv(z) = d° e

Fig. 2. Example of control volume for the method of finite volume in
two dimensions of space

Proposition 2.7: (Discrete Poincaré inequality) Let 7 be
an admissible mesh and vy € X (7). Then, if 1 < g < 2,
I o7 llzogey< diam(©) || 7or 1,7

Proposition 2.8: (Discrete Sobolev inequality) Let 1 <
g < 2,7 be an admissible mesh and ¢ > 0 satisfying for
all K EdT and all 0 € £(K) , dx o > (d, , Then, with

q
A
exists C' > 0 only depending on (2, ¢, ¢*, ) such that, for all
v € X(T).we have || v7 ||Lax )< C || v [J1,4,7-

if g < dand gx < 00 if ¢ = d = 2, there

Lemma 2.9: (Weak convergence of the finite volume
gradient) Let (7,,)m>1 be a sequence of admissible meshes
such that there exists ¢ > 0 satisfying for all m > 1, for
all K € T and for all 0 € E(K) , dx,» > (d, , and such
that h7,, — 0 . Let vy, € X (7,,) and let us assume that
there exists C' > 0 such that || vy, ||1,7;, < C, and that vy,
converges in L'(Q) to v € H*(Q). then VT,,,vT, converges
to Vv weakly in L?(Q)%.

Let 7 be an admissible mesh, we can define the finite
volume discretization of (1). For K € T, we define

b = %/Kbdx, (6)
1
VKo = m /DU VK, AT @)
and
fio=g [ fdo ®)
(K| Jx

Let (uk)ke7 denote the discrete unknowns, which aim to
be approximations of the values u(xg), for all K € T.
In order to describe the scheme in the most general way,
one introduces some auxiliary unknowns, namely the fluxes
Fg o, forall K € T and 0 € £(K), and some (expected)
approximation of v in o, denoted by u,, for all ¢ € £. These
auxiliary unknowns are helpful to write the scheme, but
they can be eliminated locally so that the discrete equations
will only be written with respect to the primary unknowns
(ur)ker. The finite volume scheme for the numerical
approximation of the solution to Problem (1) is obtained by
integrating it over each control volume K, and approximating
the fluxes over each edge o of K. This yields for all K € T

Z Fr.o+ Z lo|vK .o U+ + | K|bik uk

ocE(K) o€E(K)
= |K|/k, )
with
o = if o > 0,
Vo = K/L € Eine, {“ + T UK T VKo = (10)
Uy + = Ur,, otherwise
and
o4+ = if o > 07
Yo € Eup N E(K), {“ T T K (1)
Ug,+ = 0, otherwise.

We denote by u, _ the downstream choice of u which is
such that {u, 4, us—} = {ug,ur} (with up, = 0if 0 €
Eext NE(K)).

Fk ., is an approximation of [ —Ax Vu(x) - nk - dy(z);

the approximation F ; is written with respect to the discrete
unknowns (ug)kxe7 and (uy)ses. For K € T and 0 €
E(K), let Ak, = |Ak Nk o|. A natural expression for F
is then

Uy — UK
Fgo=—lo|Ag,o———
dK,a
Writing the conservativity of the scheme, i.e. F, , = —Fg

if o = K/L C Q, yields the value of u,, with respect to
(UK )K €T

1 ()\Kﬁg
AK,o AL,o
dK,o + dr,o

A
U + Lo UL).

Uy =
dL70'

dK,U
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Hence the value of F ,;
FK’UZ—TU(UL—UK), lfO'ES(K), (12)
with uy, =0 if 0 € Epe N E(K), and

)\K,o )\L,O'

if o = K/L € &y,
‘O—| )\K,o dL,a + >\L,<7 dK,a ne / !
Te =
AK.o .
o] K, if 0 €&t NE(K).
dK,O’

Now we are led to give our main results.

Theorem 2.10: (Existence of a solution for the scheme
on (1)) Let 7 be an admissible mesh of 2. Then, there
exists a unique solution uy = (ug)Ke7 to (9)-(12).

Theorem 2.11: (Convergence of the solution for the
scheme on (1)) If (7,,)m>1 is a sequence of admissible
meshes such that there exists ¢ > 0 satisfying for all m > 1,
forall K € T and all 0 € £(K), di,, > &d,, and such
that hr,, — 0, then if ur, = (uk)ke7, is the solution
to (9)-(12), with 7 = T,,, ur, converges to u in the sense
that for all n > 0, T),(ur,,) converges weakly to T, (u) in
HJ(9Q), when wu is the unique renormalized solution of (1).

III. EXISTENCE AND UNIQUENESS OF THE SOLUTION
TO THE SCHEMES

Proof: (Proof of Theorem 2.10)
We intend here to prove Theorem 2.10 by means of linear
algebra tools. We set

Fko =To(ux —ur) + |0’|(U}t—7a ug — vy, up)vVo € E(K),

+

where s max(s,0) and s~ max(—s,0) are the
positive and negative parts of a real number s. The quantity
lo|(vi , uk — v ,ur) is a upwind discretization approx-

iming the convective flux [ wv -9k s, which stabilizes the

scheme (at the cost of thé introduction of an additional
numerical diffusion).
Defining B(s) = 1+ (—s)* = 1+ s, then, using the fact

that 7, = M, FK.o can be written as
o o
Fro = To (B( — UK,[,%) Ug — B(UK’U‘TJ) uL)

= % (B(—UK’(, do)urg — B(vk,s dg) uL) (13)
As in [4], we note that the function B satisfies the following:
B is Lipschitz-continuous on R, (14)
B(0)=1and B(s) >0 VseR, (15)
B(s) — B(—s)=—-s VseR. (16)

The scheme (9)-(12) leads to a linear system of equations

that can be written as
(A+ BD)U = F, (17)

where U = (ux)ker, B = (|K|bx)KeTs
F = (|K|fx)keT, D is the diagonal matrix whose diagonal

entries are Dy x = | K| and A is the square matrix of size
Card(T) x Card(T) with entries

|o|
A= Y ZB( —Vked,) YKET, (I8
cel(K)
AK_’L:—L;L'B(’UKJCZU)VKET,L GN(K), (19)
AL =0 VYK eT,VL¢NK). (20)

Theorem 2.10 is thus a logical consequence of the following
proposition.

Proposition 3.1: For all b € L?(Q) a nonnegative func-
tion, the diagonal coefficients of the matrix A, = A+ BD are
positive, the extra-diagonal coefficients of A; are nonpositive
and the sum of the coefficients in each column of A, is
positive. Therefore A; is an M-matrix and is invertible.

Proof: (Proof of Proposition 3.1) Due to (18)-(20)
and (15) we note that all of the diagonal entries of A are
strictly positive, whereas the extra-diagonal coefficients are
nonpositive. This is therefore also the case for Ay.
Moreover, since vy, = —vk, whenever o0 = K/L € &,
we have

AKJ(:* Z AL,K VK eT.
LeN(K)

2y

In other words, in each column the diagonal term is the

opposite of the sum of the extra-diagonal terms. This has

the following consequence:

the sum of the coefficients in the column K of A, is equal

to B|K|, and Proposition 3.1 is proved. |
The proof of Theorem 2.10 is then complete. ]

IV. ESTIMATIONS

In this section, we first establish in Proposition 4.1
an estimate on In(1 + |uy|) which is crucial to control
the measure of the set {|uy| > n} . Then, we show in
Proposition 4.3 an estimate on 7, (u) and the convergence
of T, (ur) to T,,(u). Finally, we prove in Proposition 4.4 a
discrete version of the decay of the energy.

Proposition 4.1: (see [12]) Let T be an admissible mesh.
If ur = (ug)KkeT is a solution to (9)-(12), then

p—2
(1 + furDIE 7 < 20/l @) +dQ 7 [oll7e @), 22)

where |v| denotes the Euclidean norm of v in R,
Let us state a corollary, which is used in the proof of the
estimate of Proposition 4.3.

Corollary 4.2: Let T be an admissible mesh.
If ur = (uk)ker is a solution to (9)-(12) and, for n > 0,
E, = {Jur| > n}, then there exists C > 0 only depending
n (2, v, f,d,p) such that

CA+Ifle )
(In(1 +n))?
The following proposition checks that our schemes satisfy

properties that are well known for the continuous equations,
namely, if b is positive then it is easy to obtain a priori

|Ey| < (23)
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estimates for the solution to (1) and the L?-norm of the
gradient of the solution to (1) is always controlled by the
L?-norm of the solution. Of course, the main difference
with respect to the continuous case is that, at the discrete
level, we have to make sure that these estimates do not
depend on the size of the mesh.

Proposition 4.3: (Estimation on T, (uy) ) Let T be an
admissible mesh. If uy = (ug)ger is a solution to (9)-
(12), then for all n € N*,

[T (ur)

Moreover, if (7,,)m>1 is a sequence of admissible meshes
such that there exists ¢ > 0 satisfying for all m < 1, for all
K €T and for all 0 € E(K) , dis = (d, , there exists a
measurable function w finite a.e. in €2 such that, up to a sub-
sequence T, (ur, ) converges to T),(u) weakly in H*(Q) ,
strongly in L?(9) and a.e. in €.

Proof: The proof is divided into two steps. In Step 1
we derive the estimate (24) on the truncate on uy . The step
2 is devoted to extract a Cauchy sub-sequences in measure.

(24)

2d|vll72 gy

Step 1: Estimation on 7,, (u7)
We multiply equation (9) by T}, (ux) and sum over K € T.
Due to the conservativity of the fluxes and to (13), gathering
by edges, we find that

Zﬂ(B(_UK,U da) UK _B(UK,U dg) uL) X
oceg 7
X (To(uk) = Tu(ur)) + > |K[brur T, (ux)
KeT
Z / T (ug)dz.  (25)
KeT

Since b is nonnegative and since rT,(r) > 0 Vr, we
notice that the second term in the left hand side of (25) is
nonnegative. Moreover, since 7, is bounded by n, we deduce
that

an”Ll(Q)-

> [ 7)o

KeT

Using (16), the first term of (25) can be rewritten as

> ?(B(—UK,U do) urc = B(vic .o do) ur) X

oeg ¢

X (Tn(uK) — Tn(uL))

= Z L;L' B(vk,o do)(ur —ur)(Tn(uk) — Tp(ur))

oeg 7

3 lof s use (Ta(use) — T )

oel
= Il + -[27
with
Z LU (VKo do)(uk — ur)(To(uk) — Ta(ur)),
=Y |0l vico ur (Tn(uxk) = Tu(ur)).

oce&

Therefore, we deduce from (25)

L <n|flloo — (26)
As in [7], I5 can be rewritten as
—Ir = Z |lol|vi.oltio+ (Tn(uo,—) — Th(te4))
e
As in [7], we define the subset A of edges by
A = {o0€&uUst 2 Up—,Us+ <0}
U{o € &g 4 < U —, Ug 4+ > 0} 27

and since 75, is non decreasing we have

Z o||v,oto,+(Tn(uo,—) — Tn(to+))-

océ

I, =
Notice that Vo € A, |us +| > n implies |u, —| > n. So, we
deduce that for all o € A,

Ug 4 (T (o, ) =T (te+)) = To(tig4)(Tn(uo,— ) =T (uo,+))-
It follows that

I, < Z ‘0'||UK,<7|ua,+Tn(uU,+)(Tn(uU,—) - Tn(u0,+))

occA
1
1 o 2
< nat ol (3 T o)~ Tufus1))?)
oeA 7
1 1 1 |0’|
< §n2d2 V1132 e + 5 > d—(Tn(uo—,_) — T (uo,4))?

UG.A

< ,nd 0720y + 5 Z Ty (ux) — Tnlur)).

UES

Since |T),(uk) — Ty (ur)| <
Lipschitz function), we have

|ug — ur| (because T, is 1-

1 1 1 |0'|
Ty < GnPd* |ulleepty D o

ocg 7

We deduce from (26) and the fact that B(s) > 1, Vs € R,

_ Z |0| UK — Uy, (Tn(UK) *Tn(uL))

UEE
1
<nlfllzr@) + §n2dHU”%2(Q)d'

Therefore, using again the fact that 7, is 1-Lipschitz, we can
write :

1

3 > (To(ux)
oef

which yields (24).

Applying Lemma 2.9 and the diagonal process, up to a

subsequence still denoted by 7,,, for any n > 1, there exists

vy in HY(Q) such that T}, (ur, ) — v, and Ty, (ut, ) — vy,

in the finite volume gradient sense.

2 1
—Ty(ur))” <nllflli@ + §n2d||v||2L2(sz)dv

Step 2: Up to a subsequence, v is a Cauchy sequence
in measure
In this step, we follow a proof of [5] to show that wur,,
converges a.e. to v . For all » > 0 and all sequences
(Tm)m>1 and (7p)p>1 of admissible meshes, we have

> n} C{lur, | >n}U{jur,| > n}
U T (ur,.) = Tulur,)| > n}.

{lur, —ur,|
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Let ¢ > 0 fixed. By (14), let n > 0 such that, for all
admissible meshes 7, and 7,

meas({|ur., | > n}) + meas({|ur,| > n}) < g

Once n is chosen, we deduce from Step 1 that T),(ur,, ) is
a Cauchy sequence in measure, thus

Vh,,, hr, < ho, meas({|Ty(ur,,) — Tn(ur,)| > n}) <

l\.’)\(“f)

Therefore, we deduce that

Vhr,, b1, < ho, meas({|uT,

m

—ur,| >n}) <e.

Hence (ur, ) is a Cauchy sequence in measure. Conse-
quently, up to a subsequence still indexed by 7,, , there
exists a measurable function v such that u7,, — u a.e. in
Q. Due to Corollary 4.2, u is finite a.e. in 2. Moreover from
convergences obtained in Step 1 we get that

T, (u) € HY(Q),Vr, Tn(ur) = VT, (u) in (L*(Q))%.

(28)

|

In the following proposition we prove a uniform estimate
on the truncated energy of us (see (29) below) which is
crucial to pass to the limit in the approximate problem.
We explicitly observe that (29) is the discrete version of
(3) which is imposed in the definition of the renormalized
solution for elliptic equation with L'-data. As in the
continuous case (29) is related to the regularity of f :
fe Ll(Q) and does not charge any zero-Lebesgue set. If
we replace div(vu), we also have to uniformly control the

/ vuVT, (u)dx which is stated in

. . 1
discrete version of —
n.Ja

(30).

Proposition 4.4: (Discrete estimate on the energy)
Let (7,,)m > 1 be a sequence of admissible meshes such
that there exists ¢ > 0 satisfying vm > 1,VK € T and
Vo € E(K),dk,s > Cdo.
If ur, = (uK)KeT, is a solution to (9)-(12), then

1 o]
nll}—ll}oc hl:nnimﬁ ZE; E(UK B UL) 8
X(Th(ug) — Th(ug)) =0 (29)
where u;, = 0 if o € £.,4, and
o1
i T LS o
X| (T (to,+) — Tn(us,—)| = 0. (30)

Proof: We first establish (29). Let 7 be an admissible
mesh and let u be a solution of (9)-(12). Multiplying each

Ty
equation of the scheme by ()

and gathering by edges lead to &

, summing on K € T

1
S o Bt o s — Borcr dg)ur)
n065 o
1
% (T,L(UK) — Tn(uL)) + E Z |K|bKUKTn(U:K)
KeT
= Z / T (ug)d (31)
KeT

Since b is non-negative and since 77T, (r) > 0 Vr , we get

1
KeT

(32)

Due to the definition of us we have

fZ/fT uKdm—/f

KeT

In view of the point-wise convergence of uy to u, we obtain
that T, (ur) converges to T),(u) a.e. and weak * as h — 0.

It follows that
/ f 7L

converges to 0 a.e. and

fﬂ

lim
hr—0 Q

T (u)

in L* weak, and since f belongs to L* (€2), the Lebesgue
dominated convergence theorem implies that

Since v is finite a.e. in Q2 ,

ngrfoo thHEoH / fTo(ug)dz = 0. (33)
Using (16), the first term of (31) can be rewritten as
72 ‘U| ’()K’Udo—)uK —B(’UK’J dg)’U,L) X
(765
X (Tn(uK) — Tn(uL))
1 o
= E ;5 % B(UK}U do’)(uK — uL)(Tn(uK) — Tn(uL))
+-— Z lo| v, u (T (ur) — Tnlur))
UEE
=T + 1z,
with
1 o]
T1 = ﬁ de(UKJ do—)(uK —uL)(Tn(uK)—Tn(uL)),
oeg 7
TQZ 7Z|U‘UKO"U’K (UK) Tn(uL))
o€l
Using the same arguments as in [12], we prove that
r2d||lv
<l 1 l HL2(Q
n 2
s S e ) (0 r0) ~ T, 9)
9 da K L n\UK n\WL))-

n
occ&(K)

Using the fact that B(s) > 1, Vs € R, we get from the
second term in the right hand side of (34)

% Z ‘;—| (ug —up)(Tn(ukx) — Tn(ur))
ses(K) 7

1
< ? Z EJB(UKJCZU)(UK—UL) X

" ce(K) 7
X(Tn(ug) — Tp(ur)).
From (34) and (35), we deduce that

(35)

2 2
1 rad|o]| 1

— 2§7ﬂ+7T1- (36)

n 2 2

Combining (32), (33) and (36) we deduce (29).

By the same manage as in [12], we prove (30). ]
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The following corollary is useful to pass to the limit in the
diffusion term.

Corollary 4.5: (see [12]) Let (T,,)m>1 be a sequence of
admissible meshes such that there exists & > 0 satisfying
forallm <1forall K € T and all 0 € E(K),dk,» > &do-
If ur, = (uk)KeT, is a solution to (9)-(12), then

. e o
lim lim Z u|uL| = 0. 37
n—+o0o h—0 ey dg
luk|<2n,
|ur >4n

V. CONVERGENCE RESULTS

We intend here to prove Theorem 2.11 that is the main
result of this paper.
Before proving Theorem 2.11, we recall the following
convergence result (see [12]) concerning the function (h,,)
defined, for any n > 1, by

0, if s < —2n;
S .
—+2, if —2n<s< —n,
n
ha(s) =4 1, if —n <s<n, (38)
—s )
— 42, ifn<s<2n,
n
0, if s > 2n.
hn(s)
1
—2n —n n 2n .

Fig. 3. The function h,

Lemma 5.1: Let (T,,)m>1 be a sequence of admissible
meshes such that there exists £ > 0 satisfying for all m > 1,
for all K € T and for all 0 € £(K), dx,, > &d,. Let
ur, € X(Tm) be a sequence of solution of (9)-(12). We

define the function h,, by

Vo = K/L € Ey,Vx € Dy, by (z) = 5 ,

then hy(ur,) — hn(u) in LY(Q), Vg € [2,+o0[ as
h,, — 0, where v is the limit of wr,, .

Proof: Proof of Theorem 2.11. Let p € CZ°(2) and
h, the function defined by (22). We denote by @7 the
function defined by o = p(zk) for all K € T. Multiplying
each equation of the scheme (9)-(12) by w(zk)hn(uK)
(which is a discrete version of the test function used in
the renormalized formulation), summing over the control
volumes and gathering by edges, we get T} + 1> + 715 =Ty

with

n = ZTJ(UK —ur)(p(rr)hn(ux) — p(xr)hn(ur)),
oce&

T, = Y lolbkotos(p@r)hn(ur) = o(@r)hn(ur)),
oce&

T3 = Z|K|bKUK90(xK)hn(UK)a
KeT

= Y [ et (o).
KeT 7K

As far as the term 7, is concerned, by the regularity
of ¢, we have ¢+ — ¢ uniformly on 2 when
hr — 0. We now pass to the limit as hy — 0. Since
hn(ur) = hy(u) ae and L™ weak *, o7 — @ uniformly,
|forhn(ur)| < Culf| € L*(R), the Lebesgue dominated
convergence theorem ensures that

T, = / forhn(ur)dz e / fohn(u)dz. (39)
Q T Q

In view of the definition of b7, and since b belongs to L'(Q),
br = (bi)KeT converges to b in L'(Q) as hy — 0. With
already used arguments we can assert that

T3 :/bTTQH(uT)QOThn(uT)dx
Q

—
hT—)O

bTo, (1) @ hy(u)dz. (40)
Q

We now study the convergence of the diffusion term. We
write

T = X ) (ol i) = )
= Ti1+Te

with

T = z;rahnm))(w—uL><eo<xK>—so<xL>),

Tiz = %ramm(w—w)(hn<uz<>—hn<uL>)-

In view of the definitions of h,, and 7, we get

|71 2

< L5 Lol o)k — ) (T ) = T ().
oeg 7

From (29), we deduce that

n—+o00 hy—0 '

(41)

As far as T ; is concerned, we observe that u g is truncated
while uy, is not truncated. To deal with 77 ; we write

Tin = > 7o hn(ug)(Ton(uk) —ur)(p(zx) — ¢(z1))

g€l
R 2 3
= Ty +T17, + 7175,
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T11,1 = Z To nurc) + i (ur) (Tun(ug) — Tun(ur)) x

2
x(p(rr) —@(rr)),

T2, = Tohn(ug)(Tan(ur) — up)(plzx) — o(zL)),
oef

TP, = Z To fon (1) ; n (1) (Tan(ur) — Tyn(ur)) x
oce€

X(p(zx) —p(xL)).

Since in Tll’l, ug and uy, are both truncated we can pass to
the limit in I as hp — O by writing

do
T11,1 = Z a7 (Tun(ug) — Tun(ur)) x
o€l

h(urc) + hn(ur) (p(rx) —p(rL))
o K ! L) lelrK - L

zjl +I27

with

S / ATV Tan(ur) - Vo7 (@) dy (@),

oef

— 3 o) ¢ o) (o) — o)

o€
X (Tun (ug) — Tun(ur))
(u +hn (u Tr) — oz
7; K) L) (¢l K)dg plzL)

1
><|D|/ATVTT4n(UT) “NK,ody(T).

By Lemma 5.1, fl\;(m—) — hp(u) in L) Vg € [2,+00],
while ArV7Ty,(ur) tends to AVTy,(ur) weakly in

(L*(92))2. Since ¢ belongs to CS°(£2) we conclude that
lim I; = / b (w) AVTyy, (u).Vda. (42)
h1+—0 Q

By the regularity of ¢ and due to hypothesis (H;), we see
that

2
(L] < B llllwr.ee ) A7 1 Tan(ur)lly 0 7 -

Therefore,
lim I =0.

h1T—0

(43)

We now turn to T12 1-

7240 < X ) 1T = sl tarc) = (o))

ce€
o]
Z d, jurl.

oge€
lur <2n|, |lur, >4n|

< 2[joll L (o)

We can deduce by Corollary 4.5 that

lim lim T2, =0. 44
n—l>r—iI-1C>o h;ril L1 ( )
Noticing that
||l oo Q) o
T3] < T( Z | |\ —up||Tn(uk) — Talur)l,

UEE

and using estimate (29), we deduce that

lim lim T3} 1 =0. (45)
n——+o00 h+—0
For the convection term we have
Ty =Y ojvk.otior (@K hn(ur) = o(xr)hn(ur))
oe€
= Z |ovK o to,+hin(to,+ ) (P(zK) — ¢(zL))
vz?,iSZO
+ Z |U‘UK,0UU,+§0(IL)(hn(urr,+) - hn(ua,—))
v;,igZU
- Z |oVK o Uo,+in(to,+)(p(zL) — 0(TK))
Vi e <0
- Z ovk oo, +9(@ k) (hn(te4) = hn(uo,-))
oce€
’UK,U<O
=151+ 1o —1Ts3,
with
Ton = Z |0|vK o Uo,+ hn (o4 ) (P(2K) — @(2L)),
c€eE
Trp = Z ook oo+ 9(@L) (An(Uo,+) — hn(tq,-)),
v;:,igZO
To3 = Z ‘U|UK,GUU,+S0($K)(hn(uU,Jr) — by (tg,))-
v;,ig<o
We prove that according to [12]
li lim —
B (T2 = Tas) = o
and
hm Toy = —/ Top (w)hy (u)v.Voda. 47
h1—0 Q

We are now in position to pass to the limit as h+ — 0 in
the scheme (9)-(12). Gathering equations from (39) to (47),
we can assert that

/ hn(u) AVu - Vpdz — / whp(u)v- Vodx
Q Q

—l—/{lbuhn(u)(pd:c—/gfgohn(u)da:

= lim T(n,¢), (48)

where lim |T'(n, )| < |[¢]|pe@)w(n) with w(n) — 0 as
h7+—0

n — +o0.

Let h € CYR) and ¥ € CH(Q) N Hy(Q). In view
of the regularity of T, (u)(see (2)) the function h(u)y
belongs to L>(2) N H}(2). By the density of C2°() in
L>=(Q) N Hy () (here any element of L>(2) N H} () can
be approached by a sequence of C2°(2) which is bounded
in L*>(£2)). So, taking ¢ = h(u)® in (48) and passing to
the limit as n — +oo, we deduce that

/AVuh(u) Vi/}dx—l—/AVquuh’(u) dx
Q Q
—/uh(u)v-vwdm—/uh’(u)wv-Vudx
Q Q

+ [ bubh(u)vder= | fih(u)de
Q Q
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which is Equality (4) in the definition of a renormalized
solution. It remains to prove that u satisfies the decay (3)
of the truncate energy.

Thanks to the discrete estimate on the energy (27) we get,

T~ >y o 7y ()

. _ 2 _
ngr-lr-loo hr—0n de Ton(ur)) 0
ogef
and
|U| . 2
(TQ'IL(UK) TZTL (UL))
oceg 7
To, —-T >
= 3 lold, (e et
o€ i
_ Z d|Do—| (TQ'rl(uK)d_ TQn(uL))Q
o€ a
1 TQn(uK) - TQn(uL) 2
oc€eE
1 2
= 8 ‘VTT%L(UT” d.]?,
hence, lim lim —/ |V Ton(ur)|?*dz = 0. Since
n—+o0o hr—0nN

VT, (ug) converges weakly in L?(Q)%, we also have

e

which leads to

lim l/|VT2n(u)|2dx:O.
Q

)2 dx < liminf —/ |V 7 Ton (ur)|?de,

hr—0 N

n—4+oco n

Since the renormalized solution w is unique, we conclude
that the whole sequence w7, converges to u in the sense

m

that for all n > 0, T,,(ut,,) converges weakly to T, (u) in
Hy(Q). |
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