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The Asymptotic Behaviors of Solutions for
Higher-order (mq, ms)—coupled Kirchhoff Models
with Nonlinear Strong Damping

Penghui Lv*, Guoguang Lin, and Xiaojun Lv

Abstract—The Kirchhoff model is derived from the vibration
problem of stretchable strings. In this paper, we focus on the
long-term dynamics of higher-order coupled Kirchhoff systems
with nonlinear strong damping. We first proved the existence
and uniqueness of their solutions in different spaces through
prior estimation and the Faedo-Galerkin method. Subsequently,
we proved their family of global attractors using the com-
pactness theorem. In this way, we systematically proposed the
definition and proof process of the family of global attractors,
thus enriching the related conclusions of higher-order coupled
Kirchhoff models and laying a theoretical foundation for future
practical applications.

Index Terms—Higher-Order Coupled Kirchhoff Models, non-
linear strong damping, global well-posedness, global attractor
family.

I. INTRODUCTION

N this study, we consider the dynamic behaviors of the
following higher-order coupled Kirchhoff models in a
bounded smooth domain 2 C R™:

gy + Ni([V™ 0] ?) (= A) ™ up+
M(|[V™ul]? + [V™20[?) (=A)™u + g1 (u, v)
= fl(l'), 1)
v + No([[V720]2) (= A) ™20, +
M(|[V™ull? + [V™20[?) (=A) ™20 + ga(u, v)
= fa(z),

under the following boundary conditions:

U(l’):O, g::: :Oai:17"'7m1_17m1 >1a
o) =0, =0,j=1,-my—1,my>1; (2

and the following initial conditions:

u(z,0) = up(x), us(z,0) = u1(x), v(z,0) = vo(x),
v(2,0) = v1(x), 2 € Q, 3)

where A is the Laplace operator, N1, Ny, M7, and M, are
scalar functions specified later, g; and g- are the given source
terms, and f; and f, are the given functions.
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(1) is a set of generalized higher-order quasi-linear wave
equations. The proposed equation in this paper originated
from the stretchable string vibration problem established by
Kirchhoff in 1883:

2u Eh [* ou
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where 0 < = < L,t > 0,u = wu(z,t) is the lateral
displacement at space coordinate x and time coordinate t,
E represents the Young’s modulus, p represents the mass
density, h represents the cross-sectional area, L represents
the length, and p, represents the axial tension of the accident.
In recent decades, the long-term behaviors of Kirchhoff
equations in various forms have attracted much academic

attention, and abundant research results have been produced
(1-8]

0%u

For instance, Chueshov [ studied the well-posedness and
long-term dynamic behaviors of the following Kirchhoff
equation with a nonlinear strong damping term:

wi + o (| Vul®) Ay — 6(|Vul)Au + f(u) = hx). (S)

Moreover, Lin, Lv, and Lou [2! studied the global dynamics

of the following generalized nonlinear Kirchhoff-Boussinesq
equations with strong damping:

wgr + aug — BAuy + A%u = div(g(|Vul*) Vu) +
Ah(u) + f(x). (6)

This paper proved that the semi-group conformed to the
squeezing property of the system and demonstrated the exis-
tence of an exponential attractor. Then, the spectral interval
theory proved that the system had an inertial manifold.

Ghisi and Gobbino ?! studied the existence of global and
local solutions to the following Kirchhoff model with strong
damping:

e (8) + 20 A%uy () + M(|AY?u(t)[?) Au(t) = 0. @)
Nakao [ proved the initial-boundary value problem of

a quasi-linear Kirchhoff-type wave equation with standard
dissipation wuy:

wre — (14 [[Vu(®)[13) Au + up + g, u) = f(2).(8)

With the advance of research, scholars began to focus
on the dynamics of higher-order Kirchhoff equations. Ye
and Tao [9) studied the initial-boundary value problem of
the following higher-order Kirchhoff-type equation with a
nonlinear dissipation term:

ugy 4+ ®(||D™ul|?)(=A)"u + alug| T % uy, =
blu|""2u. )
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Lin and Zhu [ studied the initial-boundary value
problems of the following nonlinear nonlocal higher-order
Kirchhoft-type equations:

uge + M| D™ ) (=A)"u+ B(=A)"u +
9(x,u) = f(z).

In this study, they demonstrated the existence and unique-
ness of the solutions and proved the existence of a global
attractor family using the compact method, thus obtaining
the finite Hausdorff and Fractal dimensions.

Originating from physics, system coupling measures the
dependence of two entities on each other. With suitable
conditions or parameters, a connected system can be coupled,
and its potential energy can enable the generation of new
functions by combining the structural functions of different
systems. As mathematical equations derived from physic-
s, the Kirchhoff model is naturally considered a coupled
system, and Scholars gradually considered the dynamics
of coupled Kirchhoff equations. For example, Wang and
Zhang "] studied the long-term dynamics of coupled beam
equations with strong damping under nonlinear boundary
conditions. Lin and Zhang % studied the initial-boundary
value problem of the following Kirchhoff coupling group
with a source term and strong damping:

ug — BAuy — M([|Vul® + [|Vo]|*) Aut
g1(u,v) = fi(z),
Vit — BA’Ut — M(HVU||2 + ||V’U||2)A'U+
g2(u,v) = fa(x).
The finite Hausdorff dimension of the global attractor was
obtained in a previous work 2],

In recent years, Lin et al. 135! focused on the dynamics
of higher-order coupled Kirchhoff equations and obtained a
series of ideal results.

At present, few studies focus on the higher-order coupled
Kirchhoff problems, and higher-order (mg,ms)—coupled
Kirchhoff models with nonlinear strong damping have not
been studied. The main difficulties lie in the estimation
and processing of the harmonic term and the nonlinear
damping term. In addition, the nonlinear damping also
brings challenges when proving the uniqueness. Therefore,
under reasonable assumptions, this paper overcame these
difficulties by using Holder’s inequality, Young’s inequality,
Poincare inequality, and Gagliardo-Nirenberg inequality, thus
obtaining the global solution and the global attractor family.
This study could refine the definition and existence theorem
of the global attractor family. The conclusions could fill the
gap of the global attractor family for higher-order coupled
models (regardless of whether m; is equal to msg) and lay
the foundation for subsequent engineering applications.

The rest of this paper is organized as follows. Section
IT provides the fundamentals for this work, and states the
main results. Section III proves the main results. Finally, the
Summary and Prospect are presented in Section IV.

(10)

(1)

II. PREPARATORY KNOWLEDGE AND STATEMENT OF
MAIN RESULTS

In this section, we introduce some assumptions that we
will use, and give main results.

In this paper, || - || and (-,-) denote the norm and the
inner product in H = L2(Q). Let H} = D((—A)z) be

the scale of the Hilbert space generated by the Laplacian
with Dirichlet boundary condition on H and endowed

with standard inner product and norm, respectively,
1 1

(o )ag = (A2 (=A)2) and || - [l = [(=4)% - .
The main goal here is to study the well-posedness and
long-term dynamics of problems (1) to (3) under the
following set of assumptions:

(A1).M(s) is a continuous function on interval [0, +00),
M(s) € C'(R"), and

1)M'(s) >0,

2)M(0) = My > 0.

(A2). For any u,v € H, let

J(u,v) = [5[G1(u,v) + G2(u,v)]dz,

where G1(u,v) = [} g1(s,v)ds, Ga(u,v) = [ g2(u, s)ds,
then for any p > 0, there exists C, > 0,C), > O,C’L >0
that

Gi(u,v) + Gao(u,v) — CiJ(u,v) + p(|[V™ul® +
Ivm=0]2) > —C,.

J(u,v) + p([V™ul|? +[[V720]2) > ~Cj.
(A3).g;(u,v)(j = 1,2) € C*(R), and

|95 (u, v)| < Co(1 + [ulP7 + [v]%);

g7ty 0)] < Co(1+ fulp = + o]

1970, v)] < Ca(1+ ulP + [o]—1).

Specifically, when n = 1,2, 1 < p;(g;); when 3 < n < 2m,
1 < pi(g;) < 725 when 2m < n, 1 < p;(q;) < 7455,
where m = min{my, ma}.

(A4).Nj(s;) > Njo and Njo(j = 1,2) are positive
constants, and p > 0. Thus, M(sy + s2) — pN1(s1) —
pNQ(SQ) > 0.

Then, the research phase space of this study is obtained:

Vo =H,V, = H*(Q) N H}(Q),
Xoxo = Vin, (2) x H(Q) x Vi, x H(R),
Xy xky = Ving by () X Vi, () X Vingiky, X Vi (Q),
kir=0,1,2,--- my, ke =0,1,2,--- Mo,

and the norms of the corresponding spaces are as follows:

H(uayh’l}?yQ)”%(le,Q = ||Vm]+klu||2 + ||Vk1y1H2 +
(Al S (A a7

Meanwhile, the general form of the Poincare inequality is:
M| V7ul]? < || V™ u||?, where \; is the first eigenvalue of
—A with a homogeneous Dirichlet boundary on 2. In this
paper, C; is a constant, and C(-) is a constant depending on
the parameters in parentheses.
Now, we state the main results of this paper.

Theorem 1. Assume that assumptions (A1) — (A4) hold,
if f1 € Vk17f2 S sz and initial data (UO,ul,Uo,Ul) €
X}glxkz,k‘l = 0,1,2,---,m1,ko = 0,1,2,---,mo, then
problems (1) to (3) admit a unique solution (u,v) satisfying

u € L*(0,00; Vin, 1k )3

ug € L*(0,00; H) N L2(0,T; Vi, );
v € L>(0,00; Viny 4, );

vy € L>=(0,00; H) N L2(0,T; Vi,).

Theorem 2. Assume that assumptions (A1) — (A4) hold,
if f1 € Viu,,f2 € V,,, and initial data (ug,u1,vo,v1) €
X, xmsy» then, problems (1) to (3) have a global attractor
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family A in Xgxo:

A = {Aklxk’Q}aAklku = w(Bk1><k2,0) -

ﬂTZO UtZ‘r S(t)Bth?z,Ov
kl = 1,2,"',777,1,]’{2 = 1727"'7m23

where  Bi,xk,0 = {(wu,v,0) € Xk xks
I, ue, 0,005, L, = IV a2+ [[VEw]? +
[V7ethal? 4 [[VEu |2 < C(Ro) + C(Riyuk,)} are
bounded absorbing sets in X0, Bk, xk,,0 are compact in
Xox0> Akyxks C Xoxo-

(1) S(t)Aklxkg = Aklka (fOI' all ¢ > O),

(2) Ak, xk, attract all bounded sets in Xgxo,
for all By, xx, C Xoxo are bounded sets in Xy, and

ie.,

dist(S(t)Bry xks» Akyxks) =

sup _inf [[S(0)x — yllx,, - Ot = 00),

TEBk, xky YEAR, x ko

where {S(t)}:>0 is the solution semi-group generated by
problems (1) to (3).

III. MAIN STEPS OF RESULTS

In this section, we present the proof process to the ex-
istence and uniqueness of the solutions and the family of
global attractors to problem (1)-(3).

Let € > 0 be small enough and A" Nyg — 2 — 4e — 2¢2 >
0,)\71712]\[20 —2—4e — 282 Z 0.

Lemma 1.'6] Let y : Rt — R* be an absolutely continuous
positive function on [0, +00), which satisfies the following
differential inequality for some & > 0:

y(t) +20y(t) < g(t)y(t) + K,t >0,

dt
where K > 0, and @ > 0 if ¢t > s > 0 so that fstg(T)dT <
d(t — s) + a. Then,

K a
y(t) < ey(0)e™ + ==t > 0.
Lemma 2.1'9 Let X be a Banach space, and the continuous
operator semi-group {S(¢)}>0 satisfies the following:
(1) semi-group {S(¢)}+>0 is uniformly bounded in X, i.e.,
for all Ry > 0, there exists a positive constant Cy(Ry) that
when ||ul|x < Ro,
[S(t)ullx < Co(Ro), (for all ¢ € [0, +00));

(2) there exists a bounded absorbing set By in X, and for
any bounded set B C X, there exists a moment t; that

S(t)B C Bo(t > to);

(3) if t > 0, and S(¢) is a fully continuous operator,
then semi-group {S(¢)}:>0 has a global attractor A in X,

and
N Usws

T>0t>T

—OJBO

Lemma 3. Assume that assumptions (A1) — (A44) hold, if
f; € H(j = 1,2) and initial data (uo, u1,v0,v1) € Xoxo,
then for Ry > 0, there exist positive constants C'(Ry) and to

so that when ¢ > to, (u,y1,v,y2) determined by problems
(1) to (3) satisfies
1w, y1,v, 92) 1% = IV ull? + [l ]f* +

[V™20]12 + ||ly2]|* < C(Ro), (12)

where y; = u; + cu, yo = vy + €.
Proof: Multiplying the first equation of (1) by y; in H and
the second one by y» in H, we have

1d

) 2 V™ 1u||®+]| V™20
a2 + 1w / M(r)dr
il o

+2J (u,v)] + eM (V™ ul]? + [|[V™20]]?) -

V™ ul® + 1V 0)1?) — e(llyall® + lly2l1?) +

e ((u, 1) + (v, 42)) + N (V™ ul*) V™41 ||* +
No(|[V™20%)[ V2|1 —

eN1 (V™ ul*) (V™ yy, V™M) —
eN([|V720]) (V2 y, V20) 4 £(g1 (u,v), u) +
e(g2(u,v),v) = (f1,y1) + (f2, y2)- (13)

By Holder’s inequality, Young’s inequality, Poincare inequal-
ity, etc., we have

_5(||y1||2 +l1all?) +*((u,

(—e— *)(Ilylllr“ +ly2?) —
2
(—e— 5)(Ilylll2 +ly2*) = *A_"“ V™ ull® —

) (UaQQ))Z
f(ﬂunuuvn )>

2

2

62 —m m 2

SAT Vo, (14)

N (V™ ulP) V™ gl + Na ([ V™2 0]|2) [ V22
—eNL (V™ ul?) (V™ gy, V) —
eN2([[V20[2) (V™2y2, V™20) >

1 m m 1 m
SNV ulP) V™ ] + S Na([V720])

2
9
IV7292* = 5 N (V™ ul?) V™ ul|* —

5 Mo (V™20 [V720]* = SAT N (V™ ul ) -

2

1 m m
||yl||2+*A *No (V20 ly:* —

2

—N1(||vm1u|| DNV ul® = S Na([V™20]|?) -
IIV’"QUIIQ, (15)
(fro91) + (f2,52) < [ Allllyall + [ 2l lly2ll <
L2+ il + 21802 + L1112

Inserting the above estimates into (13), we have

1d
2dt

+2J (u, v)]

) 2 (V™ u]|2 4[| V202
[l 12 + oz / M(r)dr
0

1 m
AT N (19l ) -

1 g2 2, Lim, ma |12 2
(5—6—5)||y1|| +§)\1 No([V™20]")ly2ll” -
1 e? 2

(5—6—5)”?42”

eM (V™ ul* + [V 20l 2) (V™ ul] + [V"20]|?)

82 2 52 2
SNl + AT IVl
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52 mo 2 52 —ma mo 2
(G N2([V™20]]%) + S AT IIV™20]” < =
E(.gl(u7 U)’ u) - 5(92(ua U),U) +

1 2 1 2

AN+ A1

According to (A1),

a7)

eM (V™ + V™20 2) (V™ ul? + [V 20][?)
e [IVTulPHIvVT 2o

> 7/ M(r)dr +
4 Jo

3e m m

2 MV ) ? 4 [VEe?) -

(V™ + [[V™20]?), (18)

and according to (A4s),
—e(g1(u,v),u) — e(g2(u,v),v) < —eCJ(u,v) +
ep(IV™ |l + [V™20[?) + eC.. (19)

Inserting (18) and (19) into (17), we have

d ) i ”v'rnlu|‘2+‘|v'rrt,2vll2
Lol el + M(r)ar
0

+2J (u,v)] + A N (V™ l?) = 1 = 22 — &)y ||
HA N2 ([V720]|2) = 1 = 26 — &%)l +
9

V™ a2+ V™2 0|
3 / M (7)dr + 2eC1J (u,v) +
0

3e m m
(T MV Yl 4 [[V20)?) = 2ep -

ENL (V™ ul?) — A ™) [Vl +

3e m m
(5 MV Ll 4 [[V™20])) — 2ep —
2 No(|[V™20?) — 2A7™2) [ V™2 0|* <
2eC, + | 1117 + |1 2. (20)
m u 2 m v 2
Let Hy (t) = [[ys |2+ [lya 2+ )Y PV 0 a7y dr 4

2J(u,v) and o1 = min{\]" Njg — 1 — 26 — €2, A]"* Nyg —
1—2—¢e?, 5,eC1}, we can infer from (20) that

S HL(1) + o Hy (1) < 2:0, + | ] + 127 @D
According to Gronwall’s inequality, we have

H(t) < Hy(0)eort + 22Cut sl

o1

(22)
and
Hy(t) 2 yal® + llell® + Mo([|V™ ] + [ V™20]|)
+2J(u,0) 2 [y + lly2ll* + == (V™ ull* +
IV™20]1?) = 2C7, > Cs(llyall* + llya|* +

=

|97l + [9™20]) - 20,

My
5 (

(23)

according to (A;)(Az), where = Mo Oy = min{1, 2o},
then,

(w1, v, 92) 1500 = V™ ull® + lya|l* + V7201
(Hqy(t) +2C)) <
cs =
Hy(0)e™ 7t 4 2C, N 2¢Cy + LA + 1 f21?
Cs 01Cs ’

Hy2|? <

(24)

ie.,
/
T 2 ‘
T s, o) < G2+
2:C ’ :
eCu + LAlIF + 1l f2]l — Ry (25)

01Cs

Therefore, there exist positive constants C'(Ry) and ¢y that
when ¢ > tg,

(s 91,0, 92) [ 3000 = IVl + [y |1 + (V7202

+y2)1* < C(Ro). (26)
Thus, Lemma 3 is proved.
Lemma 4. Assume that assumptions (A1) — (A44) hold, if
fl € Vkl?f? S szakl = 1727"'7m1a k2 = ]-727"'»m27
and initial data (ug,u1,v0,v1) € Xp,xk,- Then, for
Ry, xky, > 0, there exist positive constants C'(Ry, x,) and
tiy ke that when ¢ > ti, iy, (U,y1,v,y2) determined by
problems (1)-(3) satisfies

||(uaylvv7y2)||§(klxk2 = ||le+klu||2 + ||Vk1y1H2 +
[V they |2 4 [[VF2y |1 < C(Riyxka)s 27)
where y; = u; + cu, yo = v + €.
Proof: Multiplying the first equation of (1) by (—A)*1y,,

ki =1,2,---,m; in H and the second one by (—A)*2y,,
ko =1,2,--- ,mo in H and then integrating over €2, we have
1d

5 Vool + 1V we* +

M(|[V™ | +[[V™20]?) -

(Vv Fu|? 4 |[vmetheg|2)] +
eM(||V™u|? 4 [|V™20]f?) -

(V™ Ful? 4 [[vmethap|?) —
e(IVEr g ]f® + [[VF2g|?) +

2((VFu, VFiyy) + (VF20, VF2y,)) +
Ny (V™ P[0 Ry |2 +
No([[V™20]|?)[[V72FF2 5|12 —
eN(|[V™ | 2) (VR Wity —
Ny (|[V720]|2) (V72 H 2y, V2 Hh2g) 4
(91 (u,0), (=2)" 1) + (g2(u, v), (~A)*y,)
[T s+ [Tt

2
d
MUVl + [[V720]?) +
(f1, (=A)"y1) + (f2, (—A)*2y2). (28)
According to Holder’s inequality, Young’s inequality,

Poincare inequality, etc., we have

—e(IVR|? + V™20 ]?) + 2((VEru, V1) +

2
3
(VE0, VEya)) > (—e = ) (IVF0 | +

2
1952422) = S (195 ul + [9420]?) >
g? )
(=2 = US| + V42 ]) -
52)\*7711 mi+ki, |12 e —ma mao+ka, (|2
SNV R = ATV, (29)

Ni (V™ ulP) [V g |2 +

Volume 53, Issue 2: June 2023



TAENG International Journal of Applied Mathematics, 53:2, IJAM_53 2 12

Na([[ V™ 20]?) ||ty |2
eNL([V™ul[?) (W Ry, vty
eNa(|[V20]|2) (V2 thay,, Ve thay)

1
> SN[Vl )9y +
1

5 Mo IV 20]?) [V P2y —

2
3
SN[V -

2
9
= Na(|[Vm20]?) |22,

5 (30)
(g1(u,v), (=) 1) + (g2(u, v), (=A)*2yz) <
g1 (w, 0) [V 1y || + [|g2(u, 0)|[[|[ V2 ys || <

N10 himm
N 10
k2 —mo

N20

(f1, (=2 1) + (fo, (—A)F2y) <
IV AV + V52 )l V52| <

1 1
SITE g + SV +

— vy )2 g (e, )% +

N
vy, |2 4 g2 (u, v)||?, 31)

1 1
SIVR AP+ 51V f)1% (32)

/|g1uv|da:<

/ |Co(1+ [ufP* + |v]™)Pda <
Q

and

191 (u,v)

Co [ (141l +[of)do <
Q
2 2
Cr(1+ ullZ + o]32),

2 2
llg2(u, v)II* < Cs (1 + lullzps + [lv]l2g)

(33)

according to (Ajs). Furthermore, based on the Gagliardo-
Nirenberg inequality, we can conclude that

mip;—n(p;—1)

Jul2 < Cos [ V™)~

2pJ ||UH my ,
2q n(q;—1) 2moq;—n(q;—1)
||v||2qj_ < Choj||[ V20| "7z o —

Thus, we have

191 (u, ) |2 + llg2(u, v)[|* < C(Ro). (34)
Inserting (30) to (32) and (34) into (28), we have
1d
S [IVR 2 + [ 9F2al +
M([[V™ [ + [[V™20]f?) -
(I o 4 [+ 2)] +
AN (||[V™u]|?) — Nig) A" — 2 — 4e — 2¢2
( 1(” || ) 110) 1 ||Vk1y1||2
+(2N2(||Vm2v|\2) — Nog)AT"? — 2 — 4e — 2¢2
4

V522 + (M (V™ ul* + ([ V"20]|) —

e 2 e ki, 112
SN al?) = SAT [T+
(EM (V™ ul]® +[|[V"20]?) —

e 2 e _ ko, 112
SN([90]2) = AT [V <

[VmtErul|? + ||Vmethey|®

2
d m mo
=MVl +[[V™20]?)

o IVE A +
SIT5 I 4+ C(Ro, ) <

(7™ R + [ 0mH2o2).
MV ul? + [90]?)

(V™u, V™M) + (V™20, V20,)) +
SITH 2 4 SV Rl C(Ro, M) <
Co(lIV ]| 4 V™)

1
(o™l 4+ [0 H0]2) 4 294 ]+

1
§||V’“2f2||2 + C(Ro, \1). (35)

Let H(f) = Vo> + VP22 + M([V™ul® +

IIV’"%II Y[Vl 4 IIV"”*’”UU) and 0y =
N10 2—4e— 26 >\1 N20 2—4e—2¢
2 ’ 2

S H2(t) + oo Ha(t) < Cro(|[ V™ wel| + V™20, ) Ha(t)
+||V’“1f1H2+ Hvk2f2||2+C(R0,>\1). (36)

Taking the scalar product of (1) in H with u;, v¢, we have

min{ A , 5}, we have

14 IVl V20
o Ml el + [ M(rydr +
0

2J(u,v) — 2(f1,u) — 2(f2,v)] +
Ni([IV™ ul?) [ V™ ||+

No ([ V™20l [V ™20, ||* = 37

and integrating (37) in dt on (0, ¢) derives

/ (9™ ()2 + 9720, () [2)dr <

mm{NmNm}/ (N (V™1 () IV ™ e ()] +
No([[V™20(7)[|) [ V™20 (1) | *)dr <

2 2
min{N1o7N20}(HUI” el +

V"™ L ul|?+[[ V™2 vo |2
/ M(T)dr +
0

2J (ug,v0) — 2(f1,u0) — 2(f2,v0)) < C11. (38)
Then,
t
010/ (V™ ur ()| + (V™20 (7)]))dT <
(;2 (t—s)+a (39)

for t > s > 0 and some a > 0. Together with (36), (39) and
Lemma 1, we can obtain that

Hy(t) < CiaHy(0)e™ 2t + Cys. (40)

According to (A;), we have
Hy(t) 2 |V y]* + [V 2g]* +
M([V™ul® + [V 20]?) -
([VmeHha? 4 [ vmetrey|?) >
Cra([[V* || + V2> +

[T B2 [ ), @
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then,
s g1, 0,92) %y, o, = IV5 0017+ [ V2012 +
[Vmathr||? 4 [tk |2 <
_g2
012H2(0)él42 bt 0137 42)
i.e.,
T [[(u,0,0,92) 1%,y S Reasks: (43)

Therefore, there exist positive constants C(Rg, xk,) and
iy xk, that when ¢ > ¢, xk,, (U, 71,0, y2) satisfies

||(uaylvv7y2)||§(k1><k2 = ||Vk‘1yl||2 + ||vk2y2H2 +
[V |2 4[|V < C(R, xky)s

k/’]_:172,"'7m17k2:1,27"',7’712. (44)

Thus, Lemma 4 is proved.
Proof of Theorem 1: According to previous findings ' and
the Faedo-Galerkin method, problems (1) to (3) have global
solutions combining with Lemma 3 and Lemma 4.
Let u!,v' and u2,v? be two solutions of problems (1) to
(3) corresponding to the same initial data, respectively, w =
ul —u?, 2z = v! — 02 Then, (w, z) solves

wee + 5012(t)(— D)™ we + %‘I’lz(t)(—ﬂ)mlwr

Gy (ut,u?, vt v?t) =0,

2o+ Losa(t) (— A)m2zt " 1@12(75)( Aymazy @D
Go(ut,u?, vt v%t) =0,
WhGI’CO’lg—Ul() oa(t), (1312() P, ()—|—<I>2() () =
Ni([[V™al]]?), @;(t) = M([|[V™ul|? + ||Vm2@z|| )i =
1,2, 034 = 03(t) +04(t), oj(t) = No(|[V207 ), j = 3,4,
Gl(ul,u%%v t) = 2{[01() o2 ()] (—A)™ (uf +Uf)+
[@1(t) — Do ()] (—A)™ (! +u?)} + g1 (u1, v1) — g1 (uz, v2),
Ga(u', u?, vt 0?5 t) = ${[os(t) —ou(t)]|(=A)™ (v} +0v7) +
[ () — Do (t)](—A)™ (UI+U2)}+92 (u1,v1) — g2(uz, va).

According to Lemma 3, oj, < C(Ro)(|V™ui| +
IVm2|]), o4y < C(Ro)(IV™20b ][ + [V7202]).

Taking the scalar product of (45) in H with wy, 2, we can
obtain that

1d m m
2dt[||wt||2+|\2t||2+ @o (IV™w|? + [ V722]?)]
1 1
LoV w4 oV +
(G (ut,u?, vt v t), wy) +
(Go(u',u?, vt v%;t), 2) = 0. (46)
According to Lemma 3 and (Al), M, < M <

C(Ro, Hy (0)) = M. When & ([ V™24 V™2 2]]%) > 0,
$y = 2My; otherwise g = 2M.

Let (Gl(ul,u2,v1,v2;t)7wt) = G11 + G2 + Gi13 and
(Go(ut,u?, v, v2;t), 24) = Ga1 + Gag + Gas, we have

Gu = %(Ul(t) = o)) (V™ (ug + uf), V™ wy) <

C(R)([V™ | + 9™ )V ] |97 e
< ZR Vil +

2C(R0
0120

G2 =

(V™ |2 + V™ g P)IV™wl?, @)

5(‘?1(75) = Oa(1)) (V™ (! +u?), V™) <

C(Ro)(IV™ wll + [IV™2 2DV we|

0120

—— V™ w|? +
C(R
M(\lvmlww o)), 48)
0120
Gz = (g1(u1,v1) — g1(u2, v2), wy) <
C(Ro)(lwell® + V™ w]* + V™2 2]|%), (49)

1

Gor = 2 (03(0) — 04D (V7 (0} +10), V"2 2) <
CR)(IV™ ol | + [V™02])) -

mao mao g mo
[0 21972 2] < T2 g ¢

2C(R m ma,, mo
20WR) (\gmay |2 1 [V 22V, (50)
0340

Gao = %(@1@) = Dy(t))(V™2 (0! +07), V™22) <

C(Ro)(IV™ w] + [ V™2 2]) |V 2|
< T30 gmaz |12 4+

20(Ro) 1 om .

20WR) (1 gma 2 4 w22, 51)
0340

Gas = (g2(u1,v1) — g2(u2,v2), 2¢) <

CRo) ([l + V™ w]® 4 [722]2), (52)

where g120 — 2N10, 0340 — 2N20.
Inserting (46) to (52) into (45), we have

1d ,
sl + izl + 280 - (177w + [9722]%)

< Cra(L+ V™2 |7 + V™07 ]?) -

1
120 (V™ wl||* + [ V™22]%)].(53)

Solving this differential inequality yields

[llwell? + llz]l* +

1
ol + =l + 30 - (190”4 [ 9722]%)] <
1
ol + 124l + 20 - (19 + 7722 )]
t
exp( / Cas(1+ V720l |2 + [V |2)ds).  (54)
0

Thus, the uniqueness of the solution is proved.
Therefore, problems (1) to (3) possess a unique solution w, v.
Theorem 1 is proved.

According to Theorem 1, we define a nonlinear oper-
ator {S(t)}1>0 on space Xoxo : S(t)(uo,ur,vo,v1) =
(u,ug, v,vy), for all t > 0. Theorem 1 shows that {S(¢)}i>0
compose a continuous semi-group in Xy . Before proving
the family of global attractors, we first give their definition.
Definition 1. Let X, be a Banach space and {S(¢)}:>0 be
a continuous operator semi-group, if there exists a compact
set A, xk, satisfying
(i) Invariance: all Ay, «x, are invariant sets under the action
of semi-group {S(¢)}+>0,

S(t) Ak sy = Aky iy s V> 0;

(ii) Attractiveness: all Ay, xr, attract all bounded sets in X,
i.e., for any bounded B C X,

dist(S(t)B, Ak, xk,) =

sup inf ||S(t)z —y|lx, — 0, = oo.

2E€B YEAK] x ko
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In particular, when ¢ — oo, all trajectories S(t)ug from wug
converge to Ag, xky» 1-€.

dist(S(t)uo, Ak, xks) — 0,8 — 0.

Then, compact set Ay is the global attractors of semi-
group {S(t)}i>0. Let A = {Ag,xx, C Xo @ k1 =
1,2,-+-,my,ky = 1,2,--- ,mo} be a subset family in X,
A is the global attractor family in X.
Proof of Theorem 2: According to Lemma 3, for all Ry >
0, ||(UO, ui, Vo, vl)llXoxo < Ro. ThU.S,

1S (t) (uo, w1, vo, v1) I, o = Ilull¥s,, + Iluell¥, +
I, + oy, < C(Ro),

indicating that {S(¢)}+>0 are uniformly bounded in X¢xo;

further, Bklxkg,o = {(u,ut,v,vt) S XlekQ :
(e v, 0, = IV™F Rl 4+ VR +
[Vmth? 4 [V < C(Ro) + C(Biyx,)} are
bounded absorbing sets of semi-group {S(¢)}:;>0 in Xoxo;

because Xp, xk, —+— Xoxo are compactly embedding, i.e.,
the bounded sets in Xj, xx, are compact sets in Xgxo,
solution semi-group {.S() }+>0 is a fully continuous operator.
To sum up, we obtained the global attractor family A =
{Ak, xk, } of solution semi-group {S(t)};>0 in Xoxo, and

Aky ks = W(Bryxk0) = [ | U Bk, xks 0,
T>0t>T
Aklxkg C X0><07k1 = 1527"'am17k2 = 1527"'am2'

Theorem 2 is proved.

Note 1 Lemma 4 and Theorem 2 show that bounded
absorbing sets By, xk,.0 = {(u,u,v,v) € Xiyxky ©
lw,ue, v, )%, = IV + [ VR +
[Vmathag]2 4[R2 < C(Ro) + C(Riyxi)} are
compact bounded absorbing sets in Xgxg. Therefore,
based on condition 3 in Lemma 2, the operator semi-
group {S(t)}:>0 only needs to be a continuous operator.
According to Theorem 1, semi-group {S(t)}:>0 is already
a continuous semi-group. Thus, the global attractor family
A = {Ag, xk, } of problems (1) to (3) in Xyxo can also be
obtained.

IV. SUMMARY AND PROSPECT

In this paper, we studied higher-order coupled Kirchhoff
systems with nonlinear strong damping. For the first time, we
systematically defined the global attractor family of problems
(1) to (3) and proved its existence. The findings enriched
the related conclusions of higher-order coupled Kirchhoff
models and laid a theoretical foundation for future practical
applications.

Despite the defined and proven global attractor family of
the higher-order coupled Kirchhoff system, many questions
concerning such models still require further investigation.

1. The higher-order coupled Kirchhoff system in this paper
is autonomous, while the relatively complex non-autonomous
coupled Kirchhoff systems have not been studied. Thus, it is
very meaningful to study the asymptotic behaviors of such
systems;

2. This paper mainly studies the global attractor family
of dynamic systems, while many other properties are not

explored, such as the dimension estimation, the exponential
attractor family, and the inertial manifold family. The scarce
relevant theoretical results warrant further research efforts.
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