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Lambda-Statistical Convergence in Paranormed
Spaces over Non-Archimedean Fields

N. Saranya and K. Suja*

Abstract—The objective of this paper is to investigate the
concept of \-statistical convergence, \-statistically Cauchy se-
quences, and ideal statistically pre-Cauchy sequences in non-
Archimedean paranormed spaces. Here, A = ()\,,) is a non-
decreasing sequence that tends to oo, with the properties
Ant1 < Ap + 1 and Ay = 1. The study includes proving sig-
nificant properties of \-statistical convergence in paranormed
spaces and establishing criteria for \-statistical convergence
and A-statistically Cauchy sequences. The implications of these
concepts are discussed in the framework of non-Archimedean
fields. Paranormed spaces are considered to have more general
properties than normed spaces. The paper also introduces the
concept of ideal statistically pre-Cauchy sequences and proves
that ideal statistical convergence implies ideal statistical pre-
Cauchy behavior in paranormed spaces over non-Archimedean
fields. The field /C is assumed to be complete, non-trivially
valued, and non-Archimedean field throughout the article.

Index Terms—Non-Archimedean fields, \ - statistically con-
vergent, ideal statistically pre-Cauchy sequence, paranormed
spaces.

I. INTRODUCTION

TATISTICAL convergence was first proposed by

Steinhaus[8] in 1951, and further developed by Fridy[10]
who established the concepts of statistical limit point and sta-
tistical cluster point of a number sequence. Since then,several
authors[2], [4], [16] have made generalizations of this notion,
among others. Statistical convergence has found applications
in various areas of mathematics, including trigonometric
series, number theory, and summability theory.

Maddox[9] studied statistical convergence in locally con-
vex Hausdorff topological spaces, while Kolk extended the
concept to Banach spaces. Cakalli[6] expanded statistical
convergence to topological Hausdorff groups, and more
recently, statistical convergence has been investigated in para-
normed spaces. Mursaleen et al.[13], [14], [15] generalized
the idea of statistical convergence for sequences.

The concept of statistical convergence was also indepen-
dently introduced by Fast[7], Buck, and Schoenberg for
real and complex sequences, and further investigated by
Salat[17], Connor[11], Fridy[10], and many others. Alotaibi
et al.[1] developed the concept of statistical convergence in
a paranormed space. The study of statistical convergence
in paranormed spaces involves investigating the behavior of
sequences or series of elements in paranormed spaces with
respect to statistical convergence. The notion of statistical
convergence has also been extended to non-Archimedean
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fields by Srinivasan, Suja[12] and more recently, to non-
Archimedean Kothe sequence spaces by Eunice Jemima
and Srinivasan. Non-Archimedean Analysis is the study of
analysis over non-Archimedean fields.

Connor et al.[11] introduced the concept of statistically
pre-Cauchy sequences as a generalization of Cauchy se-
quences. Connor showed that statistically convergent se-
quences are always statistically pre-Cauchy, and under cer-
tain conditions, statistical pre-Cauchy condition implies sta-
tistical convergence. However, Connor, Fridy, and Klin gave
an example showing that statistically pre-Cauchy sequences
are not necessarily statistically convergent. Das et.al[3] de-
veloped statistically pre Cauchy sequences into ideal statis-
tically pre-Cauchy sequences.

An ideal statistically pre-Cauchy sequence refers to a
statistically pre-Cauchy sequence that satisfies certain ideal
conditions. The study of ideal statistically pre-Cauchy se-
quences has applications in various fields, providing insights
and tools for analyzing and modeling complex systems. The
notion of ideal convergence is a generalization of statistical
convergence, initially examined by Kostyrko, Salat, and
Wilezynski. Recently, Savas et al. studied the ideal statistical
convergence of sequences and obtained some results related
to this concept.

In this paper, we will review various notations and defini-
tions that will be utilized throughout the paper to study the
concepts of statistical convergence, statistically pre-Cauchy
sequences, ideal statistically pre-Cauchy sequences, and ideal
convergence.

[5]Throughout this article, K denotes a non-Archimedean
field that is complete, non-trivially valued, and meets the
axioms listed below:

(i) |x| >0and |z| =0iff z =0.

(i) |zy| = |2(ly|-
(i) |z + y| < max{|z|,|y|} for all z,y € K.

II. PRELIMINARIES

Definition 2.1: If X is a non-trivial linear space over K, then
by a paranorm on X, we are referring toamap g : X — R
satisfying the following conditions:
(i) g(0) =0.
(ii) g(x) =g(—z) on z, for all z € X
(i) g(z+y) < max{g(z),g(y)}, for all z,y € X
(iv) for \, Ao € K,z,20 € X and A — X\, g(x —x9) — 0
imply g(Az — Aozg) — 0.
The space X with a paranorm g is called a paranormed
space.

Definition 2.2: A sequence x = {x;} is stated to be
statistically convergent to ¢ in (X, g) if for each ¢ > 0,

lim
n— oo

1, .
EI{Jen:g(Ij*f)ze}lz(l
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This is denoted by stat(g) — limx = £.
Example 2.3: Letz =/ (%) ={zx= {xj} : Zj|xj\1/j <
oo} with the paranorm, g (x) =) j|z;]|

Define a sequence = = (z;) by

{xj}_{ 9y

if j=n%n¢cN;
otherwise.

1.
we see that, g (z;) = ¢ (J) if j=n*neN;
0, otherwise.
. 1, if j=ntneN;
and hence, h§ng (23) = { 0, otherwise.

Thus, stat(g) —lim z = 0.

Definition 2.4: A sequence {z;} is known as statistically
Cauchy sequence, if there exists an n € N such that
117131%|{j <n:g(zjt1 —xj) > €} =0. for every € > 0.

Definition 2.5: Let A = ()\,,) be a non-decreasing sequence
of positive numbers that approaches oo, satisfying A,11 <
A+ 1,A1 = 0. Let I, = [n— A\, + 1,n]. A sequence
x = {x;} is considered to be A-statistically convergent to ¢
if for each € > 0,

lim —|{j€[ |z

n— oo

1t > e} =0.

Example 2.6:
Define the sequence = = {x;} by

ir= .
0, otherwise

Then
o WA
nh_)rr;(}—HkEI |z; — 0 Ze}|—nh_>ngo y =0.
Example 2.7: Define the sequence = = {z,} by
1, n—\/)\n-l-lSJS”a
{z;} = ) :
0, otherwise
Then
VA
nl;rr;o—|{kel |z; — 1 26}|—nlgngo N =0.

III. X\ - STATISTICALLY CONVERGENT

In this section, we prove few basic theorems which com-
prise the mains results of this paper. These theorems parallel
the corresponding theorems in real analysis.

Definition 3.1: Let where I, = [n — A, + 1, n]. A sequence
x = {x;} is known to be \-statistically convergent to { in
(X, g) if for each € > 0,

lim *HJ €l g

n—oo

i—40) > e} =0.

This is denoted by staty(g) — limx = £.

1/5
Example 3.2: Letx—ﬁ(%) ={z = (371) DIFET] <
= 5 a7,

oo} with the paranorm, g ()

Define a sequence z = (z;) by

S Jooif n—[A)+1<j<nmneN
77 0, otherwise.

we see that,

1,.
g@ﬂ:{(ﬁ@,ifn—DA+1éjSmn€N
0,

otherwise.
and hence,
. 1, difn—-[A]+1<j<nmneN
h§ng (;) = { 0, otherwise.
Thus, staty(g) — lim z = 0.
Definition 3.3: A sequence z = {x;} is said to be \-

statistically Cauchy sequence in (X, g) if for every ¢ > 0,
there exist a number I,, such that

lim —|{m €rl,:g9(xjy1 —x;) > €} =0.

n—roo

Theorem 3.4: If a sequence z = {z;} is A-statistically
convergent in (X, g) then staty(g)-limit is unique.

Proof: Let

Ai(e) = lim —\{] el,: gz

n— oo

;=) > e} =0, (1)
and

Az(€) = lim *HJEI gz

n—>oo

i—la) > €} =0. (2

Then by a conjunction of (1) and (2), we have

.1 .
nl;r{:or {j € I, : gty — l2) > €}
:nlingo—\{jEIn.g(é —x;+x; —Lla) > €}
= max{ li_>m —|{j €l,:g(x; — 1) > €},
iy 3107 € 1ol £2) > )1}
n—>00 n
=0.
Hence /1 = /5. [ |

Theorem 3.5: If staty(g) — limz;
limy; = {5, then for any o € k,

= /{; and staty(g) —

staty(g)—lim(z;+y;) = €1+4s, staty(g)—limax; = al;.

Proof: Let

Aq(e) = lim —\{] €, : gz,

n— oo

—h) =€l =0 (3
and

As(e) = lim —\{]EI gly; —l2) > €}|=0. (4

n—)oo
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Then from (3) and (4), we deduce Theorem 3.7: If g — limz = [ and staty(g) — limy; = 0
1 then Staty(g) — lim(z + y) = g — lim x.
Am s € s g(@) +y) = (b + 6)) 2 €
Proof: Suppose that g — limz = ¢.
= nlg{.lo )\*HJ €ly:g(x; =l —yj—Ll2) 2 €} Then g(x; —£) = 0as j — oco. Also, staty(g) — limy; = 0.
" 1 That is,
gmax{ lim —|{j€In:g(a:j—€1) > e}, 1
n— im —|{j :g(y; —0) > e} =0.
Jim —f{j € L g(y; —0) 2 e} =0
nh—>nc;lo 7|{] €L gy — ) 2 6}} Let stat(g) — lim(z +y) = £'.
=0 By definition,
Similarly, we have staty(g) = lim(z + Y)
= lim 5-|{j € I : g((z;+y;) ') = e}| =0
Jim G € Tglln ) (B - )2 =0 g
Hence, we have Staty(g)-lim(z; £y;) = {1 £ lo. lim g(z; — ') + hm 7|{] €1 g((y; —0) > e} =0.
We then show that j—ro0 n
Staty(g)-limax; = al;. Hence we have
From (3) and (4), we deduce that max {Jlggo g(x; — 4 ), hm *HJ €l,:9(y; —0) > f}|}
1
lim S [{) € - gl(ar; —ab) > o) Therefore,
n—oo n
= lim 5 —|{yef - glala; — 1) > ¢} waoc{ 1 g(a; .0} =0,
Hence g — limz = ¢'.
lim — el, i— ) >
nggo \a{] H9(x; 1) 2 el But, g — limxz = ¢. Therefore, ¢ = ¢'. In another word,
= la] - O—(). Staty(g) — lim(z + y) = g — limx. [
Therefore, Theorem 3.8: A sequence x = {z;} is A statistically
staty(g) — limo - z; = al;. convergent if and only if
B o <ng <n e a2 d] =0

n—oo
Th 3.6:Let (X,9) b let d CIf
corem et (X, 9) be a complete paranormed space where (z;/(;)) is a subsequence of {z;} such that

a sequence x = {z;} in (X, g) is A-Statistically convergent i "
then it is A-statistically Cauchy sequence. ) =

Proof: Let the sequence {z;} be A-statistically conver-

Proof: A that ={z;} in (X,g) i o
roof: Assume that a sequence = = {;} in (X, g) is gent. We show that the condition

A-statistically convergent. That is, staty(g) — limz; = [;.

Let . 1 ..,
lim —|{j,5  €l,:9(x; —x5) > €} =0
lim —\{]EI Lg(zj— 1) > e} =0 nﬁoo)\nH (z; 3'(r) H
n—oo
is satisfied. By the definition of A-statistical convergence, we
and have 1
A S im — {4 . - =
hrrln)\—n\{] +1lel,:g9(xjp1 —l1) > €} =0. h}ln W {j€ln:glz; — ) = e} =0.
By these two equalities, Then
1
1 im — {44 . L —
lim - G+ 1,7 € L s glayer — ;) = o} 3 T b s gles —apey L= 2 o)
n—oo ,n
= lim —\{j—l—l,je[n:g(xj+1—£1—wj+€1)26}| _,}1_{20)\ {55 € In : gz = ) + 9(€ = )y (7)) = €}
n—o00 \p, .
1 — : ; .
= lim = {j+ 1, € In s g((@1 = 0) + (0 = 25) > €} = maX{ i = € In gz =0 2
n—oo n
1
< max{ lim —{j+1€l,:g(xj1 — ) > €}, nlggo *‘{J €ln:glzjmm —10) = f}}
n—oo n
Jim 14 € ey ) > )} ) max{o’nhf;o S € ol =) = )}
=0. By the assumption, lim z;/(,y = £. Hence the sequence is
Hence the sequence x = {z;} is A-statistically a Cauchy Statistically convergent. Hence
sequence.
- nlgr;ofnl{y €L gl — O} =
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This implies that
. ...
Jim =157 € In s g(ay — wjn) 2 e} = 0.
Conversly, suppose that

lim
n—oo

1, ..
g € In s g(wy — 2 (r) 2 €} = 0.

We show that the sequence {xz;} is statistically convergent.
We have
1
lim — |{j € I, : g(z; — {) > €}

n— 00 /\n

= lim
n— o0

..

E‘{j?]l c In . g(Z'J — LL']'/(T) +[L']/(T) — g) Z 6}|
. ..

< max {nlggo EHM/ €In:g(z; —zjm) 2 €},

N e
lim —{j" € I, : g(xji(r) — €) > e}|}

n—o0o A,
. 1 ./
< max 40, lim EHJ €Ly:g(xye) =€) = €t|p =0.

We have shown that the sequence (x;) is A-statistically
convergent. |

Theorem 3.9: Let X be a paranormed space and let
A = (M) € 4. Then stat(x) C staty(x) if and only if
lim inf % >0

Proof: Suppose that x is statistically convergent, then

im L|j : i—t)>¢€ =0.
nh_}rI;CnUEn glz; —€) > € =0

Since inf% >0asn— oo,

1 1, .
gl{Jﬁntg(xj—ﬁ)Ze}\Zgl{Jeln:g(wj—f)%}l
A 1

Z;rﬂ\{JEInIQ(l‘j—@Zﬁﬂ

It follows that,
x; — U(stat(z)) = x; — L(statr(x))
Thus, stat(x) C staty(x))
|

Theorem 3.10: Let « be a paranormed space and if A\, € §
such that lim2= = 1, then stat(z) = staty(z)

Proof: Since lim% =1, then for ¢ > 0,
1, ..
EHJ <n:g(z; —L) > e}
1
< {117 0= gley - ) 2 ),
n

L€ Lol - 02 9

n

ESSE

n o n

§max{n_>\",;|{j €l :g(x;—0) Ze}|}

G €L gla; —0) > e}|}.

This implies that if (x;) is A statistically convergent, then
{z;} is statistically convergent.
ie., stat(X) D staty(X).

(An)

Also, since lim,, )‘7" = 1, implies that inf **> > 0, by
previous theorem we have stat(X) C staty(X).
Thus, stat(X) = staty(X).
|

IV. IDEAL STATISTICALLY PRE-CAUCHY SEQUENCES

The concept of ideal statistically pre-Cauchy sequences
provides a generalization of the usual convergence of se-
quences. In this section, we define the ideal statistically pre-
Cauchy sequences and give some inclution relations over
non-Archimedean paranormed space.

In non-Archimedean analysis, the concept of ideal sta-
tistically pre-Cauchy sequences relates to the convergence
behavior of sequences in a non-Archimedean field with
respect to a chosen ideal. This notion extends the idea of
statistical convergence to pre-Cauchy sequences.

Definition 4.1: A sequence {x;} is said to be J - convergent
to a number / if for every € > 0
{jeN:g(z; —0) > e} eT.

Symbollicaly, it is denoted as J — limx; = £

Definition 4.2: A sequence {x;} is known as J - statistically
convergent sequence, whenever J is an admissible ideal and
that for any € > 0 the set,
fneN:L|{j<n:gz;j—0)>€}| - 0asn— oo} €.
Symbollicaly, it is denoted as J — st — lim,, oo T; = £

Definition 4.3: A sequence {x;} is known as J - statistically
cauchy sequence, whenever J is an admissible ideal and
that for any € > 0 the set,
fneN:L{j<n:
n — oo} € 7.

g(xzjp1 — ;) > €} — 0 as

Definition 4.4: A sequence {z;} is said to be J - statistically
pre-cauchy sequence if for any € > 0
{(neN: L[ {j<n:glrjm— 1)
n — oo} € 7.

> €} — 0 as

Theorem 4.5: If = {z;} is an J-statistically convergent
sequence then it is J statistically pre-cauchy.

Proof: Let {x;} be T statistically convergent to ¢
Therefore, {n € N: 1| {m <n:g(z; —€) > €}| — 0as
n— oo} €7

Let us consider,

A={neN:L{m<n:ga -0 >e| —0as
n— oo }
Ac:{neN:%\{mgn:g(scj—f)ZG}\—>1as

n— oo }
Where ¢ stands for complement.

Let us define, B, = {j <n:g(z; — () <€}
Now consider,
9(xjr1 — ;) = g(xj41 — x5 — L+ L)

=9(zj1 — x;) <maz{g(zj41 —0),g(x; — )}

we observe that for j € B,
9(@jr1 — x;) < max{g(zji1 — L) <eg(z; — L) <e} <e
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Hence, B, XB,, C {j <n:g(zjy1 — ;) <€}

2
B”L o
= {lT‘] <=l <niglajm —a) <

= L <nglajin— ;) < e} > [Bel]? - 12

n

= i|{j§n:g(x]—+1—x]—)<e}|—>12—12—>0

n2
= L{j<n:gl@j—z)<e}] 20C A
={L{ji<n:g(xjy1—z;) > e} > 0asn— o0} €T

Hence Proved.
| ]

Theorem 4.6: Let = = (x;) be a bounded
sequence. Then =z is J - statistically pre-cauchy iff
lim, 2 > g(zj41 —z;) = 0.
Jj<n
Proof: First suppose that,

lim,, # > g(xjp1 —xj) =0.
j<n

1
lim —5 > 9w — )
i<n

DS
= — '
Jj<n
g(zj41—x;)<e
1 >
n? _
Jj<n
g(zjp1—xj)>e

9(Tjt1 — z5)

9(Tj41 — z5)

Y

1

3 > gl —ay)
j<n

g(xzjy1—x;)>€

1, .
2 SHisn:glzjm —15) 2 €}
> 0.
Since lim,, > = g(zj11 — ;) = 0, the set
<

i<n
{neN: {7 <n:glea—10 > ¢

n— oo} €7.

— 0 as

Conversly, Suppose that x is J - statistically pre-cauchy,
then since x is bounded sequence, there exist a B > 0 such
that |z;| < B for all k € N

1
li —g 11— X
un 2 9(Tj41 — x5)
i<n

BIDS
= A
Jj<n
g(zjy1—x;)<e

9(Tjp1 — )+

1
w2 Z 9(zj41 — x5)
j<n
g(zj41—xj)>e
1 .
et B(SHj<niglejn —aj) = €}l)

Since x is J - pre cauchy, there is an N such that

e+ B(5{j <n:g(zj1 — ;) > €}]) is less that € for all

jeN.

Hence lim,, 25 Y g(zj41 — ;) = 0. m
Jj<n

Corollary 4.7: A sequence x = {z;} is J - convergent < J
- lim 55 32 g(wj41 — 2;) =0
Proof: Let, Ay = {j € N: g(zj41 —z;) < e} €7
i={ieN:g(zjs1—zj) >€} €T

Then, {j € N: g(x;41 —z;) > €} C A1 JA] € 7.
Hence, J - lim % > g(zj41 — x;) = 0.
n

The desired result can be obtained by directly applying
Theorem 4.5.
|

Corollary 4.8: A sequence x = {x;} is J - convergent to ¢
& J—limiY gz, —0)=0.

V. CONCLUSION

Known results have been extended from Archimedean
fields to non-Archimedean fields. We have investigated the
concept of A-statistical convergence and derived basic prop-
erties of A-statistical convergence in paranormed spaces
over non-Archimedean fields. Furthermore, the relationship
between ideal statistical convergence and ideal statistical pre-
Cauchy property has been discussed in this study.

REFERENCES

[1] A. Alotaibi, A. M. Alroqi, Statistical convergence in a para-
normed space”, Journal of inequalities and applications, 2012,
1-6. DOI:10.1186/1029-242X-2012-39

[2] B. Hazarika, ”Generalized statistical convergence in 2-normed
spaces”, Acta et Commentationes Universitatis Tartuensis de
Mathematica, 17(2), (2013), 135-143.

[3] Das, Pratulananda, and Ekrem Savas. ”"On I-statistically pre-
Cauchy sequences,” .Taiwanese J. Math. 18(1) (2014), 115-126.

[4] D. Rath, and B. C. Tripathy, ”On statistically convergent and
statistically Cauchy sequences”, Indian Journal of Pure and
Applied Mathematics, 25 (1994), 381-381.

[5] G. Bachman, “Introduction to p-adic numbers and valuation
theory”, Academic Press, 1964

[6] H. Cakalli, A study on statistical convergence”, Funct. Anal.
Approx. Comput, 1(2),(2009) 19-24.

[7] H. Fast, ”Sur la convergence statistique”, In Colloquium math-
ematicae, 2(3-4), (1951), pp. 241-244.

[8] H. Steinhaus, ”Sur la convergence ordinaire et la convergence
asymptotique”, In Colloq. math, 2(1), (1951), 73-74.

[9] 1. J. Maddox, “Statistical convergence in a locally convex
space”, In Mathematical Proceedings of the Cambridge Philo-
sophical Society, 104(1), (1988), 141-145. Cambridge Univer-
sity Press.

[10] J. A. Fridy, ”On statistical convergence”, Analysis, 5(4),
(1985), 301-314. https://doi.org/10.1524/anly.1985.5.4.301

[11] J. Connor, J. Fridy, J. Kline, Statistically Pre-Cauchy Se-
quences”’, Analysis, 14, (1994), 311-317.

[12] K. Suja, and Srinivasan Vaithinathasamy. ”On statistically con-
vergent and statistically cauchy sequences in non-archimedean
fields”, Journal: Journal of Advances in Mathematics 6(3),
(2014).

[13] M. Mursaleen, ”\-statistical convergence”, Mathematica slo-
vaca 50(1),(2000), 111-115.

[14] M. Mursaleen, C. Cakan, S. A. Mohiuddine, and Ekrem
Savas. “Generalized statistical convergence and statistical core
of double sequences”, Acta Mathematica Sinica, English Series
26 (2010), 2131-2144.

[15] Alghamdi, Mohammed A., and Mohammad Mursaleen, ”A-
Statistical convergence in paranormed space”, Abstract and
Applied Analysis, 2013(SI127), (2013), 1-5.

Volume 53, Issue 3: September 2023



TAENG International Journal of Applied Mathematics, 53:3, IJAM 53 3 32

[16] O.H.H. Edely, and Mohammad Mursaleen, ”On statistical A-
summability”, Mathematical and Computer Modelling 49(3-4)
(2009), 672-680.

[17] T. Saldt, "On statistically convergent sequences of real num-
bers”, Mathematica slovaca, 30(2) (1980), 139-150.

Volume 53, Issue 3: September 2023





