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Bicomplex r-Parameter Mittag-Leffler Function
and Associated Properties

Anil Kumar Yadav, Rupakshi Mishra Pandey, Vishnu Narayan Mishra

Abstract—The extension of the exponential function is the
Mittag-Leffler function. In physical implications, the Mittag-
Leffler function is becoming more and more crucial, as a
result a number of researchers are investigating different gen-
eralizations and extensions associated with the Mittag-Leffler
function. In this present article, we define the bicomplex r-
parameter Mittag-Leffler function which is an extension of
bicomplex one parameter Mittag-Leffler function. In addition,
various properties of this function like integral representation,
differential relation, duplication formula, bicomplex C-R equa-
tion, analyticity, region of convergence, order and type are
established. Additionally, the bicomplex r-parameter Mittag-
Leffler function’s Laplace transform and Caputo fractional
derivative are produced.

Index Terms—mittag-Leffler function, bicomplex numbers,
gamma function, exponential function.

I. INTRODUCTION

ICOMPLEX numbers have grabbed a considerable

amount of interest and have undergone notable research.
A lot of studies have been conducted on bicomplex numbers
over a long period of time. The bicomplex numbers and its
numerous properties have been highlighted by Corrado Segre
[25] in his work that was published in 1892. Researchers
have been exploring the distinct algebraic and geometric
characteristics of bicomplex numbers along with its implica-
tions over the past few years. For a deeper analysis readers
may follow [16], [22], [23]. Recent apporaches have focused
on extending holomorphic and meromorphic functions [6],
[7], the integral trasforms [1], [2] as well as a number of
other functions, including the Hurwitz Zeta function [11], [4],
Polygamma function [10], bicomplex analysis and Hilbert
space [14], [15], Riemann Zeta function [21], Gamma and
Beta functions [12] in the bicomplex variable from their
complex variable.

Numerous investigators have lately defined several gen-
eralizations and extensions of the Mittag-Leffler functions
and these are beneficial for studying fractional calculus,
see [5], [8], [9], [13]. Mittag-Leffler function is observed
while examining the fractional form of several differential
equations. For investigating the bicomplex form of such
types of fractional differential and integral equations in a
bicomplex field, a bicomplex variant of the Mittag-Leffler
function would be needed. Agarwal et al. [3], [26] have
defined the bicomplex Mittag-Leffler function for one, two
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parameters recently.

According to the analysis of the aformentioned cited lit-
erature, there are substantial research gap relating to the
generalised version of the bicomplex Mittag- Lefler function.
This paper aims is to fulfill that gap. An endeavor has
been made to define the r-parameter bicomplex Mittag-
Leffler function which is the generalization of one and two
parameter bicomplex Mittag-Leffler function. Moreover, its
different properties such as integral relations, differential
relations, duplication formulae, C-R equation, Laplace and
Caputo fractional derivative have been derived.

II. PRELIMINARIES
Definition 2.1 (Bicomplex number). A bicomplex number
¢ is defined [25] as
¢ = 0o +i101 + 1202 + 19203, (do,01,02,03 € R), (1)

where i2 = i3 = —1. Also it can be written as

(;5 = (50 + ’i151) + ’i2(52 + i153), ((50,51762,53 (S R)

or

¢ = p1 +iopa, (p1, 2 € C) ()

where py = dg + 1101, po = 62 + 9163, whereas C denotes
the collection of complex numbers.

Suppose C represents the collection of bicomplex num-
bers.

@ = {¢ . gb = 50+i161 +i2§2 +i1i253 | 50,51,52,53 S R}

3)
or
C={¢:¢=p1+izpz | p1,p2 €C}.
We will also make use of the notations dy = Re(¢),
01 = Imj, (¢), d2 = Imj, (¢), dz=Im; ().
where 172 = i1 = 7, 11] = ju1 = —t2, 12] = Jia = —iy,

j2=1.

Let ¢ = puy +dous € C, then ¢ is non invertible if and
only if,

P p2 =0 = gy +ipo =0 o0r pg —ijps =0. (4)

Null cone (NC) [24] is the collection of all non-invertible
element, and it is described in the following manner

NC=0y={¢:¢=p+iaua | pi+p3=0} ()

The two non trivial idempotent zero divisors e; and es in C
are defined [18] in such a way
_1-J

_1+i1i2_1+j _1—i1i2

“ 2 2 T T T
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such that

2 2
e1+e =1, e1.eo =0, e] = e1, e; = ea.

Definition 2.2 (Idempotent Representations). Every bi-
complex number ¢ = puj + izuz € C has the following
unique idempotent representation in terms of e; and ey is
given as

¢ = pitigpo = (u1—iipz)er+(p1+iipe)es = grei+paea,
(6)

where ¢1 = p11 —d12 and ¢ = py + iy po.
Projection mappings P, : C - C; CC, P, : C — C, C

C for a bicomplex number ¢ = 1 + igpo are defined [22]
as

Pi(¢) = Pi(patizpa) = Pr[(p1—i1p2)er+(p+iipe)es]
= (u1 —i1p2) € Cy
and
Py(¢) = Po(patizpz) = Pr[(p1—ivpe)er+(pu+iipz)es]
= (p1 +i1p2) € Cy,
where
Ci = {o1 ¢+ &1 = 1 — d1p2 |p,pe € C} and

Co = {2 : 2 = p1 +i1p2 |pa, 2 € C}.

Definition 2.3 g\/Iodulus). For any element,
¢ =1 +iguz € C.
The real modulus of ¢ is expressed [22] as

9] = /| ]? + |p2|?.

The ¢; -modulus of ¢ is expressed as

|liy = \/ 13 + 3.
The 4o -modulus of ¢ is expressed as
|Bli, = V/[111[? — |p2]? + 2Re(p1fin )ia
The j -modulus of ¢ is expressed as
¢l =

Definition 2.4 (Norm). For any element, ¢ = p1 + iops =
pre1 + ¢aez = do + 4101 + 0202 +
111203 € C, the norm of ¢ is given [22] by

oIl = V1 |? + |p2l? = 7

1 — d1paler + [pa + d1ps|es.

|p1]% + [@2]?

:\/5§+5§+§§+5§.

Definition 2.5 (Absolute value). For any element ¢ = u; +
lofly = P11 + poey = 0o + 1101 + 9209 + 111903 € C, the
absolute value of ¢ is given [22] by

|plabs = \ 113 + 113 = /] (1 — ivp2) (1 + i1 o)
= Vo102 = V/|61]2].

Definition 2.6 (Argument). For any element ¢ = p3 +isp =
¢1e1+ poea = §g + 1101 + 202 + 111203 € C, the hyperbolic
argument of ¢ is given [22] by

arg;(¢) = arg(p1)er + arg(gpz)ea

Definition 2.7 (see [22]).) Suppose h : U C C — C,
here U indicates an open set. Also assume that

h(pr + top2) = ha(pa, p2) + dgha(pa, pr2). Then the
fuction h is C-holomorphic on U iff h; and hy are
holomorphic in U, and satisfy

Ohy _ Dby O
E)ul 8/1,2 8/@

Oh
=——2 onU.

O
above equations are said to be complexified Cauchy-
Riemann equations.

Theorem 2.8 (see [19]). Assume that > ° a,¢" is a
power series having the component series »_ .- b, ¢} and
Y oos o Cudy, where a, = byer + cyes. Then the series
converges, diverges accordingly N(¢) < R, N(¢) > R
correspondingly, where R is the same radius of convergence
of both component series. Also N(¢) is given by

&) = llalP +
such that

16l = 5 V1e1? + 102 and [Blavs = v/[61][02].

Theorem 2.9 (Decomposition theorem see [20]). Suppose
@1, Cs be the component regions of C in the ¢1 and ¢4 plane
respectively. If the function h(¢) is analytic in a region C
then there exists a unique pair of complex-valued analytic
functions hy(¢1) and ha(¢o) defined in the regions C; and
C, respectively, in this manner

h(¢) = hi(¢1)er + ha(g2)e2 €
for all ¢ in C.

llell* - |¢\abs = max(|¢u, [d2]),

(7

Definition 2.10. The bicomplex gamma function (see [12])
is defined by

1 1 ? (-2 ol
F(d))_qz)ews_nl(use ) 6ecCT (9

provided that ju; # @ and gy # 11 (b;a)’
Nu{0}.

Also, 2 (0< Q2 <1) the Euler constant is expressed as
=3

k
k=1

Definition 2.11. The Mittag-Leffler function defined by
Mittag [17] in one parameter is expressed as

where a,b €

Q = lim,,— 0 (H,, —log m)

> n
!
= —— , Re(y) >0, peC 10
) ;F(vuﬂ) (7) >0, p (10)
with the help of gamma function property and Taylor
cofficients of Cauchy inequality (see [9] p.18) there exist a
number > 0 and a(z) a positive number in this manner

Mg_(q) = max | E,(u)] < e, Va>a(x),

ma (11)

the above equation shows that the function E. () is entire.
Also for each Re(y) > 0, type o and order T of Mittag-
Leffler function (10) is provided by
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1 -
0= — lim sup (z|az|*) = 1. (12)
TO T —00
and ; 1
7 = lim sup w = (13)

Re(y)’

III. BICOMPLEX 7-PARAMETER MITTAG-LEFFLER FUNCTION

Since the bicomplex Mittag-Leffler function for one pa-
rameter is described [3] as

oo u

X
E,(x) = uz:;) Tout1)

p1 + dopo, (p1,p2 € C) and

(14)

where v,x,e C, x =
[Im;(v)| < Re(v).

On the behalf of equation (14), we introduce the
bicomplex Mittag-Leffler function for the r-parameter which
is defined as

Ep17QI7p27(I2 ----- Pesds (@) = E{EJPZUQ)S(¢) _

= (P1)gru(P2)gou -
2 Dt o)y

with the conditions |Im;(w)| < Re(w), [Im;(v)| < Re(v);
where w,v,0 € C, p,,q, € C,t=1,2,--- ;sand r = s+ 2.

(Ps)g.u (b—' (15)

Also (p1) 4, represents the generalized Pochhammer sym-
bol which is given by

L(p1 + quv)

I'(p1)
In particular (p1)g,u = (q1)* ]2 <p1+s 1) )
whenever ¢; € N. “

The subsequent theorem gives a strong justification of the
definition of bicomplex r-parameter Mittag-Leffler function
(19).

Theorem IIL1. Let p,,q, € C;w,v, ¢ € C where ¢ = juq +
iglo = ¢1e1 + ¢oes and w = wiey + woes = dg + 1101 +
i252 + 7;17;253,7) = vi€e1 + Ve = &g + i1€1 + i2€2 + i1i2€3
with |Im;(w)| < Re(w), i(v)] < Re(v). Then

(pl)qlu =

EPLA1iP2,d2iPsds () — i P1)gru(P2)gou -~ (Ps)gou ﬂ
w.v v (T(wu +v))* ul’
Proof: Consider the function
EP1L01iP2,d2i-Psds () — i (P1)qru(P2)gou - - - (Ps)g.u ﬁ
@ = (T(wu +v))s u!
(16)

By using the idempotent representation,

+Z plq

EPa1ipa e ibats () = ZO (pl)qgugii)jzi Ul)()i’ZS) u!
u(P2)gou* (Ps)geu ¢2
( €2

watl + v3))* u!

e (4) = B (01)er 4B (62)e

where ¢ = @161 + Poe2 and w = wye1 + waes,
v = vie1 + v2es.

Now,
(P,9)s (¢1) = i (P1)g1u(P2)gau * ** (Ps)g,u ﬁ
wi,v1 WL v (T(wru 4 v1))® u!
above equation represent the complex Mittag-Leffler

function that is convergent for Re(w;) > 0, Re(vy) > 0.

Similarly,

E®:)s (¢2) = i (pl)Q1u(p2)Q2u e (ps)qsu ﬁ

w2,v2 o (T'(wan + v9))*® u!

is also complex Mittag-Leffler function convergent for
Re(ws), Re(vg) > 0.

Since Eu(ﬁ’ff}f (¢1) and EL’;’)’{,); (¢2) are convergent, so by
Ringleb decomposition theorem, the function Eo(Jp ;fI)S () is
also convergent in the disk C.

Further, let w = dg + 4101 + 9202 + 111203 = wie1 + waes
where wy = (8 + d3) +41(61 — d2) and
= (50 - 53) + i1(51 + 52).

Now since Re(wp) > 0 and Re(ws) > 0,
= dp+03>0and g — I3 >0
= [d3] < dp = [Im;(w)| < Re(w).

Similarly, we can proof that |[I'm;(v)| < Re(v).
This complete the proof. ]

IV. C-R EQUATION, DUPLICATION FORMULA AND
RECURRENCE RELATIONS.

Theorem IV.1. The function Eﬁ,p ;,q)s(¢) satisfies the bicom-

plex Cauchy-Riemann equations.

Proof: Consider the r-parameter bicomplex Mittag-
Leffler function

[EP1,413P2,q25--+3Ps s (¢) — i (pl)qw(p2)q2u e (ps)qsu ﬂ
@ = (T(wu +v))* u!

Now by using the idempotent property we get,

Ef)f{qu sP2,4925---5Ps»qs (¢)

EPD: (¢1)er + ELD: (¢2)ez

= B0 (i — vipio)er + ELD: (i + 1apin)es
_ 1+idyi
= E54: (m ~ 21#2)< D : 2) *

. ) 1 —iqe0
EPDs (1 + Z1M2)( 5 )

= 2 (BED: 1 — i) + BED; (1 + iapa))
+ 19 (% (Eﬁfi’,‘i?f (1 — d1p2) — EE,’;’E?; (p1 + il#Q)))
= fi(p, p2) +izfa(p1, p2),
where
Ji(p, p2) = %(Egi,qu)f (p1 —iype) + Eﬁf;f{}; (1 +i1p2) ),
Folpur, p2) = 5 (EED; (1 — inpe) = EGD; (1 +irpa) ).
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Now,
0 1, ) ' .
O _ S (B8 (ua — i) + B0 (i + i ppa)),
8/“ 2
afl 1 . ’ . . ! .
Oz 5 (C B (i — i) + i B0 ( +inpn)),
0 ) ’ . / .
OF _ (B0 (i — inpia) — BP0 (i + iapi)),
O 2 ’ '
0 7 L . . .
o _ o (= B8 (i —iapo) =i EL8 (11 +i1p1o)).
8/12 2

from these four equations we observe that,

of _on

= and % =
O Opa

Opa

o
o

this shows that the bicomplex Cauchy-Riemann equations are

satisfied by the function EU(Jp 0 (). [ |
Theorem Iv.2. (Duplication formula). Let

P, ¢ € G w,v,¢ € Cwhere ¢ = p1 +isp2 = ¢re1+ daea
and w = wiey + weey = dg + 1101 + i909 + i1i903, v =
vie1 + vges = g9 + 1161 + iogs + i1igez  with
[Im;(w)| < Re(w), [Im;(v)| < Re(v). Then

E(PQQ)S (¢2) _

2w,v

(a) L(ELS(0) + LS (-0).

(b) SELDL (02) = L(ELD (¢) — B (~9)).

Proof: (a) Suppose T represents the R.H.S of the above
equation,
i.e,
(pl)%u(p?)thu T (pS)CIsu ﬂ
(T'(wu +v))s w!

ZO (P1)gru(P2)gou - (Ps)gou (—9) )
)

+

(T(wu +v))* u!

(pl)(hu(pQ)(Izu e (ps)qsu ¢u + (7(25)“)
(T(wu +v))s ul

1 (P1)q12(P2) g2 -+ (Ps)q.2 P?

2 (T(2w +v))* o
(p1)q14(p2)q24 T (pS)qs4 ¢4

2 (D (dw + 0))" Tr)

o > (pl)q‘lQu(pQ)qQQu et (ps)qSQu ¢2u
B Z (T(2wu + v))* 2u!

(P1)2q1u(P2)2g0u * - * (Ps)2g.u (¢2)u
(T'(2wu + v))* 2u!

(b) Suppose T represents the R.H.S of the above equation,

i.e,

(pl)qlu(p2)q2u to (ps)qsu ﬂ_
(T(wu +v))* u!

N =
/N
gE

<
Il
o

(P1)gru(P2)gou -+ - (Ps)geu (_¢)u)
T(wu +v))* u!

WE

e
Il
=]

(P1)qu(P2)gou - (Ps)gou ¢ — (_d’)u)
o (T(wu +v))* u!
_1 (2 (P11 (P2)go1 -+ (Ps)g1 &
Cwro)r 1
(pl)q13(p2)qz3 e (ps)qsi% ﬁﬁ_i_
(T'(Bw +v))* 3!
(P1)a15(P2) a5 -+ (Ps)g.5 ¢°
2 (T(5w + v))* y—’—)
_1 (2 (P1)g11(P2)gz1 -~ (Ps)g.1 ¢

o | =
/N
NE

+

2

2

FO+w+w))* ut

5 (P1)a13(P2)gs3 -~ (Ps)q,3 %
TQ2w+w+wv))s 3!
(P1)a:5(P2)gs5 - - (Ps)a.5 (ﬁ 4. )
T22w) +w+wv))s 5!
_ i (pl)q1(2u+1)(p2)q2(2u+1) T (ps)qs(Qqul)
B T(2wu +w +v))*
. ¢2u+1
2u+ 1!

_ ¢§: (pl)q1(2u+1)(p2)q2(2u+l) T (ps)qs(Qqul)
pr (T 2wu + w +v))*

(¢*)"
2u + 1!

_|_

2

u=0

X

= OBy 01, (0):

Theorem IV.3.  (Recurrence  Relations  for th!
bicomplex  r-parameter  Mittag-Leffler ~ function).  Let
P @ € Ciw,v, ¢ € C where ¢ = iy +iapa = pre1 + gzez
and w = a1e] + ages = ag + ilal + Z'QG,Q + iligag,v =
Bier + Boes = by + d1b1 + do2by + d1igbs  with
[Im;(w)| < Re(w), [Im;(v)| < Re(v). Then

BLT(9) =15 + 0BLIL(9)
() EZP(8) = vEL1(9) + woggBE A (9)

(¢) EPD:(0) = r(r + 2EV)3(0)
+wo(w +2(r + 1)E P05 ()
+ 6B 05(0) + B 5(0)

Proof: (a) By using the idempotent property, we have

EEJP,ZJ)S (®) Egjlqu)l (¢1)er + ]ESJPQ%)Q (p2)e2

1 (p.a)-

B (rTl +¢1]Ew’i?v1+wl<¢1))e1
1 (p.a)s

+ (m T (ZSQEWI;?UQerz (¢2)) €9

1 (p.a)
- E P,q)s
F’U + ¢ w,erw((b)
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(b) By utilizing the idempotent property, we have

EPD:(¢) = ELD:(g1)er +ELD: (d2)er
(i ESD: (0)

Fern B (60 e
+ (B0 (62)

+ w22 d%z]Eii’fQ;H (¢2)) e

, d .
= UEfup,iL?-)ijl(¢) +W¢%ngj—1(¢)

(c) By using the idempotent property, we have

ES(9)

ngh@l)el + Eg}qh(@)@
= (r(r +2ES 5 (00)
twir (w + 2(r + 1)E T (61)
+STE" T (0n) + BT (6) )en
+(r(r + 2EZ5 (02)
twia(w + 20+ 1)E T (62)
+O3E" D5 (02) + ED5(6) )2
= r(r+2ELY5(0)
+ag(w + 2(r + 1)E' D25 (0)
FOED5(0) +ESS09)

V. ANALITICITY, ORDER AND TYPE OF r-PARAMETER
BICOMPLEX FUNCTION.

Theorem V.1. In bicomplex domain, the function E(Ef ;,'I)S (0)
with |Im;(w)| < Re(w), |Im;(v)| < Re(v) is an entire
function.

o0
Proof: Assume that > a,¢* shows a bicomplex
o u=0
series, s.t a,,® € C; a, = bye1 + cuea, d = P1e1 + ¢aes.
So by the Ringleb decomposition theorem,

oo o0 o0
Z au¢u = ( Z buqslll)el + ( Z Cud)g)eQ
u=0 u=0 u=0
the above series converges in € C whenever both series
o0 o0
3 byo¥ and Y c, ¢4 converges in C.
u=0 u=0

Also by using idempotent property the function can be
expressed as-

Ef)}{)QUP%QZ-“;psaQS(¢) — E@:ds (¢1)e1 +E(P»Q)s(¢2)e2.

w1,V1 w2,vV2
Since
E‘Eﬁ’,{gf (1) = Z (P1)gru(P2)gou - (Ps) g %7

(T(wru +v1))*
for Re(w1) >0, Re(v1) >0

u=0

and

E@®:)s (o) = i (P1) g1 u(P2) gou * - - (Ps)gou B3

wa,Uz (T(wou +1v2))*  wu!’

for Re(ws) > 0, Re(vz) >0

u=0

above two equations represents the complex Mittag-Leffler
function of infinite radius of convergence (Let R), so
91| < R, [¢2] < R.

From equation (7),

N(9) = \/I16lI* — /o — [0l
= max(|¢1]|2|) < R.
So the function E(E)p 9 (¢) is also converges with infinite
radius of convergence in the bicomplex domain. As in C, the
functions B9+ (¢1) and EX9s (o) are entire therefore in
C the function E(Ep De (¢) is entire also. [ |

Theorem V.2. The bicomplex Mittag-Leffler function
Eo(f;,q)s(gzﬁ) is an entire function of finite order
_ 00—63j _
T= ﬁ and type o = 1.
Proof: By using idempotent property, we can write

Ef)}bqupz,qz;m;ps,qs(¢) — E@:d)s (¢1)e1 +E(P7Q)s(¢2)e27

w1,V1 w2,V2

here the functions ELS’I"{,)IS (¢1) for Re(wy) > 0,
Re(vi) > 0 and EZ9; (¢) for Re(ws) > 0, Re(vs) > 0
are the complex Mittag-Leffler function.

Also the functions EL%: (¢1) and ELY: (¢2) are entire
functions, so there exist the numbers ki, ks > 0 and positive
numbers 71 (k1),r2(k2), such that

k1
M.y = max [BE(60)] < e V> k),
and

ko
Mp@.as(,,) = max |E®D: ()| < €72, ¥ry > ra(ka).

[p2|=r2

Let us consider r = max(ry,r2) and k = max(ky, k2), then
we get

_ (,9)s it r*
ME&;I;’?v)f (r1) \g}?i{r |E°-’1,v1 (¢1)| <el <e .,
and
(P,a)s h? r*
Mgy v,y = o[BG (92)] <™ <™
So we have,
MELIT;;Z)S (r) = maX‘ELE;p;?)g (¢)|J

[using j-modulus of bicomplex number]

MEEngq)s(r) = max|E£}i’f{,)f (¢1)lex
+ max| EZ9): (62)]e2
k k
Moy < € et e
k
Mpgoapy = €
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this shows that E;7+(¢) is an entire function.

Also, the order 7 for the function EL:*(¢) with
[Imj(w)| < Re(w), i(v)| < Re(v) is given by

o k logk
T = lm ]gsi)lgo l (P1)ayu(P2)agu - (Ps)gsu 1
og (T(wutv))® u!
k logk

s)aun i)el +

() ayaP)age
hreo lOg (1—‘(‘«’2111«+U1))S u!
lim s k logk
1m Sup (pl)q1u(p2)qzu'“(ps)qsui)eQ

(T(wau+tv2))* u!
1 1
Re(w1)>€1 + (Re(wg))ez N

1 1 Gy — b5
do +53>61 M (50 —53)62 (08 -03)

where dg > |03 = 05 — 63 # 0.

Also the type p of bicomplex r-parameter Mittag-Leffler
EZ9+(4) is given by

0o = — (hm sup k|ak| )

oT k— o0
. u v Ps)guw 1 2

- X <hm sup k (P1)aru(P2) gz (Ps)a, *”)
or s oo (T(wu +v))s ul™’
. w e (ps 1 =

- <hm sup k p1 ql (Pa)gu L k) €1+
oT k—oo  (D(win +v1))* u'
K2 <1im sup k(?l)qw"'(ps) ) es
ot koo (D(w2u +v2))* U'
l-eg+1-e

= 1

VI. INTEGRAL AND DIFFERENTIAL RELATIONS.

Theorem VI.1. (Integral Relations): The function EU(Jp 9 (6)
with |Im;(w)| < Re(w), |Im;(v)| < Re(v) satisfies the
following integral relation.

(@) ey Jo~ eSS (00) =

(b Jy e

EZP*(9).

e *EXD" (2¢)dt =

Proof: (a) Suppose T represents the L.H.S of the above
equation.
i.€e,

_r /OO e FEPD: (2%¢)dz
Flau+1) Jy v

1 o
B F(au+1)/0 ¢

= (P1)g1u(P2)gou - - - (Ps)guu (240)"
(Z (T'(wu +v))* u! )dz

u=0

1 <.
N I‘(au+1)/0 e

au = (pl)%u(p?)qzu T (ps)qsu ol
z (uz_;) (T(wu +v))* J)dz

1 o
- F(au+1)/0 e

au - - (pl)qlu(p2)q2u e (ps)%u ¢u
(autl) 1<Z T J)dz

u=0

1 °
_ =z (aut1)=1 p(P.0)s ()
T(au+1) /0 €~ W (#)dz

— BE0)

(b) Suppose T represents the L.H.S of the above equation,
ie

T — - —zE(pq)
| e r oy

* —z - ( 1)q1u( 2)q2u"‘( s)qsu
:/0 e (Z p (FZ()WU+U))SP

u=0
% (zf!)u)dz
_ ooe—zzu (pl)tho(pQ)qu"'(ps)qSO
- / { Tw)? "
(P1)g11(P2)ga1 -+ (Ps)ge1 @
(]_"(w n ’U))S U I }dz
on taking the values of p, = ¢, =1,
Vi=1,2,---,sand w=v = 1.
_ 7 -1 f Moo (Do
/o { ( Ty
(D11(1)11--- ()11 ¢
: (r(zl))s T -z
_ Ooe—zz(u+1)—1 {(1)1'0}5 {(1)1 l}s
/o Cewy @y 1t
{(1)12}° #*
@) ot -z
> —z (u+1)—1 ¢ ¢2
z/oe 2(uth) {1+1'+§+ }d
* —z (u+1)—1 - (b
:/o e Zy(utD) (kzzokl)dz
_ 1
=15

Theorem VL.2. (Integral Relations). Let ¢, A € C, \ ¢ N(g
where ¢ = p1 + iops = Pre1 + ¢aea, v > 0, Then

(@) "B 00) = & [) (0 -t teMa

(b)  EFNI(A%) = & [7 (6 — )V eoshV/At di,
(c) ¢’L}+1E2p1»)3_1 )\¢2 — f() U 1sm\hf\/7dt

Proof: (a) Suppose S represents the L.H.S of the above
equation,
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5 = (35) "B (@)
d\m™ - pl q1u p2 qou " " (ps)qsu ¢mu
S = ¢UE§?’U‘21()\¢) (%) 1;0 Iwu +v))® mu!
using the 1demp0tent property, we have _ < i )'rn P1) 10 p2 q20 (s)qe0 N
= (o7 By u+1()\1¢1))€1 + (¢§E1 P4 (Nagha)) e d‘b( o) ( :
P1) g1 (P2)gs1 - - (Ps)g1 @™
= <I‘1U/o (1 —t)vleAltdt> e1 + : F(wq+ V) = m! +
1 $2 (pl)ch(pQ)qu (ps)q 2 ¢2m +. }
(Fv / (f2 — t)“—le*ztdt) €2 L(2w 4 v)* 2m!
1 ¢ ’ on taking the values of p, =¢q, =1,
=T O(¢—t)v716/\tdt~ Vie=1,2,---,sand w=v=1.
-~ (i)"{(l)l-o(l)m'“(1)140 n
(b) Suppose S represents the L.H.S of the above equation - \d¢ ()
ie, o ’ (11111 (1)1 @7 n
(T'(2))* 7'
(1)1.2(1)1.2--- (1 )12¢277 .. }
§ = 6" 11 (A°) @) 2
By using the idempotent property, we have _ (i)”{ {Wrot® | {1} 9" n
= (Y ES i neD)er + (S5 BT (b)) o " {(1)(12(}13) e ey
= (1/ (1 — t)" " Leoshy/ Mt dt)el + (I'(3))* T'(2n+1) A }
(e - - () 0+ () o
(;/ (2 — )V tcoshr/ Aot dt)eg d¢ P(n+1)
vJo d ¢217 d\n 3
I , (7) T(2n+1) (d¢) IGBn+1)

=0 ; (¢ — )" coshv/ tdt

{( (2n)(2n—1)---(2n—(n—1)) )

Fc) Suppose S represents the L.H.S of the above equation. enen-1---2n—(n-1))Tr2n-(n-1))

ie, « ¢(277—77)}+

{( Bn)Bn—-1)---Bn—-(-1) )
Bn)Bn—1)---Bn—(n—-1))IGn—(n-1)

S = ¢ HLEP s (A6?)

using the idempotent property, we have % ¢(3n—n)} 4.
= (VT ES D5 (0h))er + (05 BS Y (0063)) e o e
(L /“” (6 — o1 SAVAE N ~ T -(-1)  TEn-(n-1)
T'v J, ! V1 ! > ¢(ln ) )
1 o o, sinh/ot Z i = =1))’ taking [ —1+1
— (o — )" ———=——dt | ey I=1
T'v 0 \/E > (bl’r]
¢ ; U
_ L (p—t)° 1smh\/ﬁdt ;Flrﬁ—l En(97).
T'v Jo VA -
] (b) Suppose S represents the L.H.S of the above equation.
1.,
Theorem VL.3. (Differential Relations). For n > 0,
the function ES}?,;?’S(@ with |Im;(w)] < Re(w),
Im;(v)| < Re(v) satisfies the differential relation. d v w
(a) (ﬁ) Eo(f’ 1?*((;5”) = E,(¢") using the idempotent property, we have
d\" 1
i v— d)s (1w v— s W =\ 5 U1 E(p Ds (@ )6
) (&) (67 B2 (6)) = 1 EL: (0) (#:) (¢ S Je
d
Proof: (a) Suppose S represents the L.H.S of the above + (d ) ((;3;’2 1Ew R, (d)“’)) €
equation. ¢2
i.e,
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= (qﬁ’fl” 'gr. (M)
+ (sbS“’ Lpra. (qsa“))ez
_ u— 1 (7) w
- QS " Ewpuq 7](¢ )v n 2 1.
[ |

VII. BICOMPLEX LAPLACE TRANSFORM AND CAPUTO
FRACTIONAL DERIVATIVE

Assume f be a function then the u!" order Caputo
fractional derivative is described in such a way

1 ()
IO )/o (5 —gyutit

where, | — 1< pu<Il, leN, k>0.

CDHf(k) = ds, (7

Let s = si1e1 + soeq = dg + 0191 + O2i0 + Jd3i1i2 € C
and f(x) represents a real valued function whose order is
m € R. Then, for I —1 < p <[, | € N the bicomplex
Laplace transform of equation (17) is expressed by

-1
_ Z su—m—lfm(o)7
m=0

The bicomplex Laplace transform of f(t) is given by F(s).
Also for all s € D, it is convergent. Where D is defined
below

L(°D*f(k);s) = s"F(s (18)

D = {s: H,(s) denotes the right half plane : 69 > m+|d3|}

As for all s € D, F(s) is convergent therefore the bicomplex
Laplace transform defined in equation (18) is also conver-
gent.

Theorem VIL1. Let s, w, v, A € C where s = sie1 + sqe9,
then the Laplace transform of Eo(f’ ;J{I)S(QZ)) is expressed by
S(.U*U

L™ BED- (M) s) = ——

19)
S(JJ
where |Im;(w)| < Re(w), [Im;(v)| < Re(v), [Im;(s)| <
Re(s), [As™¥]; < L.
Proof: Suppose S represents the L.H.S of the above
equation.
i.€e,

S = Llg" ' EL* (Ad*); o]
using the idempotent property, we have

= L[p"' T EL:D: (AdF); s1]er +

w1,V1

L[¢P> T EZ D= (\5); s2)en
= ( / T ES D (O 1¢T)¢'”1‘1d¢>)el+
0

(L

229 EP): () msw—ldqs)eg

Swl—vl Swz—vg
- S‘fl 7)\161 + 8;)2 *)\26
(IAsy™ [ <1, |Aesy ™2 < 1)
gw—v
DY

here,

[As™); [Arsy“Her + [A2sy 2 e2

1.61 + 1.62 =1.

A

VIII. CONCLUSION.

In this article, the bicomplex r-parameter Mittag-Leffler
function has been introduced and some of its characteristics
have been discovered such as integral representation, dif-
ferential representation, duplication formula, order and type
and bicomplex C-R equation. Besides that Laplace transform
and Caputo fractional derivative are also achieved. By using
the concept of fractional calculus on this function some
interesting results can be achieved in future. The impor-
tance of the Mittag-Leffler function is continually expanding
in applied sciences and engineering. When working with
differential and integral equations of fractional order, it is
extremely useful. As a result the large class of function which
are present in electromagnetism, signal theory and quantum
theory can be addressed more generally using bicomplex
space.
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