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On Tripled Fixed Points Via Altering Distance
Functions In G-Metric Spaces With Applications

N.Mangapathi, B.Srinuvasa Rao, K.R.K.Rao, and MD Imam Pasha

Abstract—We investigate the present applications of homo-
topy theory and integral equations in a complete G-metric
space using general tripled fixed point theorems. The distance
function is modified in these applications. Furthermore, this
study provides an example that aids in explaining the critical
discovery. The findings supplement, align, and broaden the
scope of previous discoveries stated in the literature.

Index Terms—Common tripled fixed point; altering distance
function; w-compatible and G-completeness.

I. INTRODUCTION

IXED point theory is one of the most prolific positions

in nonlinear analysis due to its vast applications in
approximation theory, homotopy theory, integral, integrod-
ifferential, and impulsive differential equations, which have
been explored in numerous metric spaces.

Berinde and Borcut [1] present the concept of tripled
fixed points, as well as certain tripled fixed point results
for contractive type mappings with mixed monotone features
in partially ordered metric spaces. Borcut et al. [2] also
introduced the concept of a tripled coincidence point for
a pair of nonlinear contractive mappings. Aydi et al. [3]
investigated the common tripled fixed point theorem for w-
compatible mappings in abstract metric spaces. Numerous
academics have established triple fixed point results for
different spaces; see ([4]- [11]) for more information.

Mustafa and Sims [12] introduced the notion of G-metric
spaces in 20006, in addition to providing variant-related fixed
point results. Since then, several fixed point results on the
formation of G-metric spaces have been published ([13]-
[23D).

Khan et al. [24] in 1984 pioneered the concept of altering
distance function for self mapping on a metric space. Guttia
and Kumssa [25] in their research on fixed point theory,
where they generalised the notion of altering distance func-
tion and dubbed them control function. Under implicit re-
lations, Pupa and Mocanu [26] introducing altering distance
and common fixed points. Many authors extended the Banach
Contraction Principle by using control functions, see ([27]-
[30D.

In this study, two mappings meeting generalised con-
tractive requirements in G-metric space are demonstrated.
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These mappings involve altering distance function and also
demonstrate the existence of a singular common tripled fixed
point. Examples of applications are also given for homotopy
theory and integral equations. These results expand and
generalise a number of well-known, pertinent, recent findings
in the literature.

II. PRELIMINARIES

In order to obtain our results we need to consider the
followings.
Definition IL1:([12]) Let G : & x S X & — [0,00) be a
function defined on a non-empty set & is said to be a G-
metric on & if satisfying the conditions specified below :

(go) G(al,ag,ag) =0if 81 = 82 = 83;

(g1) 0< G(81,81,82) for any 81,82 € & with 04 75 Oa;

(gg) if G(&'l, (3'1, 82) < G(81,02,63) for all 81, 02, 03 €<
with 0y # 0s;

(G3) G(01,02,03) = G(P[01,09,03]), where P is a per-
mutation of 0p, J2, 03 (symmetry);

(94) G(al,ag,ag) < G(@l,ﬁ,é) + G(g, 62,83) for all

01,02, 03,¢ € & (rectangle inequality).
Here the pair (3, G) is called a G-metric space.
Definition I1.2:([12]) A G- metric space (3, G) is said to
be symmetric if
G (81,82, 82) =G (82,81, 81) for all 01,05 € 3.
Definition IL3:([12]) Let & be a G-metric space. A sequence
{¢;} in & is called:

(a) If an integer iy exists in Z* such that V 4,5,k > i,
G (4;,¢;,0,) < e is true for any e > 0, then the
sequence is said to be a G-Cauchy sequence.

(b) If an integer ig exists in Z* such that V i,j > 1o,
G (¢;,£;,0) < e, then G is convergent to a point £ € 3.

If every G-Cauchy sequence in & is G-convergent in <, then
a G-metric space on < is said to be G-complete.

We direct the reader to ([12]) for a list of other qualities of
a G-metric.

Definition I1.4:([1]) Let & be a nonempty set. An element
(01,02,03) € S is called a tripled fixed point of a given
mapping H : 3% — S if H (01, 0o, 03) = 01,

H (82,83781) = 82 and H (63, (917 82) = 63

Definition IL5: (2D Let H : 3% - Fand V : S = &
be two mappings. An element (91, 0>, 03) is said to be a
tripled coincident point of  and V if H (01, 02, 03) = Voh,
H (62,83,81) = Vaz and H (83, 81, 82) = V83

Definition I1.6:([2]) Let H : 3% — Sand V : & — $ be
two mappings. An element (9;, 02, J3) is said to be a tripled
common point of H and V if

H (81,82763) = V81 = 61, H (32,33,81) = Vag = (92 and
H (03,01,02) = VO3 = O5.

Definition IL.7:([3]) Let (3, G) be a G metric space. A pair
(H,V) is called weakly compatible if for all d1, 05,05 € S,
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V(H(01,02,03)) = H(VO1, VD2, VD3) whenever
H (01, 02,03) = VOi,H (02,05,01) = Vo,

and H (83, (91, 82) = Vag

Definition I1.8:[24] The function ¢ : [0,00) —
called an altering distance function if

[0,00) is

(1) (¢ is continuous and nondecreasing,
(#7) ¢(t) =0 < t=0,
(133) C(t+s) <C(t)+¢(s) Vit s€]0,00).

III. MAIN RESULTS

Theorem IIL1: Let(3, G) be a G-metric space. Assume that
X : [0,00) — [0,00) is a lower semi continuous function
with x(t) =0 < ¢ =0and ¢ : [0,00) — [0,00) is
an altering distance function. Additionally, let’s assume that
T:3% = Sand f: ¥ — $ are two mappings that meet the
criteria listed below:

G (T(1,2,0), TR, p,@), T (p, 0,5)))
< CAM(,0,4.R,9,@,p,0,))
=X (AM(2,7,4,R, 9,7, p, 0,<))
+LN(1,3,0,%, 0, @, p, 0,5).
(L

) T(3°) € f(9),
) (T, f) are w-compatible,
) f(S) is complete.

a

=2

C

where M (2, 7,¢,R, p, @, p, 0,5)
G(f1, IR, fp),

G (T(1,3,0),T(p,0,5), fp),
G (T(1,9,0), TR, p,@), fp),
G (T(2,2,0), f1, fp)

G (TN, p, @), fp,T(p,0,5), [’
G(fp, TR, p, @), IR,

G (TR, p, @), T(1,,¢), [R),
G (T(p,0,5),T(p;0,5), fp)

G(f1, fo, fo),

G (T(3:¢4,2),T(0;5,p), fq),

G (T(3,4,2),T(p,w,R), fo),
G( (]78 Z)’fj’fg)’

(T( @, R), fo,T(o,5,p)),
G(fo,T(p,w,N), fp),

G (T(p,@,R),T(3,4,1), fo),

G (T(o,5,p),T(0;5,p), fo)

max

= max

max

max

and
N(2,7,4,, 0,w,p, 0,5)

G(f1, IR, fp),
G(T(Z 2,£),T(p,0,5), fp),
(T(, f), T(N 0, @), fp),
G(T (z 2:0), f, fp),
(T( ) )fp7 (pan ))’ ’
G(fp (N 0, @), [R),
(T(N p @), T(2,,0), R),
G (T(p,0,5),T(p,0:5), fp)

G(fs, fo, fo),
G (T(3,4,2),T(0;5,p), fq) 5
G (T(]7£’ Z)’T(p’ w’ N)’ fg) b
G(T(3,¢,2), f3, fo),
G (T(K), w, N)7 fQ7 T(Q7 S, p))7
G (fo,T(p,m,N), fp),
G (T(p7 w7 N)’T(J’ €7 l)? fp) b
G (T(o,s,p),T(0;s,p), fo)

min

min

= min

min

with L > 0 and 0 < A < 1.Then, T, f has a unique common
tripled fixed point in 3.
Proof: Let 12,7,/ € < be arbitrary, from (a), we build the

sequences {tn},{n},{ln} {Nn},{on},{wn}, in  as

T('Ln»]n»gn) = fln+1 =N,
T (Jnslnsin) = fint1 = on,
T(gnaznu]n) = fzn-&-l =w

where n =0,1,2,....

Now we show that 7' and f have unique common tripled
fixed point in . Assume that G(X,,, X, N, 41) > 0,
G(on, Pns Pn+1) > 0 and G(wp, wp, wpt1) > 0V n.
Otherwise, there exists some positive integer n such that
N, = Nyi1, oo = @n+1 and w, = wpy1 and so
(R, o, @y, is a tripled fixed point of T, f, and the proof
is complete.

By using (1), for each n € N, we have

C(G NnaNnaNn+l))
— C |:G< ZTL’]TL; n) T(lna]nygn)> ):|

T (415 Jn+1 bnt1)

CAM (20, Jns s 1y Ins s 1t 15 It 15 bnt1)

X (AM (%25 s s s s €y b 15 i 15 bngn))
+LN (tr, Jns by tny Iy by ot 15 It 15 b1 ). (2)

IN
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where

M(Zna Ins Ly, Ins Ly, n+1, Jn+1, én—&-l)

= max

= max

= Imax

max

max

max

max

max

G(Nn—la Nn—la Nn)v

G (Nn—Ha Nn+1v Nn)

G(@nfh Pn—1, @n)y

max

max {
max {
max {

G(N,, N1, Ny,
G (N, Ry, )
G (N, R,21,R,),
G (Nny N'ru NnJrl) )
G (Nru Nn; Nn—l) )
G (Nna Nna Nn—l) )

G(pnv On+1, pn>7
G (n, 9ns 9n) ,
G (@n; Pn—1, @n) P
G (@n, ©n, @n+1) )
G (@na K)na @nfl) )
G (pna Pn s @nfl) )

G (9Pn+1> ©Pn+1, 9n)

G(wn—la Wn—1, wn)a

G(’(Dn, Wn+1, wn)y
G (wn, @n, @n) ,
G (w’ruwn—lawn) )
G (wnawna wn+1) ,
G (wvuwnawn—l) )
G (wnawnvwnfl) )

G (wn+17 Wn+1, wn)

G(Nn—la Nn—la Nn)»
G(NTM Nnv Nn+1)7
G (Nn7 N'rm Nn) )

G (Nna Nn—la Nn—l) )

G (Nna NTH Nn-{-l) )
G (Nn—la Nn—la Nn)

G(pnfh Pn—1, pn>7

G(@na §n s anrl)v
G (9n, Pns 9n) ,

G (p"a On—1, @n—l) )

G (9n> 9n> Pn+1) 5

G (@nfh @nfh @n)

G(wn—hwn—hwn)a
G(wn,wn,wn+1),
G(wnvwn:wn)v
G (wna Wn—1, wnfl) )
G (wn, Wn, Wnt1) ,
G (wn—lawn—lawn)
G(anla anla Nn)aoa
G (N, Ry, Ry q)

G(@n—ly Pn—1, @n)a 0>
G (pna ©n, @nJrl)

G(wn—la Wn—1, wn)» 07
G (wru Wny wn+1)

max{ G(Nn—laNn—lyNn)v }
G(NnanaNn—&-l) ’

G(@nflv Pn—1, @n)a }
max ,
{ G (9ns On, Pn+1)
max G(wn—la Wn—1, wn)v
G (wna Wns w71,+1)

= max

By similar arguments we obtain

N(lna]nag'ruZny]n7€n71n+la]n+la€n+1)

min G(NTL—17NTL—17 Nn)voa
G(N", Nn7Nn+1) ’

. { G(@n71,@n717@n)»07 }

= min min
G (pnv ©n,y anrl)

. G(wn_l,wn—l,wn)707
min { G (wm Wh, wn+1)

= min{ 0,0,0 }:O.

We show that G(N,_1,N,_1,8,;) > G (R, N, Npi1),
G(pnfh Pn—1, pn) > G (pn; ©n, pn+1)

and G(wn—lawn—lawn) > G(wnvwnawn-‘rl) Yn € N.
Assume that G(X,—1,8,_1,N,,) < G (R, R, N, 11),
G(pnfla On—1, pn) <@ (@na ©n, pn+1) and
G(wnflawnflvwn) <G (wnawnvwnJrl)’ nenN,

then we have,

M<Zn7]n7gnvln7]n7£n7 Zn+17]n+17£n+1)

— max G(N”7N”’N”+1)7G(pn7@n,pn+1)7 .
G(wnawnywn-}-l)

Then from (2), we can get
(: (G (Nna Ny, Nn-ﬁ-l))
G (Nm Ny, Nn-&-l) )
G (pnv ©n, pTLJrl) )
G (@, @n, Tnt1)
G (Nn» Nnv Nn+1) )
G (@m n, PnJrl) )
G(wmwmwn+1)
G (Nm N, Z\zn+1) )
< (| Amax<{ G (on, Pns Pnt1) s
G

< (¢ | Amax

—x | Amax

Wn,y Wn, wn+1)

Since ( is increasing, we get
G (N’I’L7 Nru N’n+1) )
G (pna n s pn-{-l)

< Amax ,
G (wna Wn,s w7z+1)

G (N’na Nnv NTL+1)
3)

By similar arguments we obtain
G (Nﬂa Nn, Nn+1) )

G (@n» @n7 pn‘i’l) )
G (w’l’h TWn, wn+1>

G (P, Pns Pnt1) < Amax

“4)

Also, we have
G (Nna Nna Nn,-l—l) ’
G(wnawnawn—kl) < Amax G(@n,pna@n—&-l),
G(wnawnawnqu)

®)
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Combining (3)- (5), we can get By similar arguments, we obtain G (p,, ©n, Pm) — O
G R asn,m — 00, G(wy,, @, @wn) — 0asn,m — oo.
(R, R, Ro1) This demonstrates that in the G-metric space (S,G),

max G( nvpn7pn+l>

! {N,},{pn} and {w, tare Cauchy sequences. Assuming that
G (wna Wny wn-}-l) f((\

) is complete subspace of (3, G), then the sequences
(N, Ny, Ry {®,},{pn} and {w,} are convergence to x,y,z respec-

G
< Amaxq G (Pn, On; Pnt1) tively in f(S). Thus, there exist i, ¥, w € f() such that
G (

)

Wny Wny Wn41 . . . ..

s @ Pnt1) lim X, =z=fi lim g, =y=f0
n—oo

which is a contradiction, because 0 < A < 1. n_)olci)m oy = 2 = fi ©)
ThUS, G(anla anlv Nn) Z G (Nna Nnv N’I’L+1)9 n—oo T
G(Pn—1,9n—1,9n) > G (Pn, Pn, Pn+1) and We claim that T'(ii,, ) x, T(6,1,i) = y and
G<wn—l7wn—lawn) Z G<wnawnawn+l)~ T(w,u,v) = Z.
Therefore by above inequality we get By using (1), we have

G (N, Ny, Ny 1)) C(G (T (i, B, ), T(ii, ,10), Rpy1))

max G(@m@m@n—&-l)a
G (w’l’h W, wn+1)

C[G( T(u,v,w),T(u,v,w),T(zn+1,]n+1,€n+1) )]

< )\M i’i?U?w’ ﬂ7ﬁ7w7ln Y J1T 7€n
G (Nam 1 Rt Ny = o Mii s T I I Zl))
< Amax G (@nfla Pn_1, @n) , —X ( (U, v, ’Ll),“u,“’l),:wa“ln:&-l‘a‘]n+1a n+1))
G (wnfly Wn—1, wn) +LN(U’ UV, W, U, UV, W, In+4+1, In+1, gn+1)
G (Nn—Qa Nn—27 Nn—l) ) (7)
< Nmax{ G (pn—2,Pn—2,Pn-1), where lim M (i, 0,0, i, U, W, tn41, Jnt1, bnt1) = lim
G(wn727wn72>wn71) oo n—roo
G(fi, fi,Ry,),
G (T(ua i}7 ’LU), Nn-‘rla Nn) )
. G (Ro, Ro, Ra) G (T(ii, &, @), T(it, 9, %), R) ,
< A'maxg G (po, 90, 91) G (T (i, B, ), fii, Ry) ,
G (@0, @0, 1) BN G0 5,0), R, Rg1) ([
Thus, we have G (R, T'(id, 9, W), Ry, ),
G (T, ), T, , ), fii)
G(N()vNOa ) ’ G(Nn-‘rlaNn-‘rlan)
G(NrmNn;Nn+l) S A max G(@o;@m@l) )
G (@0, @0, @1) G(fo, F, 0n),
G(NOaN(h )u G(T(ﬁ7wau)vpn+17@n)v
1) G(T@}vw’d)vT(ﬁvwau)apn)a

G(@napnapn—‘rl) § A" max G(@m@oa@ )
G(Wo,’lﬂo, 1) G(T(U7w7u)afv7@n)

ma max N )
* G(T(anvu)’pnapn-‘rl)a

G (No, Ro, N1, G (o, T(0, W, ), m),
and G (wy, Wn, Wpe1) < A" maxq G (9o, 0o, 01), o - G(T(gy,w,uLT(v,w,u),fv) ’
G (w0, wo, w1) (Pn+1, Prt1, 9n)
By use of the rectangle inequality, for n > m, we get G(fw, fuw,w,),
G (T(w7 ﬂﬁ U)v Wn+1, wn) )
G (R, R, Ry G (T(w, i, B), T(, ii, ), o) ,
< G(Nmme+17Nm+1) +G(Nm+1aNnaNn) max G(T(w,u,v),fw,wn),
S G (Nma Nm+17 Nm+1) + G (Nm+2> Nm+27 Nm+1) GC§7(1<w’ U,(U), Wn 7)w7l+;-)’
T(w,,v),w
+G Nm ’Nn,NH Wn,y s Uy s Wn ),
(2 : G (T, i, 0), T(4, i, ), 1)
S G (Nm, N77L+17 Nm+1) + G (N7n+27 Nm-{-Za Nm+1) G (wn+1a i1, wn)
o G (R, Ny, Ry) G (T (i, b,0), z, ),
T . G (Ro, o, Ry ), = maxq G(T(6,4,1),y,y),
< AT 4 A ) max ¢ G (o, 9o, 1) 5 G (T (i, ii, B), 2, 2)
G(WO,WO,WI)
and
G (Ro, Ro, Ry), . I,
< (/\m+)\m+1 —|—) max G(po,pmpl), nh_{gON(uvvvwauavawvln—&-lajn—&-lagn—i-l)
G (wo, @o, w1) min { 0, G (T(ii, ¥, %), ,2) },
pRL G(NO>N07N1)7 = min mln{ 07G(T(U7wvu)7y7y) }7 =0.
< T max G (90, 90,01), p — 0as m — oco.
o G (wq, @o, @1) min { 0,G (T (i, i, ?),z,2) }
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By taking the upper limit when n — oo in (7), we obtain

C(G (T (i, v,w), T (i, v, w),x))
nh_)ngo (G (T(i, B, ), T (i, B, 0), Npt1))

< (A lim M (i, 6,111 G o)
n— o0
—X (A nh~>nc}o M(u’ Ii}.a wa ﬁ7 ij7 71)7 In4+15 JIn+1, €7L+1))
+L hm N('LL, ’D, ’l.l.)7 ﬁ, ’U, ’lI), In+1yIn+1, €n+1)
n—oo
G (T(ii, ¥,), >, ),
< (| Amaxq G(T(6,9,1),y,y),
G (T (d,1,7),z2,2)
G (T (i, v,w0),z,x),
—x [ Amax{ G (T(¥,%,1),y,y), + L(0)
G (T (d,1,7),z2,2)
G (T (i, v,w),x,x),
< (| Amax<{ G(T(0,w,1),y,y),
G(T(w,1,1),z,2)
which implies that
G (T (i, ,0), x, x),
G (T(i,v,0),z,x) < Amax] G (T(¥,%,1),y,y),

G (T(w,1,v),z, 2)
Similarly, we can prove that
G (T(’U,’ ﬁ’ w)? x7 x) )

G (T(0,4,1),y,y),
G (T (b, i, ), 2, z)

G (T(0,w,1),y,y) < Amax

and
G (T (i, v, W), >, x),
G (T(v,w,1),y,y)

G (T (w,1,1), 2, 2) < Amax T
G (T(w,1,v),z,2)

therefore, we have
G (T(i, b, 0), v, ),
G (T(v,w,1),y,y)
G (T (d,1,9),z2,2)
G (T (i, b, 0),z, ),

G (T(6,, 1), y,y)
G (T(w,1,v),z,2)

max

< Amax{ }

which is impossible. Hence G (T'(i,¥,w),x,x) 0,
G (T(V,%w,1),y,y) = 0 and G (T(w, i, V), z,z) = 0 which
implies that T'(i, ¥, w) = x, T(9, W, 1) = y and

T(w,i,v) = z. It follows that T'(i,d,w) = x fi,
T(W,w,4) =y = fo and T(0,4,0) = z = fw. Since
{T, f} is weakly compatible pair, we have T'(z,y, z) = fxz,
T(y,z,x2) = fy and T(z,z,y) = fz. Now we prove that
fr=xand fy=y and fz = z.

By using (1) and taking the upper limit when n — oo, we
have

nlgrolo C (G (T(xv Y, Z)a T((E, Y, Z)v T(Zn+1v]n+1a €n+1)))

IN

C(A lim M(:Cayavaayaszn-‘rla.]n-‘rlaén+l)>

n— o0

—X ()‘ lim M(x’yaZaxayazaln+17]n+17€n+l))
n—roo

+L lim N(‘Tvy7 2,5 Y, Zvln+17]n+17£n+1)
n—oo

®)

where

lim M(J?,y, Z,X,Y, Zazn+17]n+17€n+1)
n—o00

:max{ G(fm,x,x),G(fy,y,yLG(fz,z,z) }

and

hm N(.’,E, Y,z,%,Y, %, 7Jn+17]n+17£n+1)

n— o0
min{ 0,G(fx,z,x) },

= min min{ 0,G(fy,y,y) }, =0.
min{ 0,G(fz,z2,2) }
From (8), we have
(G (fz,2,))
G(fr,z,x),
< (| Amaxq G(fy,9,9),
G (fz2,2)
G(fr,z,x),
—x | Amax < G (fy,y,9), + L(0)
G(fz,2,2)
G(f:t,l',ﬂ?),
< (| Amaxq G(fy,y,9),
G(fz,2,2)

which implies that

G(fr,z,z) < )\max{ G(f%gf};i’(gﬁyay%

Similarly, we can prove that

G(fr,z,z),G(fy,v,9),

G(fy7y,y)§)\maX{ G(fZ,Z,Z)

and

G(fZ,Z,Z) S)\max{ G(fl',l’,l’),G(fy7y’y),

|
|
|
}.

G(fz2,2)
therefore, we have
G(fx7z7x)7 G(f"l"?:zj?x)?
max< G (fy,y,y), p <Amax{ G(fy,y,9),
G(fz 2 2) G(fz,22)

Hence G (fz,z,2) =0, G (fy,y,y) =0, G(fz,2,2) =0
which implies that fx = =z, fy y and fz = 2z It
follows that T'(z,y,2) = = = fz, T(y,z,2) =y = fy.
and T'(z,z,y) = z = fz. As a result, the tripled common
fixed point of T and f is (z,y,z). The following section
will demonstrate the common tripled fixed point in $’s
uniqueness. Assume that there is a another tripled fixed point

of type (z/,y’, 2") for this purpose. We have

¢ (G (z,,2))
C(G(T(2,y,2),T(2,2y), Ty, %))
C (AM(m’ y7 Z’ 'r) y7 Z’ xl’ y/’ Z/))

—X ()\M(J}, Y,2,%,Y, %, $/7 y/a Z/))

IN

+LN(z,y,2z,2,y,2,2',y,2") ©)

where

M(,’E,y, 2,1, Y, Z7$/, y/ﬂ Zl)

_ G(z,z,2"),G(y,y,y),
- ma"{ G (227

}
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and N('r’ y) Z’ 'r’ y? Z’ J;/’ y/7 Z/) = 0'

From (9), we have

C(G (z,2,2"))
S C ()\max{ G(xvxéxgiafi%/)ay?y/)a })
G (z,x,2"),
—x | Amax{ G(y.9,9), ¢ | +L(0)
G(z,2,72)

G(z,z,2"),G
G (z,

< (¢ ()\max{

which implies that
G(z,z,2') < )\max{

Similarly, we can prove that
G(z,z,2"),G
G (z,

yyy
ZZ
G(z,z,2"),G yy y')
G(z,2,72)
, yyy
G(yyy,y)<>\ma><{ 2 o)

and

ki
g}
"

G(z,z,7"),G (y,y,y
! ) b b b
G(z,z,z)g)\max{ G (222
therefore, we have
G (x7 x’ x,) K G (x7 x’ x,) b
max{ G (z,z,2) <AXmax{ G(y,y,v),
G(z,2,7) G(z,2,7)

which is impossible. Hence G (z,z,2’) =0, G (y Y,y ) 0
and G (z,z,2') = 0 which implies that z = 2/, y = ¢ and
z = 2. Therefore, (z,y, z) is uniqueness of common tripled
fixed point of 7" and f. Following, we’ll demonstrate the one
and only fixed point in &

Now,

(G (2,y,2))

(G (T(2,y,2),T(y, 2,%), T(2,2,9)))

C(AM(x,y,2,y,2,2,2,2,Y))

—x (AM(z,y, z,y,2,x,2,2,Y))
+LN(z,y,2,9,2,2,2,2,9)

IN

(10)

G<x’yﬂz)7
G(y7’271.)7
G (z,x,y)

M(z’ y? Z? y? Z’ '1:7 Z? 'r’ y) = max

and N(x7 y’ Z7 y’ Z7 x? Z? x? y) = O.
From (10), we have
G(2,y,2),

G(y,zx),
G (z,2,y)

{ G (:’L’? y’ Z) ) }

Amax ¢ G(y,z, ),

G(z,z,y)
G(

A max

((G(zy,2)) < ¢

- X

G(z,y,z),
Gy, z ),
G (z,x,y)

A max

< ¢

which implies that
G(m7y7z) 7G(y7z’x)

<

G (z,y,2) < Amax G (2 z,y)

Similarly, we can prove that

G (y,z o) < Amax{ G(z,y,2),G (y.2,2),

and

G(z,z,y) < dmax{ G(z,y,2),G (y,2,2),G (z,2,y) }.

Therefore, we have

G (z,y,2), G(r,y,2),
max{ G (y,z,z), p <Amax{ G(y,zx),
G (z,2,y) G (2 ,y)

which is impossible. Hence G (z,y,2) =0, G (y,z,z) =0
and G (z,z,y) = 0, hence, we get x = y = z. Which means
that 7" and f have a unique common fixed point.
Corollary IIL.2: In reduced to the hypotheses of Theorem
1.1, assuming L = 0 we deduce that 7" and f have common
tripled fixed point in .

Corollary ITL3: Let (3, G) be a complete G-metric space.
Suppose that T : % — & be a mapping such that

G (T(2,3,0), TR, p,w), T (p, 0,5))
< Amax {G (1, R, p), G(3, 9, 0), G(¢,@,5)}

for all 2,7, 0, R, p, @, p, 0,5 € & with 0 < A < 1, then there
is a unique tripled fixed point of 7" in &

Example II1.4: Let S = [0, 00) and

G(N, p, @) = max{|NX — p|, |p — @[, |[w — R|}. In this case
(3, G) is a complete G-metric spaces. Let T : $% —  and
f S — S be given by f(R) = § and

TR, p,w) = N_Zp:w, also, ((t) = 2 and x(t) = £ for
all ¢ € [0,00). Then obviously, 7(3?%) C f(3), and the pair
(T, f) is w-compatible. Now we have

C(G(T(a, 8,7), T(, 8,7), T(R, p, @)))
2
- ?G(T(a7577)’T<a,B,’y),T(N,@,w))
< %max{\T(a,ﬁ,’y)—T(N’@aw)‘}
B lmax |a_ﬁ+fy_N—p+w‘
D) 24 24
- 418max{|oz—,3+’y R+ —wl}
max { | — 5,0, }
1
< 1 Tmax max { |f—f| 0, }
max{ |3 - %Z/,0, }
max{ Gfa7fa7fN)7Oa }
< % 5max maX{ G(fﬁafﬁ?fp)707}
max { G(f~, fv. f=),0, }
max { G(fa, fa, fR),0, }
< % %max max { G(fB,fB, f9),0, }
max { G(fv, fv, f=),0, }
max { G(fa, fa, f¥),0, }
_; 5 max{ max{ G(f8, /8, fp),0, }
maX{ G(f77f77fw)707 }
< C(AM(O‘757770436377N3@3W))
X (AM (o, B, 7, @, 8,7, R, p, ™))
+LN (v, B,7, a, 8,7, R, 9, @).
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Thus all the conditions of the Theorem I71.1 are satisfied
and (0, 0,0) is unique common tripled fixed point of 7" and f.

A. APPLICATION TO INTEGRAL EQUATIONS

In this section, we study the existence of an unique
solution to an initial value problem, as an application to
Corollary I11.2
Theorem IIL.5: Consider the initial value problem

dX
an
where S : I x R? = R and Xy € R with
t

be(S, R(s), p(s),w@(s))ds =
;S(S,N(S),N(S))d&

max Then the initial

jse,p(s),ms),ms))ds

J S5, (s),

0
value problem (11) has a unique solution in C (I, R).
Proof: Initial Value Problem (11)’s equivalent integral equa-
tion is

w(s), w(s))ds

t

R(t) = Ng + /S(s, R(s),R(s),R(s))ds.

0

Let §=C(I,R) and
G, p,@) = R—p[+|p - +]|@ N[ VR pze.
Define ¢, x : [0,00) — [0,00) by ((t) = % x(t) = L.

Define 7: 3% — S and f: 3 — 3 by

t

T g.)(t) = 10 + [ S(5.R(5),0(6). w(s))ds,
0
fR)(@) =Ny +16 | S(s (s),N(s))ds.
[
Now
(G, 0,)(0) T, . 2)(0).T (0 :)()
= 26T, p,@)(0), T(, 9, )(0), T, 5,7) (1)
= LIR(p,m)(0) - Rla, 5.7)(0)
o [ )0 - @)
= Somax{ Uf(0)(0) ~ FB)0)
7@)0) - 1))
1 G/, N, fo),
= Zomax G(f 7fpaf/8)a
&(fw, f=, 1)
(] R
= — — max 9, ] 6, y
2\ G(f=, f, )
(1| SR
é an 5 nax £ J 85 ’
O\ G(f=. f=. 1)

5 (1 G(fX, R, fa),
< | gmax G(fo, fo, [8),
G(fw, fm, fv)
1 (1 G(fR, IR, fa),
_6 §max f@’f@mfﬂ
G(fw, fw, fv)
max { G(fR, R, fa),0 },
< 2| gmaxd max{ G(fp. S0, 700 },
max { G(fw, fw, f7),0 }
max{ G(fNafNafa)aO }a
—= §max maX{ G(fp, fo, [B),0 }7

max { G(fw, fw, f7),0 }
< (MM, p, @, R, 0,w,a,53,7))

—X ()‘M(Nv §, W, Nv $, W, «, 67 ’7))

The equation (11) has a unique solution in C'(I,R), as
deduced by Corollary II1.2.

B. APPLICATION TO HOMOTOPY

Theorem IIL6 Let (3, G) be the complete G-metric space,
U and U be an open and closed subset of & such that U C U.
Consider the operator Hg : T’ x [0,1] — < as meeting the
following conditions:
(XO) N; 7& HQ<N;? @;, w;a T)»
o # Mg (9, @, R, §),w, # Ho (@), N, 9}, €), for
each N, o), w, € OU and ¢ € [0,1] (Here OU is
boundary of U in )
w‘lk’ 5)7 )

G ( ’Hg(Ni, @ivwivf)a ,HQ(N;’ pia
Hg (ps s Sis §)

(x1)

G(N,, N, ) ), G, 95 04),
< ““ax{ G(w!, )
for all N, , ), @, ), 0,,<, € U and £ € [0, 1],
Hg(Ni7@*7 @, &),
(XQ) = MZOBaG Hg( 7@*7 *75)7 <M‘£ C‘
Hg (N,

b 95 @5r €)
for every N., ), @’ € Uand €, CG [0, 1].

Then Hg(.,0) has a tripled fixed point <— Hg(.,
a tripled fixed point.
Proof: Let the set,
£¢e [Oa 1] : HQ(N;’ p@,w;,ﬁ) = N;:

H (0, @i, N, €) = ¢,
Ho(=l N, L, ) = =,
for some N, o), @, € U

We have that (0, 0,0) in & because Hg(.,0) has a tripled
fixed point in U3, Therefore, the set  is not empty. Now
we prove that  is both closed and open in [0,1] and
consequently by the connectedness & = [0, 1]. As a result,
the fixed point of Hg(.,1) is tripled and is located in U?.
We begin by demonstrating that & closed in [0, 1]. To see
this, Let {&,},2, € S with &, — £ € [0,1] as n — co. We
must show that f € Q. Since &, € S forn=0,1,2,3,-
there exists sequences N {0l {w),,} with

N*n+1 - Hg( *n? p*na w;nagn)’

1) has

%:
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@*n-kl Hg(@*n’ *n’ *n’g”l) and
w*n—i—l HQ( *n’ N/ *n? p*na gn)
Consider
G(N;n+17 N;nJr]a N;n+2)
Hg( n?p*n7w{kn7£n)7
= G Hg( n)@*naw*n7£n)a
Hg (N *n+1a@*n+17 *n+17€n+1)
Hg( nap*rww*»,wfn)
S G Hg( *1? p*na w*ngn)
HQ( *n—4+17 p*n+17 w*n—i—lfn)
Hg( *n+1? p*n-i,—l’ *n,-‘,—l? gn)?
+G Hg(N *n+1v@*n+1vw*n+1v£n)v
Hg( *n+17 @*n+1a *n+1€n+1)
Hg( nvp*n’w*n7£n)a
S G Hg( n)@*n’w*nvgn)a
Hg (N, *n417 @*n.;_p w;n.;.pfn)
+M|£n 5n+1|-

Letting n — oo, we get

nh—>nclo G( *xn+1) N;nJrl’ N;n+2)
HQ( nap*rw *n’gn)7
< nh—>n<§oG Hg( *nﬂp*rww*n’gn)’
Hg( *n+1’p*’n+1’ *n+17£”)
G(Ninp Niyﬁ Nin+1)
< .
< nl;n;o)\max g((gl*n, g*ln7 @*n+1)
*n? Mxno *n—i—l

Similar lines follows, we have

/ /
G(N*n—i-l’ *n-‘rl’N*n—i-Q)
lim max G(p*n_H, @*n+1» P*n-g-z)
n— 00 aq ’ ’
(w*n+1’ w*nJrl’ w*n+2>
! / !
G(N*nﬂ N*n’ N*nJrl)
S hm )\max G(p*na @*na p*n-t,-l)
n— 00 G , 7 /
(w*n’ w*n’ w*n-‘,—l)

G(N’*O,NQO,N’H),
G(@*Ov p*Oa @*1)

G(w*oa w*oa w )

< lim A" max
n—oo

Therefore, hm GN,, 1, N, R 0) =0,
hm G(@*71+17 p*n+17 p*n+2) 0 and

hm G( *n-‘rl’ *n+17 *n+2) =0. By use of the rectan-
gle 1nequahty, for n > m, we get
/ !/
n’}gnooG(N*n7 *n’N )
= n}gnoo G (N;'m’ Nim+1’ N/*m+1)
—+ hm G ( *m+17 N;nv N/ n) ’
= mlgnoo G (N;m’ Z\z;erl’ N;m+1)
+ n’}gnoc G ( *m4-27 N;m+2a N;erl)
4 hrn G( 1 Ny N ) =0.

By similar arguments, G (¢, ., ¢’ .. 9%,n) — 0,
G(w,,, @, @, ) — 0asm — oco. This shows that

N}, {¢l,},{=w),,} are Cauchy sequences in the G-
metric space (S, G) and by completeness of (S, G), there

exist ¢}, 7%, ¢, € S with

lim =4 lim ¢/ =7
n—oo X n+1 n—o0o @*n+l Jx
o
nlggo Whni1 = Ly
By using (x1). we have

G(/Hg(ziajiwfiaf)’Hg(dﬂ]ﬁa&uf)vZ;)
HG(Z'*J/HE;:@’
HQ( *3.7*78/ g)a

Hg(R *n+1a@*n+1vwin+1v§)

G( Lyes Nin—i—l)
G(]*?]*a p*nJrl)
Gl 6, 1)

*n+1

= lim G

n—oo

< lim Amax
n—oo

Similar lines follows, we have

G (’Hg(l;,];,gi,f),Hg(Z;,j;,f;,f), 7';) )
G (Hg (S s 0, €)s Hg (055 s 0 €), 75)
U Vs 70, ), 1)

max

G (Hg(, ’*7‘7'*35) Hg (
G0, % Ny 1)
< lim Amax G(j*,]*,p*n+1) =0
e G, 0,0 1)
It follows that Hg (2}, 7}, £s, ) = %, Hg (95, iy 5, €) = Jio

Hg (0,0, 7,,&) = ¢, Thus £ € . Hence S‘s is closed in
[0,1]. Let § € 3, then there exist X/, ¢!, @}, € U with
N, = Hg(N,g, @/*oa @060

@;0 :Hg(@*o, *07 *0350)

@y = Hg(wh o, V.o, 90, 0)- Since U is open, then there
exist r > 0 such that Bg(X,,,7) C U.

Choose ¢ € (50 —¢€,& + €) such that

|€ = &o| < 37+ < §. then for

N; € BG(NLOaT)
= {N; € %/G(N;,N;,N; ) < T+G( *0° *O’N/ )}

Also
G(Hg(N;,p;,w;,f),Hg(N;,p;,w’*,ﬁ),N;O)
Hg(N’*,p’*,w’*,f),
= G 'Hg(N;,p;,w;,f),
IHQ(Nim @;07 wiov 50)
< G( HQ(N;,pi,wi,f),Hg(Ni,@;,wi,f), )
- HQ(N/*»@I*»W/*»&)
—|—G( Hg (N, 9, @, o), Ho (R, 0, %, o), )
HQ(Nioa piov wio» 50)
/HQ(N;?pivw:nfO)v
< M|§_§O‘+G 'Hg(NQ,pL,TD’*,EO),
Ha (R, ©hos @ro0)
1 Hg(NivpivwiafO)a
< Mn— Arn—1 +G IHQ(N:U@;/W;?fO)a
Hg(Nim p;oa wim 60)

Letting n — oo, we obtain

G(HQ(N;a@;aw;ag)erg(N;vpivwivf)aNio)
HQ(NL,K);,W;,&)%
< G Hg( ap*a *a€0>7
Hg( *07@*0) ;0a§0)
G(N;7N;7N;0),
< Amax{ Gl 9, 9ho),

G(w:n w;v w;o)
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Similar lines follows, Thus we have,
G (HQ(Nia p;a wia 6)7 HQ(N:U p;v wiv 5)7 N;O)

max G(Hg(@ivwivNivf)leg(p;aw;?Niag)vpio)
G (’Hg(wi? Nia p;7£)7Hg(wi7 Niv @;75)7w;0)

r+ G(N, ), N, R ,),

< Amax 7+ G(Ph0s Pr0s P0)

r+ G(w, g, @l @ho)
Thus for each fixed £ € (§o — €,&o + €).
Hg(,€) : Ba(Rig,r) = Ba(N, 7).,
Hg('v&) : BG(@QOVT) — BG(@iovr) and
Hg(.,€) : Ba(@wlg,r) = Ba(w@lg, ).
Afterward, Theorem (II1.6)’s are all met. Our conclusion is
that Hg(., ) has a tripled fixed point in T°. But it has to be
in U3. As a result, (o) is true. Accordingly, £ €  for any
€€ (& —€,& +e). Consequently, (g —€,&o+¢€) C 3. Itis
obvious that [0, 1] is open for .
We follow the same approach for the opposite inference.

IV. CONCLUSION

By using a generalised contractive condition in G-metric
space that involves altering distance function, we were able to
guarantee the presence and individuality of a common tripled
fixed point for two mappings. There are two applications with
illustrations.

Significance Statement

In order to establish tripled fixed point results, this pa-
per provided a methodology that involved altering distance
function in G-metric spaces under generalised contractive
conditions. Researchers will be able to generalise various
contractions in G-metric spaces with applications to integral
equations and homotopy theory with the aid of this study.
As a result, a fresh framework for G-metric spaces might be
developed.
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