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Solution of the Volterra Integral Equation in
Orthogonal Partial Ordered Metric Spaces

Senthil Kumar Prakasam, Arul Joseph Gnanaprakasam™

Abstract—In this paper, we introduce a new concept of
an orthogonal partial order metric space. We also establish
some new fixed point theorems for an orthogonal rational
type contraction mapping in orthogonal partial ordered metric
space. Moreover, some examples and applications are provided
to exhibit the utility of these obtained results.

Index Terms—Partially ordered metric space, orthogonal
rational contractions, orthogonal Singh and Chatterjee contrac-
tion, fixed point.

I. INTRODUCTION

HERE are several uses for Banach’s contraction prin-

ciple in fixed point and approximation theory. It has
a significant impact on a wide range of mathematical is-
sues, both theoretical and applied. Technical expansions and
generalizations to the Banach contraction principle can be
found in [ [1], [2]], [3], [4]], among other places. Nearly every
discipline of practical mathematics uses iteration algorithms
to prove convergence and estimate error processes, often by
applying Banach’s fixed point theorem. Using fixed points
of mappings in ordered metric spaces to solve nonlinear
equations has recently become quite popular in several areas
of mathematical analysis. Wolk [5] and Monjardet [6] were
the first to produce results in this direction in partially
ordered sets.

Fixed points for specific mappings in partially ordered
metric spaces were examined by Ran and Reurings [7],
and their results were then applied to matrix equations as
a result of their work. After that Nieto et al. [8] expand the
non-descending map results for periodic boundary conditions
(see [9], [10]). In 2008, Agarwal et al. [11] discussed the
generalized contractions in partially ordered metric spaces
results. Some of these generalization of fixed point and
common fixed point results improvement for single and
multi-valued operators in a variety of ordered spaces can
be found in ( [12], [13], [[14], (15[, [16] [17]). Paiwan
[20] initiated SP-type extra-gradient iterative methods for
finding fixed point problem. In 2021, Phannipa Worapun
and Atid Kangtunyakarn [21] finding fixed point by using an
approximation method. The solution of non-linear equations
in a higher order iterative scheme method was introduced by
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Waikhom et al. [22]. In 2022, Karim Ivaz et al. [23]] proved
the Hilfer fractional Volterra-Fredholm Integro differential
equation.

Gordji et al. [24] initiated an orthogonality notion in metric
spaces. The fixed point results in generalized orthogonal
metric space and various metric spaces were proved by many
researchers (see [25], [26], [27], 28], [29], [30[, [31] , [32],
133D).

In this paper, we prove some fixed point results of a
mapping satisfying nonlinear orthogonal rational type con-
traction conditions in the context of a orthogonal complete
partially ordered metric spaces. However, our results are
suitably validated by constructive examples. Moreover, we
investigate for existence and uniqueness of solution for a
Volterra integral type equation.

II. PRELIMINARIES

Following are some definitions that appeared frequently
throughout our results; we begin this section with them.

In 2004, partial ordered set concept was introduced by Ran
and Reurings [7] as follows:

Definition 1. /7] A (K, 9, <) is said to be partially ordered
metric spaces, if (K, X) is a partially ordered set in addition
to (K, 0) is a metric space.

In 2004, Ran and Reurings [7] developed the concept of
a complete metric space as follows:

Definition 2. [7] If (K, ) is a complete metric space, then
triplet (K, 0, =) is said to be complete partially ordered
metric spaces.

Arshad et al. [17] introduced the concept of an ordered
complete as follows:

Definition 3. [I7] Let (K,0,=) be a partially ordered
metric spaces is said to be ordered complete, if for every con-
vergent sequence {vq}5° C K, the following circumstance
exists:

D) if {va} € K be a non-descending sequence such that
Vg =V = vq XV, for all v € N that is,
v =sup{va},
(or)

2) if {va} is a non-increasing sequence in K such that
Vg >V = Vg XV, for all v € N that is,
v =inf{y,}.

In 1975, Wolk [5] develop the concept of converges as

follows:

Definition 4. [5] Let (K, 0, X) be a partially ordered metric
spaces. And {v,} be any sequence in K is said to be
convergent to a point v € K if, for every ¢ > 0 there
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exists ag € N such that O(vq,v) < € for all a > ag. The
convergence is also represented as

lim vy =v or vy - v as,a — oo.
a—o0

Gordji [24] proposed an orthogonal sets and generalized
Banach fixed point theorems in 2017.

Definition 5. [24|] Let K be a non-void and 1 C K x K be
a binary relation. If 1 fulfill the below axiom:

FweK:VveKvdy) or VveK, v,
then (K, ) be an orthogonal set (Oy).

The following orthogonal sequence definition was intro-
duced by Gordji et al. [24] which will be utilized in this

paper.

Definition 6. /24| Let (K, ) be an O. A sequence {vq }aen
is called an orthogonal sequence (Oseq) if

VaeK, vgdvgrr) or VaeK, vopr dvg).

Again, the concepts of orthogonal continuous also intro-
duced by Gordji et al. [24].

Definition 7. [24] Ler (K,04) be an orthogonal metric
space. Then a map Z: K — K is called orthogonally
continuous (Ocon) in v € K if for each Ogeq {va} € K
with 04(vq,v) — 0, we get 04(Zvq,Zv) — 0 as a — oo.

Gordji et al. [24] introduced the concept of an orthogonal
complete as follows:

Definition 8. [24)] Ler (K, -, 0) be an orthogonal set with
the metric 0. Then K says that an orthogonal complete if
for each orthogonal Cauchy sequence is convergent.

Definition 9. [24] Let (K, ,0) be an orthogonal metric
space and 0 < A < 1. Amap Z : K — K is said to be
an orthogonal contraction (Ocontr) with Lipschitz constant
Nif, Vv,ue K withv -y,

A(Zv, Zp) < A0(v, ).

Finally, the following orthogonal preserving concepts in-
troduced by Gordji et al. [24]] is of importance in this paper.

Definition 10. [24] Let (K, ,04) be an orthogonal metric
space. Amap Z : K — K is said to be orthogonal-preserving
(Oy) if Zv - Zy, whenever v = pu.

In our main result, inspired by the notions of an rational
type contraction mapping, Singh and Chatterjee contraction
mapping defined Rao [19], we introduce a new orthogonal
rational type contraction mapping, new orthogonal Singh and
Chatterjee contraction and prove some fixed point theorems
for these contraction mappings in orthogonal complete par-
tially ordered metric spaces.

III. MAIN RESULTS

Now, we generalize and improve our fixed point theorems
from Rao [[19] by introducing the concept of an orthogonal
rational type contraction mapping in orthogonal complete
partially ordered metric spaces.

Theorem 1. Letr (K,H,04) be an orthogonal complete
partially ordered metric spaces. A function Z : K — K
be an O, and Ocop, s0 that, ¥V v, € K with v p,

84 (ZV7 Z/J') <
RO (v, 1) + S[04(v, Zv)

+04(v, Zp)]

04 (v,2v) 04 (v,Zp) +04 (1, Zv) 04 (1, 2p)
T G e FAF0

0, fA=0,

6]

where
A=04(u,Zv) + 04(v,Zp),

and there exists R, S, p € [0,1) such that 0 < R+2F+p <
1.

If 3 vy € K such that vy = Zvy, then Z has a unique
fixed point in K.

Proof: Since (K, ) is an Oy, there exists
veK:VrveK, viy) (o) (V veK, vy dv).
It follows that
v = Zy (or) Zvg 1 1.

Let vy = Zv, for all a € NU {0}. If vy = vq41 for any
a € NU {0}, then it is clear that v, is a fixed point of Z.

Assume that

Vas1 % Va YV a€NU{O}.

Since Z is O,, we have
Var1 g (0r) Vg = ver1 V a € NU{0}.

This implies that {v4} is an Oge.

As v, and v4y; are comparable for a > 1, we get the
below cases:
Case 1:If

A= a—|(”a717 ZVa) + a-((”uv Zyafl) # 07
then from contraction condition (I)), we have
64(Va+17 Vu) = 64(21/(1; ZVa—l)
< §R84(V01>Va*1)
+ 3[04 (Va, Zvq) + 04 (Va, Zrg—1)]
04(Va, Zv4)04(Va, ZVa—1)
04(Va—1,ZVq) + 04(Va, ZVq—1)

O0+(Va—1,2Zv4)0+(Va—1,2ZVq—1)
8%(”11—1) ZVa) + 84(1/(1) ZVa—l) ’

+ g

which implies
84(Va+17 Va) < RO4(Va, Va—1) + S04(Vas Vat1)

6%(1/01; Va+1)a4(Va7 Va)
04(Va—1,Vat1) + 04(Va, Va)

0+(Va—1,Va+1)04(Va—1,Va) 1

t+e

+

04(Va—1,Vat1) + 0+4(Va, va)
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Finally, we get

R+ p\o
04(Va+1,va) < (1 g) 94(v1,vo).

R
PutD = (%) € [0,1). Moreover, by triangular inequal-
-9
ity for n > a, we have

84(Vm Vu) < 64(1/11’ Vn—l) + 84(Vn—1a Vn—2)
+ ...+ 64(Va+17 Va)

a

<

9 ;
1-D (v, v0)

asn,a — +00, 04(Vn,vq) = 0. So, {v,} is a Cauchy O g
in orthogonal complete metric space K. Hence there exists
v € K such that

lim v, =v.
a—-+o00

Further, the O, of Z implies that

Zo = Z( lim ya)
a——+oo

= lim Zvy,
a——+oo

= lim v
a——+4o00 a+1
= U7

hence v is a fixed point of Z € F.
Case 2 : If

A= 04(Va—1,2ZVq) + 0+4(Va, ZVa—1) = 0,
then
94(Va+1,va) =0,

from (I) = V4 = V41, a contradiction as the O, points
are comparable.

Thus 3 v of Z. Next, we demonstrate its uniqueness. Let
v9 € K be a fixed point of Z. So, we have Z°v* = v* and

Z%v; =v;, VaeN.
By an orthogonality definition, there is v; € K so that
[v1 Hv* and vy V5]
or [v* vy and vi 4 14].
Since Z is O,, one can write
[Z%v1 4 Z%v™ and Z%vy - Z°0V])]
or [Z%v* 4Z%4 and Z%5 4 Z%14], V aeN.
Therefore, by Definition [T we have
04V, v3) = 04(2%7,Z2%3)
= 04(Z°},Z2%n) + 04(2%11, 2°03)
< 04(vy, 1) + 04(11,v3).
Taking limit as a — oo, we get
04(vy,v3) =0,

and so v} = v3. [ |
Relaxing Z in Theorem [I] continuity condition yields the
following theorem.

Theorem 2. Let (K,H,04) be an orthogonal complete
partially ordered metric spaces. Assume that K satisfies if a
increasing O geq

{va} = v € K, then v = sup{v,}. (2)

Let Z : K — K be an Oy and O,,, monotone increasing
function holds the contraction condition |I} If 3 1y € K
with vy < Zuvy, then Z has a unique fixed point.

Proof: We check the following condition only v = Zv.
Using Theorem we get a increasing Ogeq, {va} € K such
that vy — v € K. Thus,

UZSUP{”CI}? v a207

by @). Since Z is a increasing mapping, then Zv, =
Zv, YV a € N, equivalently, vqa41 = Zv, ¥V a € N. Further,

vo <wvy <Zb and v =sup{v4},

we get v < Zv.

Assume that v < Zv. Proceeding like this way at proof of
Theorem for vy < vy, we have a increasing Og.q {Z%0} €
K such that Z°0 — u € K.

Again using @), we get that w = sup{Z*v}. Moreover,

from vy = v, we obtain that
Ve =Z2%9 <Z% V a>1 and vy <Z%, V a>1

because vy <0 <Zvb XZ%, V a> 1

As vy and Z%v are clearly different for a > 1, assume the
below cases.
Case A : Assume that

04(2%0, Zvg) + 04(vq, Z2°To) # 0,
then from contraction condition (), we have
04(Vay1,Z% 1 0) = 04(2Zvy, Z(Z2%0))
< RO4(Va, 2°0) + (05 (Va, Var1) + 0-4(v, 2% 0)]

04(Va, Var1)04(va, 2% 1o)
84(2“0, Va+1) + 84(1/&7 Zu-‘rln)

+ g

04(2%0,vq11)04(2%, 2+ 1p)
D1(Z79, var1) + O (va, 2°F10) |

On letting a — oo in the above equation, we get
O4(o,u) < (R+ F)04(b,u).

As R+ S < 1, we obtain 04(v,u) = 0, thus v = u
Farticularly, v = u = sup{Z®v} and consequently, Zv < v,
which contradicts that Zv < v.

Hence, we have Zv = v.
Case B : If

04(Z%,Zvg) + 04(Vq, 2% o) = 0,
then
(‘L(uaJrh Za+10) =0.

Letting a — oo, we obtain that 04(v,u) = 0. Then
v = u = sup{Z°v}, which implies that Zvo < v, this is
contradiction. Therefore, Zv = v.
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Next, we demonstrate its uniqueness. Let vo € K be a
fixed point of Z. So, we obtain

Z°v* =v* and Z°v; =vy, VaeN.
By the definition of orthogonality, there is v, € K so that

[ Hv* and vy 4 v3]

or [v* dvy and vy 4 v].
Since Z is Oy, we can write

(2% 14 2% and 2%, 1 2%V
or [Z2%v* 4 2% and Z°v; - Z%14],
vV aeN.

Therefore, by Definition |I| we have

04(v7,v3) = 04(2°%7,2%3)
= 04(Z%},Z2%n) + 04(2%11, 2°3)

< 04(vy,v1) + 04(11,v3).
Taking limit as a — oo, we get
d4(v1, 1) =0,
and so v{ = vj. ]

Now, we show that Theorems [I] and [2] do not ensure fixed
point uniqueness.

Example 1. Let [(1,0),(0,1)] = K C R? with 04. We
consider an orthogonal partial order U € K as below:

U: (o,u) <(q,t) < v<qandu<rtwith v-qand
u-e, Yuv, q,¢v € K. Define the binary relation + on K
byvApifv,u>0.Let Z: K — K by Z(v, u) = (v, 1) be
a Oy, and Ocop,. Then Z has a fixed points in K.

Proof: Given Z : K — K be an Oy It is clearly
(K, ,04) is a orthogonal complete partially ordered metric
spaces. Besides, the identity mapping Z(v,u) = (v, ) is
trivially O, and holds the contraction condition.

94(2(v,u),2(q,t)) < RI4((v,u), (4, v))
< RO5((0,u), (4,v)) + S[04((0, 1), Z(0, 1))
+04((0,u),2(q, v))]
4(<Dau ) (U u))(rh( o, u >Z( ’t))
((9,%), 2(0, 1)) + 04((0, 1), 2(q, 1))

04
4((q’t) (Dvu )84((q,t)72( ’t))
( )a ( ,u))+8_|((n,u), (qv ))

Voo 4 uforany R,3,p€[0,1) with0 < R+2F+p < 1.
K only compares to itself.

Moreover; (1,0) < Z(1,0). Theorem|I| criteria is met, and
Z has (1,0) and (0,1) are the fixed points. |

0
7]

Example 2. Let us consider in Example |l| and a increas-
ing Oseq {(Va,tta)} € K converging to (v,p). Then
necessarily, {(Va, pa)} is a constant Ogeq and (vq, pa) =
(v,p), V aeN

As a result, the upper bound for all terms in the O4eq is
given by the limit (v, iv). Theorem 2| hypotheses are fulfilled,
and the fixed points of Z in K are (1, 0) and (0, 1).

Now, we give a hypotheses that is enough to show that
the fixed point in Theorem [1| and Theorem [2| are unique.

Every pair of elements has a lower bound or an upper bound.

3)

In [8], it is proved that the condition is equivalent to for
each v, € K, 3 ¢ € K which is comparable to v and p.

Example 3. Prove that the space C[0,1] = {v : [0,1] — R,
Ocon } and define binary relation Hon K by v 4 pifv,u > 0
with the orthogonal partially ordered metric spaces given
byv <pu < v(3) < u(), for 3 €[0,1], and the metric
given by

04(v, ) = sup{|u(3)7u(3)| HF IS [07 1]}7 Vuv,pe [071]

holds @). Moreover, as for v,u € [0,1], the function is
O, and max(v,u)(3) = max{v(3),1(3)} is Ocon. Also
(C[0,1],) holds ().

IV. RESULTS FOR AN ORTHOGONAL SINGH AND
CHATTERJEE CONTRACTIONS

The almost Singh and Chatterjee contractions introduced
by Singh et. al. [18], we extend this into an orthogonal
concept as follows.

Definition 11. Let (K,,04) be an orthogonal partially
ordered metric spaces. A mapping Z : K — K is said to
be an orthogonal almost Singh and Chatterjee contractions,
if there exist £,1,7 € [0,1) with0 < {+21+)7<1land A >0
such that

04(v, Zv) + 04 (1, Zp)
84(% /1')

+ 04(p, Zv)] + y04(v, 1)

+ Amin{d4(v, Zu), 04(u, Zv), 04(v, Zv)},

“)

o(zvzp) < ¢ ) + 0, 20)

Sor all distinct v, € K with v < p and v = p.

Now, we generalize and improve our fixed point theorem
from Rao [[19]] by introducing the concept of an orthogonal
Singh and Chatterjee contractions mapping in orthogonal
complete partially ordered metric spaces.

Theorem 3. Suppose that (K, ,04) be a orthogonal com-
plete partially ordered metric spaces. Let Z : K — K be an
orthogonal almost Singh and Chatterjee contractions and, Z
is non-decreasing Op, and Ocopn. If 3 vy € K such that
vy < Zuvy, then Z has a unique fixed point in K.
Proof: Since (K,) is an Os, 3 19 € K :

K, vdw)or(V veK, yydv)

It follows that vy 4 Zvy or Zvy - vyp.

Let vy = Zv, for all a € NU{0}. If vy = vqq1 for any
a € NU{0}, then it is clear that v, is a fixed point of Z.

Assume that vo11 # vq ¥V a € NU{0}. Since Z is O,, we
have

VY ve

Vat1 Vg O Vg = V441, ¥V a € NU{0}.
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Since Z is Oy, {vq} is an Oy

04 (Vay1,Va) = 0+4(ZVq, Zvq_1)
< (cx(ua,z%) +a4<ua_1,2ua_1)>

04(Va, Va—1)
+1[04(Va, ZVa—1) + O4(Va—1, Zvq)]
+ 904(Va, Va—1)
+ Amin{04(Va, ZV4), O4(Va—1, ZV4), O4(Va, ZV4) }-
Which implies that

1+

m)aﬁ(%v Va—l)
1+

= (m)234<”“*1’”“*2)

64(Va+17 Vu) S (

N

+ a
S <1i€]—z> a—!(Vla VO)-

Therefore, by the triangular inequality for 1 > v, we have

aﬁ(”aa Vn) = 84(Va7 Va+1) + 84(Va+17 l/a+2)
+ o + 04(vn—1,Vn)
S (Ea _|_§a+1 —+ ... —i—s"*l)&(uo, Zl/())

where 5 = ( € [0,1). Letting limit as n,a — +00

1—40—1
in the above equation, we get 04(vq,vn) = 0. Thus, {vq}
is a Cauchy Ogq in K. Since K is a orthogonal complete
partially ordered metric spaces, then 3 v € K such that

lim v, = v. From the O, of Z, we get
a—+o0o

VAY :Z( lim Va)

a—-+oo

= lim Zvy,
a—+oo

= lim p = .
a——+oo a+l

Hence, v is a fixed point of Z € K.

Next, we demonstrate its uniqueness. Let Vs € K be a fixed
point of Z. So, we obtain Z°v* = v* and Z%°v; = v;, YV a €
N. By the definition of orthogonality, there is v1 € K so that

1 Av* and vy v

or [v* 4wy and vy H14].
Since Z is Oy, we can write
[Z%vy A Z%" and 2% 1 205
or [2°v* 4Z%4 and Z°v3 4Z2%11], ¥V a €N.
Therefore, by Definition [I| we have
04(vi,v3) = 04(Z2%v1,2%73)
= 04(Z%},Z2%n) + 04(2%11, 2%3)
< 04(vi, 1) + 04(1, v3).
Taking limit as a — oo, we get
O4(v1,13) =0,

and so v{ = v;5. Hence Z has a unique fixed point. ]

We prove the existence of a monotone sequence holds for
contraction condition

Theorem 4. Let (K,H,04) be an orthogonal complete
partially ordered metric spaces. Assume that K satisfies if a
increasing Ogeq {va} — v €K, then

®)

Let Z : Z — Z be a O, and Oy, monotone increasing
function holds the condition {@). If there exists vy € K with
vy < Zug, then Z has a unique fixed point in K.

Proof: The demonstration supports the Theorem[2] ™

v = sup{vq}.

Now, we provide the example for Theorem [3]

Example 4. Let {(2,0),(0,2)} = K C R? with 0. Define
the binary relation 4 on K by v 4 p if v, u > 0. We assume
an orthogonal partial order in K as below:

(v, 1) < (2, p2) <= v1 < vy and i < po,
V vy dpr and vo A ps.
Thus, (K, -, 04) is a orthogonal complete partially ordered

metric spaces. The function Z(v,p) = (v,p) is an Ocon,
non-decreasing and the contraction condition

04(Z(v1, 1), Z(v2, p2)) < 904((v1, 1), (v2, p12))
< 6(34((’/1,#1)»Z(Vlaﬂl))&((%m),Z(Vzvﬂz)))
- O04((v1, 1), (v2, p2))
+2[04((v1, 1), Z(v2, pi2))
+ 04((v2, p2), Z(v1, )] + 904((v1, pa), (v2, p2))
-|—/\min{a_|((V1,,u1),Z(l/27ﬂ2)),84((1/27ﬂ2)72(1/1,p,1))7
O4(v1, 1), Z(v1, 1)}, Vo A o,

holds for any £,1,7 € [0,1) with 0 < ¢+ 21+ 3 < 1 and
for any X\ > 0. Clearly K is an O, and O op,.
K elements are solely similar to themselves. Moreover,
(0,2) < Z(0,2). Here all the axioms of Theorem 3| are hold,
(2, 0) and (0, 2) are the fixed points of Z.

In 1988 Singh and Chatterjee [1f] introduced the concept
of Singh and Chatterjee contractions. We modified that
contraction as below:

Definition 12. Let (K,,04) be an orthogonal partially
ordered metric spaces. A self-mapping Z on K is said to
be an orthogonal Singh and Chatterjee contractions, if
3 l1,7€1[0,1) with 0 < £+ 21+ 3 <1 such that

oo (M)

+ 7/[8%(1/7 ZM) + 84 (/1'7 Zl/)] + ]84(7/7 /1’>7 (6)
for all distinct v,u € K withv - pu and v < p.

Corollary 1. Let (K,-,04) be an orthogonal partially
ordered metric spaces. A self-mapping Z on K be a orthog-
onal Singh and Chatterjee contractions, non-decreasing and
Ocon. If 3 vy € K such that vy < Zvy, then Z has a unique
fixed point in K.

Proof: Set A\ = 0 in Theorem [ |

If vy9 > Zvyg, in Theorem [3] then we obtain the following
result:
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Theorem 5. Let (K, ,04) be an orthogonal partially or-
dered metric spaces. Assume that either Z is O, or K
is such that if a decreasing Ogeq {va} — v € K, then
v = inf{v,}. Let Z : K — K be a O, and monotone
increasing function holds the contraction @) (or) (0). If
d vy € K with vy > Zuy, then Z has a unique fixed point in

K.
Proof: The proof follows a similar pattern to prior
Theorem 3| with the exception of a few minor differences.
|

Theorem 6. Ler (K,H,04) be an orthogonal partially
ordered metric spaces. Suppose that Z : K — K be an
orthogonal almost Singh and Chatterjee contractions and
increasing. Also, suppose 3 vy € K such that vy < Zuy.
If the function Z9 is Oy, for some non-negative integer q,
then Z has a unique fixed point in K.

Proof: Based on the proof of Theorem [3] we construct
a increasing O,y {vs} € K such that v, — vy, for some
v1 € K. Also, its subsequences vq, (as = £q) converges to
the same point v.
Therefore,

29 = Zq( lim  vg,

a—-+o0 )

= lim vp
a
a——+oo e+l

= .

Thus, v is a fixed point of Z9.
Next, we prove v, is a fixed point of Z. Let n be the small
non-negative integer such that Z"v; = ; and
Z°r # v (s=1,2,...,n—1). If n > 1, then
8_1(ZV1, 1/1) = 84(21/1, an/l)
< Z(6_1(1/1, ZI/l) + 64(2“711/1, ZnV1)>
- 0+(v1, 2" 1uy)
+ 2[64 (1/17 an/l) + 84(Zn_1V1, ZVl)]
+ 904(v1, 2% 11y)
+ Amin{d4(v1,Z"), aﬁ(Z"_luh Zvy),
04(r1,2m1)},

which implies that
1+

04(Zvr,11) < (m)cx(m,z"*lul).
Again from contraction condition (@), we have
04(v1, Z"_ll/l) = 04(2"1, Z"_ll/l)

- 6(84(2“*%1, Z"v1) + 04(Z" vy, Z“*lz/l))

- 04(Z" 1wy, 27 21y)
+2[04(Z" vy, 27 )
4+ 04(2" vy, 2% + 904(2" iy, 27 20)
+ Amin{04(Z" vy, Z"1), 04(Z2" vy, 20 ),

04(2" %1, Z"0), 04(2" vy, 201 ).

Inductively, we get
84(V1, Zn_ll/l) = 84(Znyl, Zn_lyl)
< 584(2"_517 Zn_le)
< v S 5“7184(1/1, lel),

where s = €10,1).
(3

Therefore,
04(Zv1,v1) < 5"0+(Zvy, 1)
< 84(ZV1, 1/1)7

this is contradiction. Hence, Zv; = v;.

Next, we prove uniqueness. Let 1o € K be a fixed point
of Z. So, we get Z%* = v* and Z%5 = v3, Va € N.
According to the notion of orthogonality, there is v; € K so
that

[y 4v* and vy 4 13]
or [v*Hvq and vi H 1]
Since Z is O,, we can write
[Z%v1 4 Z%" and Z%vy H Z%0])
or [Z%v* 4 Z%4 and Z%v; 4 Z%14],
vV aeN.
Therefore, because of Definition |1} we get
04(v7,v5) = D(2°07, 2°05)
= 04(Z%Y,Z2%n) + 04(2%11, Z2%3)
S 84(Vik71/1) + 8%(”17”5)'
Taking limit as a — oo, we get
o4(vy, V;) =0,

and so ] = v;. Hence Z has a unique fixed point. ]

V. PARTIAL ORDERED APPLICATION

Here, we assume the Volterra integral type equation:

v(e) = plt) +g/0 o(t, 7)a(r, v(r)dr ¢ € [0,1],€ > 0.
)

Take K = C(I) is continuous map defined on I endowed
with a metric as below

P(v,p) = sup |v(x) = p(v)], ¥ v, € T.

t—1I
Let v be the class of map v: [0,4+00) — [0,+00) so that
(v(p)® <v(p®), ¥V s>1 and p>0.
We assume the following conditions
1) g:Ix (—00,400) = (—00,+00) is non-descending
continuous with respect to second variable so that there
is0<L<1:

9(x, [u1]) — a(x, [uz]) | < Lo([ur] — [uz]),
A [ul], [UQ] € R with [ul] > [UQ}

2) p: I — R is continuous on I.

3) p : I xI — (—o0,+00) is continuous with respect
to its first variable, and its second variable can be
measured such that for every v € I,

1
/ o(t, 7)0T < w.
0

4) L3O < ——.
24s5—4
We assume on K the following v,u € C(I) and
vip <= v <.
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Now, for s =1, Example 5. Solve the integral equation and discuss all its
ossible cases
0w, 1) = (P, ) g 1
= sup[v(®) = PO, ¥ € CD) u) =) +6 [ (1-sruor. ®
0

We conculde that (K, 0,) is a orthogonal partially or-
dered metric spaces.

Solution:
From Equation @) implies that

Theorem 7. Under the assumptions (1)-(4), then Equation 1
has a unique solution in C(I). u(v) = p(v) + 5/ (u(r) = 3vTu(r))oT
0
Proof: By the definition of O, for all v, u € K,
vau = Zv-Zpu. u(v) = p(v) + B[D1 — 3vDo], ©)
1
We assume that ¥: K — K defined by where Dy = / u(7)0r, (10)
0
1 1
Yu(r) = p(r) +§/ o(e, 7)g(7,v(7))07, v € I,£ > 0. D, = / Tu(T)0rT, (1D
0 0
Let U is described as if v € K, then U(v) € K. It is easy D, and Dy are constants to be determined.
to see that, (K, -, ) is orthogonal partially ordered metric Equation () is an orthogonal continuous and integrating
spaces. with respect to v over the limit o to 1.

For v, u € K with v < i and v € I, we have

1 u)ov = [ f(v)ov+ B(Dy — 3vDy)dv
() = Upu(r) = p(v) +f/0 o(v, 7)a(7, v(7))07 — p(r) /0 /0

M = ' 3
o g/1 U(t’ T)g(Ta,U/(T))aT Dl = A f(V)ay + B(Dl - §VD2)
0

1 3
L f(w)ov = (1—B)Dy + ;D3
- 5/0 o(v, 7)[a(7, v(7)) — a(7, u(7))|OT /0 ?
<0

fi=(1-8)D: + gmﬁ. (12)

Now multiplying ) with v and integrating with respect to
v between 0 and 1. We get

1
p(v) +& [ o(e,m)g(r,v(r)or i = [ otnen s [ (Do — 32D0w
/ | vutwow = [ vtwion+s [ @ -siDi0

@M = D=f+6 D

Therefore, ¥ has the nondescending property. Also, ¥
is O, we get

Wu(e) — Ta(o)] =

1
e — € / o(e, 7)a(r, ()

1
<& [ ot nlar. () - alrulr))lor fo= 2D+ D1 4+ 8), (13)
0
1
< f/ v(t, 7)Lylv — pl. where fo = fol vf(v)Ov. From and (13), we get
0
3
Since v = p, we get A(B) = [1 —ﬁﬁ 38
-£ 1+ 8
§p(x) = v(%)) < (sup |u(¥) = v(¥)]) 22 5
—1-p2+2p
= (P(v, 1)), 52 4
hence =7
1 4o
W) = Up(e)| <€ [ (e LR )0r ap) = =2
0
< EwLy(P(v, p)). Now and can be written as
Then, we obtain (I -BAD = f,
04(®(v), W () = sup[Vv(r) — Vu(v)| where
< fUJLjP(I/, /j‘) D= Dy F = fl .
= CwLd4(v, 1) Do’ f2
< 04(v, ). Also, |1 — BA| = A(B).
This shows that the operator U satisfying the contraction
requirement. So, (7)) has a unique solution. ]
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Table T
sNo || B A(B)
1 0.0000 1.0000
2 0.1000 0.9975
3 0.2000 0.9900
4 0.3000 0.9775
5 0.4000 0.6900
6 0.5000 0.9375
7 0.6000 0.9100
8 0.7000 0.8775
9 0.8000 0.8400
10 0.9000 0.7975
11 1.0000 0.7500
12 2.0000 0.0000
1
09 F <
08t S N
0.7+f \\\
206 \\
3 N
g 05 [ \\
3 N
> 041 N
\\
03r \
\\
02t N
0.1 \\\
0 : : : . : . : : AN
0 02 04 06 08 1 12 14 16 18 2
X axis = B

Figure 1. Graph of |1 - ﬁA| = A(pB) for Example

Case A: If f(v) # 0 and F # 0 then (12) and (13) has
a unique solution, if A(B) # 0, that is, § = —2,2. When
B =2 or 8 =2, then these equations have either no solution
or infinite many solutions.
Sub case A-1: If B = 2, then, (12) and (13) reduce to
—D1+3D2 = fi
—D1 + 3Dy = fo.
These equations have no solution if fi # fo and have
infinitely many solutions when f1 = fo, that is

/01 fw)ov = /01 vf(v)ov

1
/ (1-v)f(v)or =20
0

Thus, the solution of given integral equation is

u(v) = f(v) +2[D1a1(v) + Da2az(v)]
f(w) 4+ 2[D;1 .1+ Dy(—3v)]
f(V) + 2[3D2 - fl - 3VD2]
f(v)+6Da(1 —v) —2fy,

or

u(v) = f(v) +6Dy(1 —v) — 2/0 f(v)ov,

where Do is arbitrary.
Sub case A-2: If § = —2. As done above, the solution is
given by

1
u(v) = f(v) —2D2(1 — 3v) — 2/ vf(v)ov.
0
Case B: When f(v) =0,F =0.
In this case, the Equations (12) and becomes;
33 B

(1= B)D1+ 5 D=0, =5 +(1+ 8Dy = 0.

If B # 2, and — 2, then the system has only trivial solution
D1 =0="D,.
Thus u(v) = 0 is the solution of given integral equation.
Sub case B-1: If 5 = 2 then (14) becomes

(14)

—D1+3D; =0 = D; =3D:.

Thus the solution of given integral equation is

u(v) = 0+ 2(3Dy — 3vDs)

u(v) = 6Dz(1 —v).
Sub case B-2: If 3 = —2 then Equation (14) becomes

Dy —Dy=0 == D; =D:.

Thus, the solution is
(v) =0—2(Dy — 3vDs)
(v) =2D5(3v — 1).

Case C: When f(v) # 0 and F = 0.

If B # 2,—2 then the system (14) has only trivial solution

D1 = Dy = 0 and therefore u(v) = f(v) is the solution.
Sub case C-1: If B = 2, then D1 = 3D5 and the solution

is

u
u

u(v) = f(v) +2(3Dy — 3vD3)
u(v) = f(v) + 6D2(1 —v).
Sub case C-2: If B = —2, then Dy = Dy and the solution is

u(v) = f(v) — 2(Dy — 3vDs)
u(v) = f(v) +2D3(3v — 1).

Hence the solution is complete.

VI. CONCLUSION

In this paper, we proved fixed point theorems using an
orthogonal rational type contraction and an orthogonal Singh
and Chatterjee contraction in orthogonal complete partially
ordered metric spaces. Furthermore, we presented some
examples to strengthen our main results. Also, we provided
an application to the Volterra integral type equation.
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