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On Partial Derivative of the Multi-Variable
Incomplete H-function

Akanksha Shukla, Shalini Shekhawat and Kanak Modi

Abstract—In this paper, some formulas for the incomplete
H- function of several variables have been established with the
help of partial derivatives. On reducing the parameters, these
formulas present a large variety of incomplete functions like
incomplete Gamma functions, incomplete Wright functions and
many more. We have also presented some of the cases here in
this paper.

Index Terms—Special function, Fractional Calculus, Bessel-
Maitland function, Incomplete H- function.

I. INTRODUCTION

RIVASTAVA and other mathematicians ([3]-[4]) have

thoroughly studied the incomplete Gamma-function and
incomplete hypergeometric function. After that Srivastava
et al. ([5]-[7]) have proposed and defined the incomplete H-
function and the incomplete H -function. Recently, Bansal
et al.([1]-[2]) have studied the incomplete Aleph-function
([8]-[11]), the incomplete I-function and find the integrals of
the incomplete H-function ([18]-[19]) respectively. Motive
of this paper is to find some formulas for the incomplete
H- function of several variables with the help of partial
derivatives ([12],[20]-[22]). We have also discussed some
particular cases.

II. Definition and Preliminaries
A. Incomplete Gamma H-function

In current segment, we audit essential hypothesis of local
fractional math, that has been used in the paper.
The incomplete Gamma H-function is given as follows:
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where i =1,....0k & u; #0

and an empty multiplication is considered as unity. Also
b,p,q,a;,b;,pi,q;(i = 1,..., k) are all positive integers such
that0<b<p0<q0<al<q10<b <pi(i=1,..,k).
A;j,B;,C, DY and o\ 89, 18D 600 = 1, ..., k) and
are all positive numbers and d;,v;, 7 {),eg) are complex
numbers.

The contour L; lies in the p- plane and goes from —wooto
+woo with loops such that the poles of I'i(1 — d; +
51 als) (= 1ob) T (N1 = 4 ;) G =
1,...,b )he to the left of L;. The incomplete Gamma H-
function of k-variable will be analytic if:
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The integral (2) converges absolutely if

1
larg(u;)| < iAiﬂ', i=1,...,k

(6)
According to Braaksma ([13]) asymptotic behavior can be
expressed in the form given below:

O H (up, oy ug) = 0 (Jua] ™, oy Jug] ™),
max(|u], ..., |ug|) = 0
(F)H(ul, ...,UT) =0 (|U1|Bla ) |uk‘5k) )
min(|us|, ..., |ug|) = oo
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where i = 1,..., k
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Notations used in paper are defined below:
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Similarly, we described the incomplete gamma multivariable
H-function:
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B. Bessel-Maitland function

The Bessel-Maitland function Jg(az) is defined by the
following series representation:
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Generalization of Bessel-Maitland function defined by Singh
et al. ([10]) is as follows:
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S (0,1)UNand (C)() =1.

Generalization of Pochhammer symbol is defined as

(O = IN(SRL))
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Later on, Ghayasuddin and Khan ([8]), introduced new gen-

eralization of Bessel-Maitland, which is defined as follows:
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0,Re(¢) >0;y,z>0andy < R(¢p) + 2

Khan et al. ([9]-[11]) introduced a new extension of Bessel-
Maitland function which is defined by:

&7 S (=)

T30 §P19+¢+1)() o,
Where ¢,0,9,7,p,§,x,( € C;R(O) > 0,R(1) >
0, R(¥) > 0,R(p) > 0,R(¢) > —1,R(§) > 0,R(¢) >

0,R(x) > 0;y,z > 0,andy < R(¢) + 2

The whole article is divided into four parts. Section 1 deals
with the introduction and pre-requisite part of the paper. Part
2 is having the main results of the paper including all the
theorems while next segment is having some particular cases
of the main results and the last section is having the conclu-
sion of the article. At last we have also acknowledged the
authors and researchers whose papers were found extremely
helpful in completion of the presented article. So the last part
is dedicated to the references.

III. Main Results

In this section we define four partial derivative formula
involving multivariable incomplete H-function and Bessel
Maitland function.
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: 5
B :(n;—XA—mnlny,.....nj) :D
provided that D, = 2, A > 0,n; > 0forj=1,...k.f,g,h

are complex numbers,f # 0,9 # 0,m is a positive integer.
Also |argu;(fz + gy + h)™| < %Aﬂr where A, is defined
by (6); u; = fn; fori=1,....m

Proof: Let P; is the L.H. S. of Theorem 1, then
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H {f(X+ D) (fz + gy +h)* or
(27rw)k fL1 ka 81’ o Sk)
g )\+1
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k
H Vi(si)[ui(fr + gy + h)"i]* o
(€),1() i [wi (f+gy+m)"]!
x Z Fl(zeﬁlwl)(x)zl(ﬁ)
1‘[ A+ 1+ Z njs; +nl — ;) dsy...ds. H {gOAN+1)(fz + gy + h)*

=1

(27rw)k le ka 817...7Sk)

) [H bi(slus (o + gy + B dd]
) % Z (E)ﬂ(c)y,[w(fm+gy+h)"]l+

Now, using the relation

k F(A+2+Z§:1njsj+nl—
)\+1+Z n;s;j+nl—n; =

= (A 14 X0 nys; + i = 2 T TN (0L, D),
— 5.9, A1
We can easily get the R.H.S. of the theorem by interpreting lz T l9+¢+1’) (X),iz(ﬂ (fz + gy +h)**
the terms in form of Mellin Barnes type contour integral D, QW 1 le ka (81 res 85)

defined by (2).
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atrars o™ ey, (ny = A —nl—1,nq, ..., ). LA 1(6) 1w (fT+gy+
(ay, a1 1 ) ( X I—1,n Dicim A C > z%) Fl(la-l,-iz;-l,-l)(x)zl(ﬂ)
; k
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provided that D, = %, A > 0On; > 0 for

j=1,...k.f,g,h are complex numbers,f # 0,g # 0,m is NOW using the relation
a positive integer . Also |argu;(fz + gy + h)"| < $A;m,
where A; is defined by (6); w; = gn; fori =1,...,m.

k T(A+2+E§:1njsj +nl—ni>
Proof: Let P; is the left hand side of Theorem 2, then )\+1+j;1 njsjtnl—n; = T ()\ 14 Z?:l nys; 4+ nl — 771‘)
lnjl [Dy(fz + gy +h) - wil {(faj + gy + )
Z(? Hluy(fx+gy+h)",...,ux(fz + gy + h)"™]} We can easily get the R.H.S. of (17) by interpreting the terms
Ji 0 g,%,x l—ui(fz+ gy + h)"] in form of Mellin Barnes type contour integral defined by (2).
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Theorem-3

‘l:jll[(f:chgerh)D = ] {(fm+gy+h)AX

O Hluy(fz + gy +R)™, ..o ur(fz + gy + h)"™ ]}
< J5pst L —ui(fr+ gy + h)")
= fm(fx+ gy + N X IGEGY L l—ui(fr + gy + h)")
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(d1, 01, ... ag ), x),A: (772 - A—nl,ny,..,n;) : C
B : (1—/\—|—m nl,nq,....,n;) D
19)
9

provided that D, = &, A > 0O,n; > 0 for j =
1,....k.f,g,h are complex numbers,f # 0,9 # 0,m is
a positive integer .Also |argu;(fz + gy + h)™| < %A[/T,
where A; is defined by (6); pu; = fn; fori =1,...,m.
Proof: Let P; is equal to the left hand side of Theorem 3,
then
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k
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We can easily get the R.H.S. of (18) by interpreting the terms
in form of Mellin Barnes type contour integral defined by (2).
Theorem-4
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provided that D, = 5’\, A > 0On; > 0 for
i=1,..k. f,g,h are complex numbers, f # 0,9 # 0,m is

a positlve integer. Also |argu;(fz + gy + h)"™| < 1A,7r
where A; is defined by (6); w; = gn; fori=1,...,m

Proof: Let P; is the L.H. S. of Theorem 4, then

[(f:z:—&—gy—&-h)D,, — 4] {(fx+gy+h)’\x
Hluy(fz+ gy +h)", .., up(az + by + ¢)"*]}
Ji bsy L muw(fr+ gy + )"
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oy Joy o Ju B (515 8)

k
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X ) STt 00, (9,
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Dy(%w)k le ka (81, .oy SE) X
Lol b gy s
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2 (6),1(Q) i (fr+gy+h)")"
X ST 00, (@),
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W le ka ’(/}(817 seey Sk)
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Now, using the relation
k F(/\+1+Z§:1njsj+nl—m)
)\—i-ansj—i-nl—m: p
r ()\ + > o1 ngsj tnl— m)

j=1
. We can easily get the R.H.S. of (19) by interpreting the
terms in form of Mellin Barnes type contour integral defined

by (2).

IV. Special Cases

Gupta and Mittal ([14]) defined the H-function of two
variables, on applying same concept for multivariable H-
function, which gives the Gamma incomplete H-function of
two variables and Gamma incomplete H- function of two
variables. Here some of the special cases are defined by using
Theorem 1.

A. Corollary 1

1 (D2 + gy +h) =l {(Fo + gy + 1)’
O Hur (fz + gy + W)™ ua(fz + gy + )™}
XI55S o lmuw(fe + gy + h)"]

= f™(fx+ gy +h)*

XI5t o [uife+ gy + 1))

ur(fx+gy+h)™

(T) 770,6+2;X
X Hp+2,q+2;Y

uz(fz + gy +h)"™
(d17a§1)7a§2),$)7A : (771 —A—nl— 1,77,1,’/7,2) : C

B:(npi—X—nln,ny) :D

provided that D, = 2, A > On; > Ofor j =

1,....k.f,g,h are complex numbers, f # 0,g # 0,m is
a positive integer. Also |argu;(fz + gy + h)™| < %Aﬂr
where Aj is defined by (6); p; = fn; fori =1,...,m.
Under the same condition as Theorem (1). Similarly, we
can have defined the incomplete Gamma function of two
variables.

B. Corollary 2

ﬁl[Dm(fw + gy + h) — i

{(Ja+gy+ ) x OH[u(fo + gy + )"}
< JSESY L ui(fr+ gy + h)"]
= [ (fr+ gy + W x J5psY L —ui(fr+ gy + h)"]
x OHPI2E o (u(fz+ gy +h)"
(dl,agl),x),A = A=nl—1,m):C

B:(ni—X=nl,n;) :D

Provided that D, = 2, A > 0Omn; > 0 for

j=1,...k.f,g,h are complex numbers, f # 0,9 # 0,m
is a positive integer. Also |arg u;(fz + gy + h)™| < %Aﬂr
where A; is defined by (6); u; = fn; fori =1,...,m.

Under the same condition as Theorem (1) Similarly, we can

have defined the incomplete Gamma function of one variable.

Particular Cases
1. On replacing ¢ by ¢ — 1 in theorem (1) we get

[Da(fx+ gy + h) — pi
A(M)

7

(fr+gy+h)

xHlui(fx+ gy +h)", .. ,ux(fx+ gy + h)"*]}
ngg%prZ [u;(fz+ gy ?Thgn] )
= ["(fe+ gy + W x Bgpy? lui(fo+ gy + )"
ur(fz+ gy +h)"™

——1133

() 0,b+m; X
Hp+m,q+m;Y

up(fx + gy + h)"™

(k) A — ol — : :
veg ) (g — A —ml—ding, e mg) g A C

Provided that D, = 8%’ A > 0,n; > 0 for

ji=1,...,k.f, g, h are complex numbers, f # 0,9 # 0,m is
a positive integer.
Also |argu;(fz+gy+h)"| < 1A;m where A; is
defined by (1.6); u; = fn; for ¢ = 1,...,m, where
Ei’,@fa’,‘lf),x,z [ui(fx + gy +h)"] is Mittag-Leffler function
defined by Khan and Ahmad [15].

2. On replacing ¢ by ¢ —1land £ =9 =7 =p =11n
theorem (1) we get

lfl1 [Da(fx 4 gy + h) — i {(f:v +gy +h)*

x O Hluy (fz + gy +h)™, .oue(fz + gy + h)"™ ]}
x ESXY [ui(fo + gy + h)"]

= [ (fe+ gy +h)* x Bg¥ Y [u(fz + gy + h)")
uy(fx+ gy +h)™

(1) 0,b+m; X
Hp+m,q+m;Y

up(fz + gy + h)"™

1 @) (g = A —nl— lyﬂl,m»,nj)i=1,m

I [Do(fx + gy +h) =
{fz+ gy +h)*

Hlur (o + gy + h)"™ ey un (o + gy + b))

X Bgy Y [uy(fe+ gy +h)"]

= f™(fo+ gy + W) x BSXY [u;(fx + gy + h)")

uy(fz+gy+h)"
() 0,b+m; X .
Hp+m,q+m;Y :
up(fr+ gy + h)"*
(a1, gy s aik),:n), (i = A= nl=1ny,ng), g
B,(nj — A —nl,ng, ..., )it
Provided that D, = 2, A\ > 0,n; > 0 for

j=1,..,k.f,g,h are complex numbers, f # 0,9 # 0,m
is a positive integer. Also |argu;(fz + gy + h)™| < 1A;7
where A; is defined by (1.6); p; = fn; for ¢ = 1,...,m,

Eigi’ [u;(fx + gy + h)"] is Mittag-Leffler function

where
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defined by Salim and Faraz [16].

3.Onreplacing pby p—landé =9 =7=p=x=2=1
in theorem (1) we get
l:[1 [Da(fx+ gy + h) — il
XH[ul(f:v +gy+h)"
E¢ o [wi(fr+ gy +h)"]
= f™(fz+ gy + B ESY [u;(fr + gy + h)"]
ui(fz+ gy +h)™

{(faj + gy + h)A(F)

suk(fr+ gy +h)"]}

(T) 770b+m; X
Hp+m q+m;Y .

up(fr + gy +h)"*

) 2), (s = A=l —1,nq,.mj) A:C

i=1,m

B,(n — X —nl,ng,...., nj), . D

i=1,m

Provided that D, = %, A > 0n; >0 for j =

. k.f,g,h are complex numbers, f # 0,9 # 0,m is

a positive integer. Also |argu;(fx + gy + h)™ %Aﬂr

where A; is defined by (6); p; = fn; for ¢ = 1,...,m

where X Egjg [u;(fx + gy + h)"] is Mittag-Leffler function
defined by Shukla and Prajapati [17,18].

C. Corollary 3

f_nll [(fr + gy + h)Dy — ] {(f:f + gy + h)A(F)
X Hluy(fz + gy +h)"  us(fr + gy +h)™]}

X505t L ui(fr 4 gy + h)"]

=" (fz+ gy + W) x I5050 L [—ui(fa+ gy +h)")
ui(fa+gy+h)"
() f0b+2:X
p+2,9+2;Y

us(fx + gy +h)"™
(alzag ) OL§2),$), (ni —A—nl,n, n2)i:1,mA ¢

: D

=1lm °

Ba (1 _A+T]Z _nlanlanQ)

Provided that D, = %, A > 0,n; > 0 for

j=1,..,k.f,g,h are complex numbers, f # 0,9 # 0,m
is a positive integer. Also |argu;(fz + gy + h)™

< %Aj’f('
where A; is defined by (6); yu; = fn; fori =1,...,m

V. Conclusion

In our current article, we have tried to find some
new formulas for the incomplete H- function of several
variables. Those relations have been obtained by using
partial derivatives. These formulae give a wide range of
incomplete functions when the parameters are reduced,
including incomplete Wright functions and incomplete
Gamma functions. In this paper, we have also discussed
some particular and special cases too.
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