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Abstract—The cross-line operation can promote urban rail 

transit network operation and realize resource sharing. In this 
regard, the operation mode of running cross-line trains with 
different compositions on two rail transit lines is proposed. And 
based on the analysis of passenger travel behavior, the passenger 
flow allocation model of cross-line operation is proposed. 
Considering constraints such as the passing capacity of transfer 
stations and the full load rate of trains, a multi-objective 
planning model is established with the operating frequencies of 
different types of trains and the location of the turnaround 
station as decision variables. The optimization objective is to 
minimize passenger travel cost and operating costs. Based on the 
proposed model, an improved quantum genetic algorithm(IQGA) 
is designed to solve the model, and the Pareto solution of the 
train plan is solved. Finally, the rationality of the model and 
algorithm is verified through a case study. The analysis shows 
that the operation of cross-line trains can make 44.5% of the 
cross-line passenger flows reach the destination station directly 
without transferring. And the cross-line routing shares the 
passenger flows in a balanced way so that the full load rates of 
each routing are balanced and the passengers travel more 
comfortably. The average passenger travel cost gradually 
increases with the increase of the transfer time perception factor. 
In addition， the setting of the vehicle capacity has a significant 
influence on the train plan. When making the train plan, the 
vehicle capacity should be set scientifically and reasonably. 

Index Terms—Train Plan, Cross-line Operation, Passenger 
Flow Allocation, Quantum Genetic Algorithm(QGA) 
 

I. INTRODUCTION 

S the scale of the urban rail transit line network is 
becoming more well-established, the focus of rail transit 

development in many large and medium-sized cities has 
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shifted from construction to operation, and the operation of 
urban rail transit network has become an inevitable trend. 
Cross-line operation[1] refers to the operation of metro trains 
from one metro line to another via a liaison line or across the 
line at a transfer station. It can effectively reduce the transfer 
pressure at the transfer station and reduce the travel time of 
cross-line passengers. Moreover, it is of great significance to 
the sharing of metro network resources and the operation of 
the metro network[2]. At the end of 2021, Chongqing, China, 
has already achieved three-line cross-line operation by 
operating direct cross-line express trains without transfer on 
the rail ring line, line 4 and line 5[3]. 

However, cross-line operation still faces a series of 
challenges and difficulties. Some studies [4][5][6][7][8][9] 
have studied the conditions and feasibility of cross-line 
operation in terms of vehicle, limit, signaling, power supply, 
and track design to achieve cross-line operation. In terms of 
operation, the scientific and reasonable cross-line train plan is 
crucial to improving the operational efficiency of the urban 
rail transit line network. 

As a result, a series of detailed studies have been conducted 
by some scholars in recent years on the train plan for 
cross-line operation. Among them, the optimization model of 
the train plan of the urban rail transit network under 
interconnection mode was proposed by [10][11] to 
systematically optimize the cross-line operation routes and 
the number of trains operating in the metro network by 
considering constraints such as maximum full load rate, the 
number of vehicles in operation and section transport capacity. 
Based on the analysis of the characteristics of cross-line 
operation between metro and suburban railways, a 
dual-objective planning model for the train plan was 
established by [12] under cross-line operation to maximize 
the travel time saved for passengers and minimize the cost 
increase for metro operation. And a solution algorithm based 
on fuzzy mathematical programming was designed to solve 
the model. [13] considered the interests of different operating 
entities of each line after the cross-line operation. With the 
objective function of maximizing the increased revenue of 
metro enterprises and the time saving of passengers after the 
cross-line operation, the operating frequencies of various 
trains, cross-line operation routes, and track usage fees were 
optimized. Unlike the references above.[14] considered the 
fairness of passenger travel. Based on the analysis of the 
travel characteristics of passengers on the "Y/T" and "X" 
intersecting urban rail lines, the operating frequencies of 
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Fig.1.  Diagram of the COM 

 
trains and the turn-around plan were optimized.  Reference 
[15] considered the operation of cross-line express trains on 
the cross-line routing to reduce the travel time of cross-line 
passenger flows. A mixed integer non-linear programming 
model was established with the operating frequencies, 
stopping plan, and turn-around plan of the cross-line express 
and slow trains as decision variables and the passenger travel 
time and operating costs as the objective functions. And a 
genetic algorithm was designed to solve the optimal train plan. 
By considering the unevenness of the full load rate of the train 
and the operation of a multi-group train, models of cross-line 
operation train plan were established by [1][16] respectively 
to optimize the operating frequencies, the location of the 
return station and the number of the train compositions. [17] 
took into account the matching of capacity and transportation 
volume based on the aforementioned study. With the 
objective of maximizing capacity matching and minimizing 
transport costs, a two-tier planning model for the preparation 
of the train plan was established, taking into account 
constraints on passenger services, capacity resources and the 
train operation organization. Based on passenger flow 
allocation.[18] considered the optimization model of 
cross-line train plan at line network to minimize passenger 
travel and operating costs, and applies simulated annealing 
algorithm to solve the model. 

The above references have done fruitful studies on the train 
plan of the cross-line operation, which have greatly enriched 
the research in the field of train plan. However, few references 
have considered the operation of the multi-group train on 
cross-line routing. Operating trains of different compositions 
on the cross-line routing can let the number of train 
compositions change with the change in cross-line passenger 
flows. It will increase the operating frequencies of the 
cross-line routing without increasing operating costs, 
allowing more cross-line passengers to travel on cross-line 
trains and reducing the number of transfer passengers. 

Based on the above analysis, a cross-line operation mode 
(COM) of operating multi-group trains on the cross-line 
routing was proposed. Considering passengers' travel choice 
behavior for different trains, OD passengers are classified 
according to the different origins and destinations. With the 
operating frequencies of different routings, the number of 
train compositions on the cross-line routing and the location 
of the return station as the decision variables, the 
minimization of the operating costs and the travel costs of 

passengers on the three routings as the optimization 
objectives, a bi-objective planning model is established by 
considering constraints such as train passing capacity, 
maximum full load rate and station turnaround conditions, 
and an improved quantum genetic algorithm(IQGA) is 
designed to solve for the Pareto solutions of the train plan. 

 

II.   PROBLEM DESCRIPTION 

It is assumed that two urban rail lines connect at the transfer 
station, and there is a large amount of transfer passenger flows 
between the two lines. On the one hand, it can result in a high 
level of passenger flows at the transfer station, which would 
burden passenger operations at the transfer station. On the 
other hand, it will increase the travel time of the transfer 
passenger flow and reduce the comfort level of the travel, so 
the operation of cross-line trains between the two lines is 
considered. In addition, to reduce operating costs while better 
satisfying passenger travel demand, multi-composition trains 
are considered to be operated on cross-line routing [19]. The 
cross-line operation model is shown in Fig.1. 

As shown in Fig.1, urban rail Line 1 and Line 2 are 
interconnected at the transfer station N(1,n2). The set of 
stations is denoted by N, where Line 1 includes n3 stations and 
its set of stations is denoted by N1={N(1,1),···,N(1,n3)}, Line 2 
includes n4 stations and its set of stations is denoted as 
N2={N(2,1),···,N(2,n4)}. The transfer station is denoted both 
by N(1,n2) and by N(2,1). The OD passenger flows between 

station i and station j are expressed as qij. And ijq  denotes the 

OD passenger flows from station i to station j in direction  , 

ϕ values are 1 and 2, where 1 represents the down direction 
and 2 represents the up direction.The set of routings is 
denoted as R={Rz|z=1,2,3}, where R1 and R2 denote the local 
train routings corresponding to Line 1 and Line 2, and R3 
denotes the cross-line routing with the origin station N(2,n4) 
and the turnaround station N(1, n1+1). 

According to the common number of compositions of the 
metro train (type B), trains of 4, 6, and 8 compositions are 
operated on the cross-line Routing R3 [20], and the train of 
different compositions set is denoted as B = {Bi|i=1, 2, 3}, 
where B1, B2,and B3 denote trains of 4, 6 and 8 compositions 
respectively. The frequencies of trains of 6 compositions on 
Routing R1 and R2 are expressed as 1f  and 2f . The 

frequencies of running trains of 4, 6 and 8 compositions on 
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Routing R3 are expressed as 1
3f , 2

3f , and 3
3f .  

In summary, the train plan of the cross-line operation mode 
is mainly to determine the operating frequencies on the three 
routings, the location of the turnaround station of Routing R3 
on Line 1, so the train plan can be expressed as 

Ω={ 1f , 2f , 1
3f , 2

3f , 3
3f ,N(1,n1+1) }. 

III. MODEL CONSTRUCTION 

Firstly, the passenger OD flows on the two lines are 
assigned to Routings R1, R2, and R3 based on operating 
frequencies and passenger choice behavior, and then a 
bi-objective planning model is established with the objective 
of minimizing travel costs of passengers and train operating 
costs. The model assumptions are as follows: 

a. During the study period, passenger arrivals obey a 
uniform distribution and the amount of OD passengers is 
known. Trains of different compositions depart evenly and 
trains on Routings R1, R2, and R3 depart evenly. 

b. The line meets the basic conditions for cross-line 
operation and the operation of the multi-group trains. Routing 
R3 meets the conditions for turning around at the turnaround 
station on Line 1. 

A. Passenger Flow Distribution 

A.1. Passenger Flow Classification 
For the cross-line operation model shown in Fig.1, some 

OD passenger flows do not have a unique travel path from the 
origin station to the destination station due to the operation of 
trains on the cross-line. For example, some cross-line 
passenger flows travel on cross-line direct trains, while others 
prefer to reach their destinations by transfer.  

Passengers are divided into 16 types according to the 
departure and arrival station sections of their trips, and the 
routes available for different types of passenger flows are 
shown in Table Ⅰ. 

As shown in Table Ⅰ, after the operation of cross-line trains 
on different lines, the choice of passenger travel paths is more 
complex. Among the OD passengers classified according to 
the different origins and destinations of travel, there are nine 
types of OD passengers whose travel paths are not unique and 
only seven types of OD passengers whose travel does not have 
a choice behavior. For example, for OD passengers with an 
origin station in Section II and a destination station in Section 
IV, there are two options in the travel process: arriving at the 
destination by transfer and taking the cross-line train directly 
to the destination. 
A.2. Calculation of the Passenger Flow Sharing Ratio 

As passenger arrivals are assumed to follow a uniform 
distribution, and trains depart evenly at each routing. 

Therefore, during the study period, the passenger share of 
each routing is related to the operating frequencies, and most 
passengers will choose to board the train as soon as it comes. 
However, some passengers prefer cross-line routing for 
cross-line passenger flows, and the route choice behavior of 
this group of passengers is shown in Fig.2. 
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 Fig.2.  Diagram of the COM 
 

As shown in Fig.2, for example, for cross-line passenger 
flows with the origin Station i in Section II and the destination 
Station j in Section IV, some passengers waiting for the train 
before t1 choose to take the first arriving train and reach their 
destination station by transferring at the transfer station. Still, 
some passengers do not want to transfer at the transfer station 
and prefer to continue waiting and take the cross-line train. 
Considering the preference of cross-line passenger flows for 
cross-line Routing R3, a preference factor ρ is introduced to 
increase the cross-line passenger share, so that the passenger 
flow allocation result is closer to the actual situation. 

For an OD passenger flow ,i jq , the flows , ,
,

z kR S
i jq are 

allocated to the Section Sk on Routing Rz as calculated by (1). 

 , , , ,
, , ,

z k z kR S R S
i j i j i jq q    (1) 

Where, , ,
,

z kR S
i j
  represents the proportion of passenger 

flows from Station i to Station j in the direction ϕ that are 
allocated to the Section Sk on Routing Rz. The share of the 
different types of passenger flows on each section of the 
routing is calculated as shown in Table Ⅱ. 

The passenger flows , ,
,

z kR S
i jq allocated to each section of the 

Routing Rz are integrated into the OD passenger flows on the 

Routing Rz, which is denoted as ,
,

zR
i jq . Therefore, the 

cross-sectional passenger flow of each section can be 
calculated by (2), and the train plan can be determined 
according to the cross-sectional passenger flow of each 
section. 

TABLE I 
ROUTES AVAILABLE FOR PASSENGERS 

Section Ⅰ Ⅱ Ⅲ Ⅳ 

Ⅰ R2 R2 R2 
a. R2-N(2，1)- R1 
b. R2-N(2，1)- R3 

Ⅱ R1 
a. R1 
b. R2 

a. R2 
b. R1-N(2，1)- R2 

a. R1 
b. R2+N(2，1)- R3 

ⅠⅡ R2 R2 R2 
a. R2-N(2，1)- R1 
b. R2-N(2，1)- R3 

Ⅳ 
a. R1-N(2，1)- R2 
b. R3-N(2，1)- R2 

a. R1 
b. R3-N(2，1)- R2 

a. R1-N(2，1)- R2 
b. R3-N(2，1)- R2 

a. R1 
b.R3 
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, 1 ,

,

z zR R
i i i j

i N j N

q  
 

   (2) 

Where, δ is a 0-1 variable, δ= 1 when the OD passenger 
flows on the Routing Rz contains the interval (i, i+1), 
otherwise δ = 0. 
A.3. Algorithmic Steps for Passenger Flow Allocation 

Combined with the above analysis, we propose the 
following steps for the distribution of passenger flows at each 
routing after the operation of cross-line trains. 

Step1：Classification of OD passenger flows according to 
the origin and destination of the passenger. 

Step 2：Determining the alternative routes available for 
each type of OD passenger flow. 

Step 3: Calculating the passenger share of each type of 
passenger flow in each section, and the table for calculating 
the share of different passenger flows in each section of each 
routing is shown in Table Ⅱ. 

Step 4: Inputting OD passenger flow in turn, determining 
the type of the OD passenger flow and the route available for 
the travel. 

Step 5: According to the travel route of the OD passenger 
flow, the passenger share of each section of the routing is 
selected in Table Ⅱ, according to (1), the number of 
passengers allocated to each routing during the study time 
period is calculated. 

Step 6: Determine whether the OD passenger flow has 
been entered, if so, go to Step 7, otherwise, go to Step 3. 

Step 7: Integrating the OD passenger flows for each 
section of the routing and calculating the cross-sectional 
passenger flows for each routing by (2). 

B. Objective Functions 

In order to reduce operating costs while meeting passenger 

demand, a dual-objective planning model was established 
with the objective of minimizing travel costs of passengers 
and operating costs. 
B.1. Travel Costs of Passengers 

Considering that the main travel costs for passengers in the 
process of traveling from their origin station to the destination 
station are the cost of purchasing a ticket and the cost of travel 
time [21]. However, the distance traveled remains the same 
and the fare remains the same, so the passenger travel time 
costs are minimized as the optimization objective. 

The process of a passenger travelling is divided into the 
processes of waiting for the train, taking the train and 
transferring to another train. Considering that the passenger's 
time on the train remains the same, only the passenger's 
waiting time and transfer time need to be calculated. 

Since the waiting times of passengers on the Routings R1, 
R2, and R3 are involved, the waiting times of passengers on 
Routings R1, R2, and R3 are calculated separately in the up and 
down direction. When passenger arrivals obey a uniform 
distribution and uniform departures, the passenger waiting 
time for each routing is half of the departure interval for that 
routing [22], and the passenger waiting times on the three 
interchanges are denoted by 

1RT , 
2RT  and 

3RT  respectively. 

The waiting times for up and down passengers on Routing 

R1 are denoted as 
1

up
RT  and 

1

down
RT .The passenger flow types 

waiting for trains on Routing R1 are shown in Fig.3. 
As shown in Fig.3, in terms of downstream passenger flows, 

the passenger flows waiting for trains on Routing R1 are 
divided into the following three main types, and the waiting 
times for each type of passenger flow are calculated 
respectively. 

 

TABLE Ⅱ 
THE SHARE OF THE DIFFERENT TYPES OF PASSENGER FLOWS ON EACH SECTION OF THE ROUTING 

Section 
R1 R2 R3 R4 

Ⅰ Ⅱ Ⅲ Ⅳ Ⅰ Ⅱ Ⅲ Ⅳ Ⅰ Ⅱ Ⅲ Ⅳ Ⅰ Ⅱ Ⅲ Ⅳ 

Ⅰ 

R1 1 0 0 0 1 1 0 0 1 1 1 1 1 1 1 0 

R2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

R3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

Ⅱ 

R1 1 
1

1 3

f

f f

 

0 0 0 1

1 3

f

f f
 0 0 

1

1 3

f

f f

 

0 
1

1 3

f

f f

 

0 
1

1 3

f

f f

 

0 
1

1 3

f

f f

 

0 

R2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

R3 0 
3

1 3

f

f f

 

0 0 0 3

1 3

f

f f
 0 0 

3

1 3

f

f f

 

0 
3

1 3

f

f f

 

0 
3

1 3

f

f f

 

0 
3

1 3

f

f f

 

0 

Ⅲ 

R1 1 1 1 0 0 1 1 0 0 0 0 0 0 0 0 0 

R2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

R3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

Ⅳ 

R1 1 
2

2 3

f

f f

 

0 0 0 3

2 3

1
f

f f





 0 0 0 0 0 0 0 0 0 0 

R2 0 0 0 
2

2 3

f

f f

 

0 0 0 3

2 3

1
f

f f





 0 0 0 0 0 0 0 

3

2 3

1
f

f f






 

R3 0 
3

2 3

f

f f

 

0 
3

2 3

f

f f

 

0 3

2 3

f

f f




 0 3

2 3

f

f f




 0 0 0 0 0 0 0 3

2 3

f

f f


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Fig.3.  Passenger flow classification on Routing R1 

 
The first type is the downstream passenger flow waiting in 

Section Ⅰ. That is, passengers choosing to take the train on the 
Routing R1 from Section Ⅰ to Section Ⅰ, Ⅱ, Ⅲ, and Ⅳ, with the 

waiting time of 
1 1,
down

R ST  which is calculated by (3). 
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The second type is the downstream passenger flow waiting 
in section Ⅱ. That is, passengers choosing to take the train on 
the Routing R2 from Section Ⅱ to Sections  Ⅱ, Ⅲ, and Ⅳ, with 

the waiting time of 
1 2,
down

R ST  which is calculated by (4). 
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The third type is the downstream passengers in Section Ⅲ 
who choose to travel on trains on Routing R1 with a waiting 

time of 
1 3,
down

R ST  which is calculated by (5). 
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Therefore, the waiting time for the downstream passenger 
flow on Routing R1 is calculated by (6). 
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Similar to the downward direction, as shown in Fig.3, the 
upstream passenger flow on Routing R1 can also be divided 
into three types. The first type is the upstream passenger flow 

waiting in Section Ⅰ,with a waiting time of 
1 1,
up

R ST  which is 

calculated by (7). 
2 1 2

1 2

1 1 1

(1, ) (1, ) (1, ) (1, )
1 1

,
(1, 1) (1,1) (1, 1) (1, 1)1 3

( )
30

N n N n N n N i
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R S ij ij
i N n j N i N n j N n

f f
T q q

f f      

 
     (7) 

The second and third types are upstream passenger flows 
from Sections Ⅱ and Ⅲ, calculated by (8) and (9) 
respectively. 

2 1 2
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,
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Therefore, the waiting time for the upstream passenger 
flows on the Routing R1 is calculated by (11). 
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Compared to the passenger flows on the Routing R1, the 
classification of passenger flows on the Routing R2 is 
relatively simple, and the passengers waiting for trains on R2 
are shown in Fig.4. 
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Fig.4.  Passenger flow classification on Routing R2 

 
As shown in Fig.4, Routing R2 mainly serves passengers on 

Section Ⅳ and the downstream passenger waiting time 

2

down
RT is the waiting time for downstream passengers in 

Section 4 who choose to travel on trains on R2, calculated by 
(11). 

 
4 4

2

(2, ) (2, )

(2,1) (2, )2 3

30 N n N n
down

R ij
i N j N i

T q
f f  


    (11) 

The upstream passenger waiting time is the upstream 
passenger flow waiting in Section Ⅳ. That is, passengers 
choosing to take the train on the Routing R2 from Section Ⅳ 

to Sections Ⅰ, Ⅱ, and Ⅲ, with a waiting time of 
2

up
RT  which is 

calculated by (12) 

 
34 4

2

(1, )(2, ) (2, ) (2, )

(2,1) (1,1) (2,1) (2,1)2 3

30
( )

N nN n N n N i
up

R ij ij
i N j N i N j N

T q q
f f    

 
      (12) 

The passengers waiting for trains on R3 are shown in Fig.5. 
 

Down

SectionⅠ Section Ⅱ Section Ⅲ

 
Fig.5.  Passenger flow classification on Routing R3 

 

As shown in Fig.5, in terms of downstream passenger flows, 
the passenger flows waiting for trains on Routing R3 are 
divided into the following two main types, and the waiting 
times for each type of passenger flow are calculated 
respectively. 

The first type is the downstream passenger flow waiting in 
Sections Ⅱ. That is, passengers choosing to take the train on 
the Routing R3 from Section Ⅱ to Section Ⅳ, with the waiting 

time of 
3 2,
down

R ST  which is calculated by (13). 
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The second type is the downstream passenger flow waiting 

in Section Ⅱ with a waiting time of 
3 4,
down

R ST  which is calculated 

by (14). 

 
4 4

3 4

(2, ) (2, )

,
(2,1) (2, )2 3

30 N n N n
down

R S ij
i N j N i

T q
f f  


    (14) 

Therefore, the waiting time for the downstream passenger 
flow on Routing R3 is calculated by (15). 

 
3 3 2 3 4, ,
down down down

R R S R ST T T   (15) 

The upstream passenger flow on Routing R3 is divided into 
flow departing from Section Ⅱ and within Section  Ⅳ, with 
waiting times calculated by (16) and (17) respectively. 
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Therefore, the waiting time for the upstream passenger 
flow on the Routing R3 is calculated by (18) 

 
3 3 2 3 4, ,
up up up

R R S R ST T T   (18) 

In summary, the passenger waiting time wT can be 

calculated by (19). 

 
3

1

( )
i i

up up
w R R

i

T T T


   (19) 

Depending on the passenger's travel path, most passengers 
transfer at transfer station N(1, n2), while a small number of 
passengers transfer at a station in Section Ⅱ, which is a 
same-station transfer. Passengers transferring at a transfer 
station must go through two processes: interchange walking 
and waiting for the train. However, passengers transferring at 
the same station only have to consider the time spent waiting 
for the transfer train. The types of transfer passengers on the 
two lines are shown in Fig.6. 

 

SectionⅠ Section Ⅱ Section Ⅲ

Down

 
Fig.6.  The types of transfer passengers 

 
As shown in Fig.6, the transfer passenger flows are divided 

into transfer passenger flows from Line 1 to Line 2 and 
transfer passenger flows from Line 2 to Line 1. The transfer 
passenger flows from Routing R2 to Routing R1 also includes 
the same station transfer from Section Ⅳ to Section Ⅰ at the 
turnaround station. 

For passengers transferring at the transfer station N(1, n2), 

the average transfer travel time is assumed to be Ttra. While 
passengers are perceived to be taking longer than they 
actually are during the transfer, a further transfer time 
perception factor λ is introduced. 

The transfer time of the transfer passenger flows from Line 
1 to Line 2 is denoted as 1 2T   , and consists of the transfer 

walk time 1 2
traT   and the waiting time 1 2

wT   of the transfer 

passenger flow, calculated by the (20) and (21) respectively. 
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The transfer time of the transfer passenger flows from Line 
2 to Line 1 is expressed as 2 1T   and consists of the transfer 

travel time 2 1
traT   for the transfer passenger flow, the waiting 

time 2 1
wT   and the transfer time w

tT  for passengers transferring 

at the same station at station N(1, n1+1), calculated by (22), (23) 
and (24) respectively. 
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In summary, the passenger transfer time traT  can be 

calculated by (25). 

 1 2 2 1
w

tra tT T T T     (25) 

he passenger unit time value cost β is introduced to convert 
passenger waiting time and passenger transfer time into 
passenger travel time value cost, denoted as C1, which is 
calculated by (26). 
 1 ( )w traC T T   (26) 

B.2. Operating Costs 
The operating frequencies, the number of train 

compositions and the turnaround plan directly influence the 
vehicle kilometers travelled during the study period. 

The smaller the operating frequencies, the smaller the 
number of the train composition, and the shorter the Routing 
R3 length, the smaller the vehicle kilometers traveled. The 
smaller the number of vehicle kilometers traveled, the lower 
the operating costs for the company while keeping fixed costs 
constant. Therefore, the number of vehicle kilometers 
traveled on the three routings is the primary indicator to 
measure operating costs. 
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The vehicle kilometers traveled on Routing R1 is expressed 
as 

1RS .Since Routing R1 operates trains of a fixed 

composition, 
1RS  is only related to the frequency 1f  of 

Routing R1 and is calculated by (27). 
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Where, ( , 1)s i i   denotes the interval distance from station 

i to station i+1, km. 
Similarly, the vehicle kilometers traveled on Routing R2 are 

denoted as 
2RS which is calculated by (28). 
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However, as Routing R3 operates trains of different 
compositions, the vehicle kilometers travelled are related to 
the operating frequencies, the number of train compositions 
and the location of the turnaround station. The vehicle 
kilometers travelled on Routing R3 are expressed as 

3RS  

which is calculated by (29). 
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In summary, the vehicle kilometers travelled RS  on the 

three routings during the study period is calculated by (30). 
 

1 2 3
2( )R R R RS S S S    (30) 

According to the study [23], introducing the unit vehicle 
operating cost crun, the business operating costs C2 can be 
calculated by (31). 
 2 run RC c S  (31) 

C. Constraints 

The constraints of the model are as follows. 
(1) The full load rate for each section of each routing is less 

than the maximum full load rate of the train. 
In order to ensure the quality of service of the urban railway, 

usually, the maximum full load rate of the train is limited, 
assuming that the trains do have a high full load rate of max . 

In order to ensure that the train's full load rate does not exceed 
the maximum full load rate, only the transport demand of the 
section with the highest passenger flow needs to be met. The 
cross-sectional full load rate for Routings R1, R2, and R3 are 
calculated by (32) (33) (34) respectively. 
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where, Q indicates the vehicle capacity of the metro. 
Therefore, the constraint on the train's full load rate can be 

expressed by (35). 

 
,

, 1 maxmax {1,2,3}zR
i i z     (35) 

(2) Passing capacity constraints at turnaround and transfer 
stations. 

 
max

1 2 3
1 2 3 3 3

traf f f f f N      (36) 

 
max

1 2 3
1 3 3 3

turnf f f f N     (37) 

where, 
max

traN and 
max

turnN  denote maximum passing capacity at 

transfer and turnaround stations respectively. 
(3) Constraints on operating frequencies. 

 max
1 10 f f   (38) 

 max
2 20 f f   (39) 

 1 2 3 max
3 3 3 30 f f f f     (40) 

 

where, max
1f , max

2f and max
3f  denote maximum operating 

frequencies at Routing R1, R2, and R3 respectively. 
(4) Restraint of turnaround station. 
The turnaround station must be set in a reasonable interval, 

so the constraint on the position of the turnaround station is 
expressed as (41). 
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(5) Cross-line passenger flows meet the conditions for 

operating cross-line trains. 
In order to make the operation of cross-line trains realistic 

and economical, the cross-line passenger flow needs to meet 
the conditions for the operation of cross-line trains. The 
minimum passenger flow requirement is expressed as and the 
condition that the cross-line passenger flow satisfies to 
operate cross-line trains can be expressed by (42). 
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(6) Integer constraints. 

 1 2 3
1 2 3 3 3 1, , , , ,f f f f f n Z  (43) 

 

IV. ALGORITHM DESIGN 

The NSGA-II algorithm can efficiently solve the 
multi-objective planning problem[24] through a fast 
non-dominated sorting approach and a crowding degree 
selection strategy[25]. The quantum genetic algorithm (QGA) 
makes the algorithm more stable by encoding quantum bits 
and facilitating the jumping out of locally optimal solutions 
[26]. Therefore, an improved quantum genetic algorithm 
(IQGA) is proposed by introducing the fast non-dominated 
sorting operator and the crowding degree selection strategy in 
NSGA-II into the classical quantum genetic algorithm. 

A. Encoding and decoding 

We use quantum bit encoding, and as the decision variables 

include operating frequencies 1f , 2f , 1
3f , 2

3f , 3
3f , and 

turnaround station location N(1,n1+1), they are encoded in  
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Fig.7.  Diagram of encoding and decoding 

 
the form of segmented chromosomes, which are encoded and 
decoded as shown in Fig7.  

As shown in Fig.7, the chromosome length is a total of 30 
bits, with each 5 bits from left to right representing the 
encoding of a decision variable. 

Based on this encoding, a three-stage decoding approach is 
designed. In the decoding process, the quantum bit encoding 
is first transformed into a binary encoding by means of 
quantum collapse. Secondly, the binary encoding is decoded 
into an actual number encoding every five bits from left to 
right. Finally, the real numbers are mapped to the range of 
decision variables. The formula for the mapping is shown in 
(44), and the final decoding yields the decision variable 
corresponding to the chromosome[27]. 

 
max min

min
max

[ ]ac ac
ac de ac

de

x x
x x x

x


    (44) 

Where, acx  represents the actual value of the decision 

variable after decoding, min
acx and max

acx  represent the upper 

and lower limits of the independent variable respectively, 
max
dex represents the maximum value after the binary string is 

decoded into a decimal value, dex represents the actual value 

after the binary string is decoded into a decimal value. 

B. Quantum Rotation Gate 

The quantum rotation gate is a specific measure for the 
quantum genetic algorithm to increase the diversity of the 
population [28]. An important Q-gate is the quantum rotation 
gate given by the rotation of the qubit by an angle   in the 
Bloch sphere. 
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    
 (45) 

The new qubit is given by (46). 

 
'
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Where, ( , )T
i i  and '( , )i T

i i   are the probability amplitude 

before and after the update of the i-th qubit revolving gate of 
the chromosome;   is the angle of rotation, which uses the 
strategy shown in [29 ]. 

C. Improved Elite Retention Strategy 

In NSGA-Ⅱ, the next generation of individuals is selected 
by merging N parent populations and N child populations and 
selecting the top N individuals with high dominance rank as 
the next generation population. However, this elite retention 
strategy is to retain all elite individuals, which may lead to fast 

convergence or convergence to a locally optimal solution. 
Therefore, referring to the existing reference [30], an 
improved elite retention strategy is shown in Fig.8. 
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population

Child 
population

A fast nondominated  sorting approach

1F 2F 3F

N  (1 )N  
From the suboptimal solution

Directly retained
 

Fig.8.  Diagram of the improved elite retention strategy 

 
As shown in Fig.8, the parameter σ was set to add the first N 

× σ individuals directly to the new population, and the 
remaining N × (1-σ) individuals were selected randomly from 
the plane of suboptimal solutions. 
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Fig.9.  IQGA algorithm flowchart 
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D.  Algorithm Flow 

The fast non-dominated sorting operator and the operator 
of congestion selection are introduced into the quantum 
genetic algorithm to solve the multi-objective planning 
problem, and the overall algorithmic flow of the algorithm is 
similar to that of NSGA-Ⅱ. Therefore, the flow chart of the 
improved quantum genetic algorithm proposed in this paper is 
shown in Fig.9. 

V. CASE STUDY 

A. Case Background 

In order to validate the model and algorithm, two urban rail 
lines in a city were selected as a case study. The layout of the 
station and line is shown in Fig.10. Line 1 and Line 2 both 
include 12 stations, with the two lines articulating at station 10. 
Using the passenger flow data from 8:00-9:00 on a weekday 
in 2019 as input for the analysis, the OD passenger flows 
between the two lines are shown in Fig.11. The total 
cross-line passenger flows from Line 1 to Line 2 are 21,539, 
and the total cross-line passenger flows from Line 2 to Line 1 
are 22,225. The model parameters were taken as shown in 
Table Ⅲ. 
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Fig.10.  The layout of the station and line 
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Fig.11.  OD passenger flows 
 

B. Optimal Train Plan 

The model parameters, passenger flow conditions, and 
algorithm parameters are input into the model, and the Pareto 
solution distribution of the train plan is solved by the 
improved quantum genetic algorithm as shown in Fig. 12, and 
some of the optimal train plans are shown in Table Ⅳ. 

 
 

TABLE Ⅲ 
MODEL PARAMETERS 

Symbols Meaning of the symbols 
Numerical 

values 
Unit 

ρ 
Cross-line routing preference 

factor 
1.1 - 

λ Transfer time perception factor 1.2 - 

β Passenger Time Value Costs 30 yuan/h 

crun Unit vehicle running costs 8 yuan/km 

Q Vehicle capacity 210 
people/ 
vehicle 

Ttra Transfer travel time 5 min 

 

 
Fig.12.  Pareto solution set 

 
TABLE Ⅳ 

SOME OF THE OPTIMAL TRAIN PLANS 

No. 1f  2f  1
3f  2

3f  3
3f  N C1(yuan) C2(yuan) 

1 12 13 6 5 3 5 180344.29 107126.69 

2 12 11 6 5 3 6 188820.78 96483.65 

3 11 8 6 5 3 6 200284.90 87274.75 

4 10 8 6 5 3 6 207264.92 84002.11 

5 11 7 6 4 3 6 209079.45 82569.41 

6 10 8 6 3 3 6 220284.76 78548.93 

7 9 8 6 4 3 6 222008.36 78002.88 

8 9 7 3 3 3 6 259526.84 67844.35 

 
As can be seen from Fig.12, the solution yields 35 Pareto 

solutions, which are much smaller than the initially set 
population of individuals because some Pareto solutions are 
repeated during the iterative process of the algorithm. Each 
Pareto solution's operating and passenger travel costs satisfy a 
non-dominated relationship. The minimum value of 
passenger travel cost for different solutions is 180,344.29 
yuan, which corresponds to the maximum value of the 
operating costs of 107,126.69 yuan. The maximum value of 
passenger travel cost is 259,526.84 yuan, corresponding to a 
minimum operating cost value of 67,844.35 yuan. Therefore, 
the decision maker can choose the train plan that focuses on 
passenger or corporate benefits, depending on the conditions 
of the decision. 
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As can be seen from Table Ⅲ, the operating frequencies of 
Routing R1 vary from 9pairs/h to 12pairs/h, the operating 
frequencies of Routing R2 vary from 7pairs/h to 13pairs/h, the 
operating frequencies of trains in 4 vehicles of Routing R3 
vary from 3pairs/h to 6pairs/h, the operating frequencies of 
trains in 6 vehicles of Routing R3 vary from 3pairs/h to 
5pairs/h, and the operating frequencies of trains in 8 vehicles 
of Routing R3 are 3pairs/h. The higher the operating 
frequencies, the lower the travel costs of passengers and the 
higher the operating costs. The majority of the options have a 
return station at Station 6 and a smaller number of options 
have a return station at Station 5. The Routing R3 has a return 
station at either Station 5 or Station 6, due to the fact that the 
number of passengers crossing from Station 1 to Station 4 on 
Line 1 to Line 2 is too low to run cross-line trains. 

C. Algorithm Analysis 

IQGA is a practical algorithm for solving multi-objective 
planning problems. We set the population size to 200 and the 
number of iterations to 100 and use the average passenger 
travel cost and the average business operating cost of all 
individuals in the population as the target values for 
convergence. The iteration curves of the average passenger 
travel cost and the average business operating cost are shown 
in Fig.13 and Fig.14. 

 

 
Fig.13.  Iterative chart of average travel costs of passengers 

 

 
Fig.14.  Iterative chart of average operating costs  

 
As shown in Fig.13 and Fig.14, IQGA converges well, and 

the two objective functions converge in the 33rd and 38th 
generations, respectively. The final average passenger travel 
cost converges to 207,806 yuan and the business operating 

cost converges to 86,554 yuan. The overall convergence of 
the algorithm is relatively smooth, and the improved elite 
retention strategy makes the algorithm more characteristic of 
jumping out of the local optimal solution. 

VI. RESULTS ANALYSIS 

A. Analysis of the Benefits of Cross-line Operation 

The operation of cross-line trains can effectively shorten 
the travel time of cross-line passengers and reduce the 
pressure on transfer stations. The statistics of passenger flows 
after the operation of cross-line trains are shown in Table Ⅴ. 

 
TABLE Ⅴ 

THE STATISTICS OF PASSENGER FLOWS 

Indicators Line 1 to Line2 Line 2 to Line1 

Total passenger flows(people) 21539 22225 

Direct cross-line passenger 
flows(people) 

7662 11858 

Transfer passenger flows(people) 13877 10367 

Transfer time savings (min) 38310 59290 

Direct traffic sharing rate (%) 0.356 0.534 

 
As shown in Table Ⅴ, the total numbers of cross-line 

passengers from Line 1 to Line 2 are 21,539, while the total 
numbers of cross-line passengers from Line 2 to Line 1 are 
22,225. With the cross-line trains, the cross-line passengers 
shared by Routing R3 included 7,662 passengers from Line 1 
to Line 2 and 11,858 passengers from Line 2 to Line 1. The 
total times saved between Line 1 and Line 2 during the study 
period was 97,600 minutes, with the cross-line routing 
sharing 35.6% of the cross-line passengers from Line 1 to 
Line 2 and 53.4% of the cross-line passengers from Line 2 to 
Line 1, as well as reducing transfer pressure at the transfer 
station by 44.5%. 

B. Full Load Rate Analysis 

The train's full load rate affects the comfort of passengers 
during their travel. Too high a full load rate will reduce 
passenger comfort during travel, and too low a full load rate 
will result in empty trains and increase operating costs. In 
order to optimize passenger travel costs and operating costs in 
a balanced way, the train plan Ω={11, 8, 6, 5, 3, 6} in the 
Pareto solutions is chosen as the object of study, and the full 
load rate of trains in each routing in the down direction of this 
train plan is analyzed as an example. The full load rate of 
trains in the down direction of Routings R1, R2, and R3 are 
shown in Fig.15, Fig.16, and Fig.17. 

 

 
Fig.15.  The full load rate of trains in the down direction of Routing R1 
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Fig.16.  The full load rate of trains in the down direction of Routing R2 
 

 
Fig.17.  The full load rate of trains in the down direction of Routing R3 

 
As seen in Fig.15, Fig.16, and Fig.17, on the one hand, the 

full load rates of Routing R1, R2, and R3 in each section do not 
exceed the maximum full load rate limit, except for the full 
load rates of section 8 and section 9 on Routing R1, which are 
112.7% and 112.5%, respectively, which exceed the full load 
rate limit. The reason is that Section Ⅱ to Section Ⅲ has more 
passenger flows, Section 8 and Section 9 on routing R1 have 
increased passenger flows ， so they become restricted 
intervals. 

On the other hand, the average full load rates of each 
section of Routing R1, R2, and R3 are 0.618, 0.68, and 0.619 
respectively, so the average number of passengers in each 
metro vehicle is between 126 and 127, and the overcrowding 
of the vehicle is minor. Moreover, only trains of Routing R1 
operate between stations 1 and 6, but the full load rate of each 
section is small, which indicates that the location of the 
turnaround station of Routing R3 is more reasonable and will 
not cause the problem that trains of Routing R1 and R3 operate 
empty in section Ⅰ. 

In summary, after the cross-line trains are operated, 
Routing R3 shares the cross-line passenger flows between R1 
and R2, and the full load rate of the three routings reaches a 
balanced level. It can be seen that the model proposed in this 
paper can provide technical support for the formulation of the 
cross-line operation train plan. 

C. vehicle capacity sensitivity analysis 

Vehicle capacity refers to the maximum number of 
passengers per unit vehicle when the vehicle is fully loaded. 
Usually, a square meter can carry passengers 4 or 6 people. 
However, in practice, when the full load rate is 70%-80%, 
passengers are already in a more crowded state. Therefore, the 
train capacity can be adjusted appropriately to consider the 

travel comfort of passengers when the train plan is made. In 
the Pareto solution, different train plans correspond to a 
different number of vehicles, and the effect of a different 
number of vehicles and vehicle capacity on the full load rate is 
analyzed as shown in Fig.18. 
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Fig.18.  Schematic diagram of vehicle capacity sensitivity analysis 

 
As shown in Fig.18, with the increase of the number of 

vehicles operated in different train plans, the average full load 
rate of each section of the three routings gradually increases 
under the same train capacity, and the higher the train capacity 
is set under the same train plan, the smaller the full load rate 
is. 

The calculated minimum average full load rate is 19.4% 
when the number of operating vehicles is 228. The vehicle 
capacity is 330 people per vehicle. The calculated maximum 
average full load rate is 53.9% when the number of operating 
vehicles is 150 and the vehicle capacity is 180 people per 
vehicle. As can be seen, the setting of train capacity directly 
affects the full load rate and has a more significant impact on 
the development of the train plan. Therefore, the train 
capacity should be determined and adjusted scientifically and 
reasonably for the vehicle conditions and operation of 
different lines when making the train plan. 

D. Sensitivity analysis of transfer time perception factor 

In real life, passengers often perceive the transfer time 
longer than the actual time. Still, each person's perception is 
different, so it is necessary to conduct a sensitivity analysis of 
the transfer time perception factor. The transfer time 
perception factor is taken to be in the range of 1 to 2 with a 
step size of 0.1, and the effect of the change of the transfer 
time perception factor on the average passenger travel costs 
and operating costs of all solutions in the Pareto solution set is 
studied. The sensitivity analysis figure of the transfer time 
perception factor is shown in Fig. 19. 

As shown in Fig.19, the average travel cost of passengers in 
the Pareto solution set gradually increases with the increase of 
the transfer time perception factor. During the change of 
transfer time perception factor from 1 to 2, the average 
passenger travel cost increases from 203,060.8 to 229,762.9, 
an increase of 13.1%. However, the average operating cost 
has been fluctuating within a specific range. Therefore, it can 
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be concluded that the transfer time perception factor has an 
impact on the average travel cost of passengers of the train 
plan, and the average travel cost of passengers gradually 
increases with the increase of the transfer time perception 
factor, but the transfer time perception factor has a negligible 
impact on the average operating cost. 

 

 
Fig.19.  Sensitivity analysis of the transfer time perception factor 
 

E. Sensitivity analysis of transfer time 

Due to the difference in the size of the station, the design of 
the pedestrian flow line in the station, the congestion level in 
the station and other factors, the transfer time of passengers in 
different stations is not the same. The main purpose of 
cross-line operation is to shorten the travel time of passengers, 
so it is necessary to analyze the sensitivity of the transfer time 
of passengers in the station. Combining the observed transfer 
times in different stations, we select the passenger transfer 
times from 1 to 10 minutes, and the changes of the average 
travel costs of passengers and the average operating costs 
with the transfer time in the Pareto solution are shown in 
Fig.20. 
 

 
Fig.20   Sensitivity analysis of the transfer time 

 
As shown in Fig.20, the average passenger travel costs and 

the average operating costs increase gradually with the 
increase in transfer time. In the process of changing the 
transfer time from 1 minute to 10 minutes, the average 
passenger travel costs increase from 182,342.37 to 
236,012.31 yuan, and the average operating costs increase 
from 84,789.54 yuan to 86,644.35 yuan. The reason for this is 
that with the increase in transfer time, the passenger waiting 
time becomes longer, so the passenger travel cost increases. 
As the passengers' transfer time becomes longer, more 

cross-line trains are run to meet the needs of cross-line 
passengers, so the average operating cost increases, which 
also reflects the reasonableness of the model in this paper. 

VII. CONCLUSIONS 

A passenger flow allocation model is proposed for the 
complex characteristics of passenger flow after the operation 
of cross-line trains, and a multi-objective planning model is 
established based on passenger flow allocation with minimum 
travel costs of passengers and operating costs. Through the 
case study, the following conclusions can be drawn. 

(1) The operation of cross-line trains can effectively 
shorten the travel time of cross-line passengers and reduce the 
pressure on the transfer station. After operating cross-line 
trains, 35.6% of the cross-line passenger flow from Line 1 to 
Line 2 and 53.4% from Line 2 to Line 1 can reach the 
destination station directly while reducing the transfer station 
transfer pressure by 44.5%. 

(2) After operating cross-line trains, the local routings and 
the cross-line routing share the passenger flows in a balanced 
way. The average full load rate of each section of Routing R1, 
R2, and R3 is 61.8%, 68%, and 61.9% respectively, so the 
average number of passengers in each metro vehicle is 
between 126 and 127, and the train is less crowded. 

(3) In the process of making the train plan, the setting of 
vehicle capacity is crucial to passenger comfort, and the 
vehicle capacity should be determined and adjusted 
scientifically and reasonably for the vehicle conditions and 
operation of different lines. The average passenger travel 
costs increase with the increase in the transfer time perception 
factor, but the perceived transfer time factor does not affect 
the average business operating costs. The average passenger 
travel costs and the average operating costs increase gradually 
with the increase in transfer time. 

(4) The Improved Quantum Genetic Algorithm (IQGA) is 
an efficient algorithm for solving multi-objective planning 
problems, and it has good convergence and jumps out of local 
optimal solutions. 

As mentioned above, cross-line operation is an essential 
mode of urban rail transit network operation, and it is of great 
theoretical and practical significance to the urban rail transit 
organization. In this paper, we have not yet considered the 
operation of " cross-stopping" cross-line express trains. Still, 
we will consider the operation of cross-line express trains in 
future studies to further reduce the travel time of cross-line 
passengers. 
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