TAENG International Journal of Applied Mathematics, 53:4, [IJAM 53 4 50

Periodicity of A Four-order Maximum Fuzzy
Difference Equation

Changyou Wang, Qiyu Wang, Qimin Zhang, and Jingwei Meng

Abstract—In this article, we investigate the periodicity of a
four-order maximum fuzzy difference equation with the
positive fuzzy numbers for the initial values and the parameter.
Firstly, we transform the maximum fuzzy difference equation
into a corresponding maximum ordinary difference equations
with parameters by utilizing the fuzzy set theory. Secondly, we
obtain the expressions of the eventual periodic solutions for the
maximum ordinary difference equations by the inequality

technique, the iteration method and the mathematical induction.

Finally, we achieve the expressions of the eventual periodic
solutions for the maximum fuzzy difference equation. In
addition, we give some numerical simulations to verify the
effectiveness of our theoretical analysis.

Index Terms—Difference equation, Maximum, Periodicity,
Fuzzy parameter

1. INTRODUCTION

T is well known that the difference equation theory is an

important branch of dynamical system theory. Difference
equation or discrete systems are one of the most important
classical dynamical models in applied mathematics, which
have wide applications including computer science, biology,
economics, infectious disease, etc (see [1-6]). A difference
equation is an equation represented by a recursive sequence.
If we classify the difference equation according to the
parameter and initial value, the difference equation with real
parameter and initial value can be called ordinary difference
equation, and the difference equation with fuzzy parameter
and initial value can be called fuzzy difference equation.
Because the fuzzy difference equation can describe natural
phenomenon and objective laws with fuzzy uncertainty in the
real world, it has attracted the attention of many scholars. For
examples, Wang et al. [7] proposed a fuzzy neural network
temperature prediction method by combining the advantages
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of fuzzy neural network and genetic algorithm. Hussain et al.
[8] solved a second-order fuzzy ordinary differential equation
by using the derivative self-starting block method of two
orders. So far, people have done a lot of work on the ordinary
difference equation, but research paper on fuzzy difference
equation is still rare. Based on the importance of the
maximum operator in the automatic control model (see [9,
10]), the maximum difference equation has attracted the
concern of many scholars (see [11-14]).

In 2002, Voulov [15] studied the positive solutions of the
following maximum difference equation

x”:max{ A , B },n:O,l,---, (1)

X X

where 4,B € R", and showed that every solution of the

above equation (1) is eventually periodic.

In 2010, Gelisken et al.[16] studied the asymptotic
behavior and periodicity of positive solutions for the
maximum difference equation

1
X, =maxq—, )

a
X xn—Z

n>0, 2
n-1
where 420, 0<a <1, and proved that every positive
solution of the above difference equation (2) convergences to
equilibrium point X =1 or is eventually periodic with period
2,3,0or4.

Furthermore, in 2016, Gelisken et al. [17] researched the
behavior of positive solutions for the system of the maximum
difference equations

c
X,,, =maxq4, ’
yn—k
®)

C
Y,y =maxqB,——;,n=0,1,2,---,
X

where k,m e N, A,B,C € R", and the initial values
X, ;€ R, 0<i<m, 0< j <k, and proved that every

solution of the above system (3) is bounded and eventually
constant or eventually periodic with period k+m+2 . In
the same year, Wang et al. [18] studied the following
maximum difference equations

P
_ Y
X,pp = MAax<c, q 4
xn—l 4
“)
P
X
Ypp = MAXAC, qn 3”2031727"':
yn—l
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where the parameters ¢, p,q and the initial values

Xog»X_y» )y, Y, are positive real numbers, and obtained

some sufficient conditions which ensure the boundedness
character of the maximum system (4).

In 2020, Su et al. [19] studied the periodicity of positive
solutions for the following maximum difference equations

Yot
X, =max4,~"~,,
xn—s

¥, =max {B, al= }, ne {0,1, 2, },

n—s

)

here A,Be R",t,s e N",ged (s,1) =1,d :max{t,s}, and

the initial values conditions x_,,y_, € R, 0<k<d.

Moreover, in 2022, Sun et al. [20] researched the global
behavior of the following maximum difference equations
with four variables

z w
-1 -1
X, = max{A, . }, », = max {B, . },
yn—2 'xn—2

X
z, =maxqC,—} w =max D,h ,
W)1—2 Zn—2
where ne N, A,B,C,DeR", A<B,C<D, and the

e + .
initial values x_,,y .,z ,w_, €R ,i=-2,-1.

(6)

In the real world, the parameters of mathematical models
usually come from statistical data and experimental data.
These models, even in a classical way, are often affected by
uncertainty (fuzzy uncertainty), which can be expressed in
state variables, initial conditions, and system parameters. Up
to now, the fuzzy set instituted by Zadeh [21] has become a
powerful tool in various theories and many applications
including fuzzy difference equations. In recent years, people
are increasingly interested in the research of fuzzy difference
equations and maximum fuzzy difference equations (see
[22-27)).

Sun et al. [28] studied the periodicity of the positive
solutions of the following maximum fuzzy difference
equation in 2018

X, :max{L,&},neNo, @)

X X

n—m n—-r
here m,r € N,d = max {m,r} , @&, is a positive periodic

fuzzy number sequence and the initial values x_,(1<i<d)
are positive fuzzy numbers. The authors proved that if
max(suppe, ) <1, then every positive solution of the above
equation (6) is eventually periodic with period 2m .

In 2020, Han et al. [29] researched the periodicity of the
following maximum high-order fuzzy difference equation

Xnm } neN,, (8)

X

n—m

X, = max {C,

here m,k € N, the parameter C and the initial values

X,(1<i<m+k) arepositive fuzzy numbers.

Inspired by the above scholars' works on fuzzy difference
equations and maximum difference systems, we will studies
the following maximum difference equation with the fuzzy
parameter and initial values in this paper

H H
Zn+l =max—-, ’Zn—3 2 (9)

Zn—l Zn—2

where the initial values x,(0 <i <3) and parameter H are

positive fuzzy numbers.

This article is summarized as follows. In Section 2, we
introduce the basic concept of fuzzy sets used in this paper. In
Section 3, we study the periodicity of the positive solution of
(9) by using a new iterative method, inequality techniques
and mathematical induction. In Section 4, we give some
numerical simulations to illustrate the theoretical analysis of
this paper.

II. PRELIMINARIES AND NOTATIONS

In this section, we first review some basic concepts used in

this paper, for more detail, readers can refer to [21, 23, 26,
30].
Definition 1. A function defined as A: R—{0,1] is said to be
a fuzzy number if it is normal, convex, upper semicontinuous,
and compactly support on R .

For a €(0,1], the o —cuts of the fuzzy number U

on R is defined as[U]* = {x eR:U(x)2 0(}. It is clear

that the [U]” is a bounded closed interval in R , we say that
a fuzzy number U is positive if suppU c (0,00). It is

obvious that if U is a positive real number then U is a
positive fuzzy number and [U]" =[U,U], ¢ € (0,1]. At

this time, we say that U is a trivial fuzzy number.
Definition 2. The persistence and boundedness of a positive
fuzzy number sequence are defined as follows:

(1) A sequence of positive fuzzy numbers {Zn } is persistent
(resp. is bounded) if there exists a positive real numbers
M (resp. N) such that supp z, e[M, o) (resp.suppz,
€[0,N)), n=12,---;

(i1) A sequence of positive fuzzy numbers {Zn } is bounded
and persistent if there exist some positive real numbers
M,N >0such that suppz, e[M,N),n=1,2,---.
Definition 3. A sequence of positive fuzzy number {Zn} is
called a positive solution of equation (9) if it satisfies (9).

Definition 4. A sequence {Zn} is called eventually periodic

with period T if there exists K € N suchthat z, =z, ,, for

aln>kK.
Lemma 1. If the parameter H and the initial conditions

n+T

Z4,Z4,Z,Z, of the fuzzy difference equation (9) are

positive fuzzy numbers, then the equation (9) has a unique
positive fuzzy solution.
Proof. The proof is similar to Propesition 3.1 [31], so we
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omit the proof of Lemma 1. [
Next, we will prove a simple auxiliary result which will be
used many times in the rest of the paper.

+
Lemma 2. Assume that {Zn }ni3 is solution of the equation

(9) and there exists k, € N, U {—3,—2,—1} such that

Zhy T ZhyrarZhgr1 = Zhyaso
(10)
Zk0+2 = Zk0+692k0+3 = Zk0+7 :
Then this solution is eventually periodic with period four.

Proof. From Definition 4, it is easy to know that we only
need to prove that

Zky = Zhyrtmo Zhgrl T Zyrladm
(11

Zk0+2 = Zk0+2+4m ’ Zk0+3 = Zk0+3+4m H
for every m € N , from which the Lemma 2 follows.
We use the mathematical induction. For m =1 , the
equation (11) becomes (10), that is (11) holds for m =1.
Assume that (11) holds for m = m,, , then from (9) and (10)

we can obtain that

H H
Zhyra(mp+l) = max { ) ’Zk0+4m“}
Zhovamg+2  Zhyrdm+l
H H
=max { , ,zkﬂ}zzko+4 =z,
Zk0+2 Zk0+1

H

_ H
Zk0+1+4(m0+1) - max{ 4 ’ Zko*‘”"o*l}

Zhyrdmg+3  Zhyrdmg+2

H H
= max { —
Zigrs Zrye2

’Z/c0+1} = Zhors = Zgyats

H

= max { ,
Zhy+dmy+4

H

=max { —

Ziors Ziged

iy 2440my+1) -

Zgy+dmg+3

’Zk()+2} = Zpr6 = Zigr2o

H

Zhyr3+a(mytl) — max { > > Zk0+4m0+3}

Zk0+4m0 +5

H
=max{ ,——
Zigrs  Zryra

Z/c0 +4my+4

’Zk0+3} = Zk0+7 = Zk0+3'

That is, the equation (11) holds for m =m,+1 . By the
induction method, the proof of Lemma 2 is completed. []
According to Lemma 1 and the o — cuts theory of the

fuzzy number, the maximum fuzzy difference equation (9)
can be converted into the following difference system of two
ordinary difference equations

B M M
xn+1 = max ’ axn,3 )

yn—l yn—2
(12)
N N
yn+1 = max _’_’yn—3 b ne NO’
xn—l xn—2

where the parameterOs M, N are positive real numbers,

which are, respectively, the left and right endpoints of
the & — cuts interval of the fuzzy parameter H in equation

(9), and {xn } R { Y, } are two positive real number sequences,

which are respectively composed of the left and right
endpoint of the & — cuts interval of the solution sequence

{z,} of fuzzy equation (9).

III. PERIODICITY OF POSITIVE SOLUTION

In this section, we discuss the eventual periodicity of

positive solutions of the fuzzy difference equation (9). First,
we study the periodicity of the positive solutions of the
ordinary difference equations (12).
Theorem 1. If the parameters M < N , and the initial values
x_,,y_;(0<i<3) are positive real numbers, then every
positive solution of the ordinary difference equations (12) is
eventually periodic with period four.

Proof. Let (xn sV ) be a positive solution of (12), then we

X, =maxy—,—,X_; ¢,

have

Yo Yo
13)
N N
Y =maxs—,—,V; .
Xy X,
From (13) we can get
M
X 22—, Vi Zﬁ'
) X,

Because the initial values X .,V ; (0 <i< 3) are positive

real numbers, so it holds that

M N
VoZ2—, X, 2—.

X i

(14)

From (12), one has

{M M } {N N }
X, =max4—,—,X, ¢, Y, =max<{ —,—, )V, .

Yo Yo Xo X
(15)
And then
M N
Xy 2 X5, V)2V 0 Xy 22—, Yy 2—. (16)
0 %o
. N M
In view of (14) and (16), we have X, =2 —, y, = —.
Wi X
Moreover, it holds that
M N
NZ—,y2—. 17)
V2 Xy
From (16), we have
N
Xy 2—. (18)
Vs
Since N > M , so one has
N_ M
Xg2—2—. (19)
Yo W

From (19) and (12), it follows that
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X, =max{—,—,X, f = max<—,X, ¢,
Yo W g
N N
Y, =max§y—,—, ¥,
Xy, X
From (12), if 7 > 3, then it holds that
N N
e
'xn—3 ‘xn—3
So we have
N
X 32—, X 52—
yn—l yn—2
Since N > M , we can obtain that
M
X, 42—, X, s 2—.
yn—l yn—Z

From (22), if n > 3, then it holds that

M M ~
‘xn+1 = max s > xnf3 _‘xn73 :

yn—l yn—Z
Hence
Xan = Xos Xap1 =X

Xypr = %55 X5 =X, N 21
Now, we consider the period nature of {yn }:O:4 :

(a,) From (13), suppose that

MZE,MZJQ and N > N ,lzyis’
Yoo Yo Vo X Xy Xy
then it follows that
M N
NT T
Yo Xy
(al_l ) From (15), suppose that
MMM, and VNN,
Yo Va Mo X X X
then it follows that
M N
X,=—, = —
Yo X0

And then, we can get

Yy2—
X, X,
Moreover, from (12), it holds that

X, =Mmaxq—,—,x r,
NN

and then, we can obtain
Xy 2 X,

From (25) and (26), it follows that

N N_N
N2Z— ) 2—=2—,

0 0N

(20

(2]

(22)

(23)

24

(25)

(26)

and then, from (12), (23) and (24), we have

s 3y3 ﬂ’y
X5 X, X X,
N N N
ygzmax T T o4 =max<{—,—, 4 :}I4:
X X5 X, X
N N N N
y9=max —,—,ys =max _a_:y5 :Y59
X7 Xg X3 X
N N
ylo_max _a_ayﬁ =max<{ —, ayﬁ :}’6,
Xy X, X, X
N N N N
Yy =maxs—,—, ), ;mmaxs—,—,V; (7Y;7Ys5-
Xy Xg X5 X,
According to the mathematical induction, we can prove that
N
Yan2 = V2=
Xo
N N
Vipes =V =MaxXy—,—,Y;
X Xy
=max Ny N V_, ¢ =max Ny N
B _pxoa -1 B _19x0 ]

N N
Yoy =YVy=MaXy—,—, ),

X X

B N N N N
=max Hyo,—y_l,yo = max Myo,—y_l 5

M M
N N N N N
Vapyn =YVs =MaAX—,—, ) =MaXy—,— Vo, (-
X, X, x; M~ x,
M M
(al_z)From (15), suppose that — > ) =X, and
Yo Va N
N _ N
—_—z—, 2>y ,, then it follows that
X, X, X,
M N
T T
Yo X

Using a similar method to discussing (a]_, ) , wWe can get

N N N N
Ve =MaxXy—,—, ), (T MaxXy—,—, ),

X, X X, X,
N
== >
Xy
_ N N
Yy =MaAX S —,—, )y (TMAXy—,—, V3 (T3,
Xs X, X, X,
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N N N N
Yy =maxs—,—,); (TmaxXy—,—,); r=Y;7Y;.
Xy Xg Xs Xy

According to mathematical induction, it can be proved that

N
Yanso ==
X

N N N N
=Max—,—, Y, (TmaXy—) ;,—, )V
X X, M x,

_ _ N N
Yan = V= MaAX x_za;loyo =max ﬂyoaﬂyfvyo

N N N N N
Vapn = Vs =MAX A, ) ¢ =MAX—,—— V5, (-
X, X, x, M x

M_ M
(al—S) From (15), suppose that — 2> ,—2 X, and

Yo Ya Yo

N .
y,2—,y ,=—, then it follows that
1 xo
— M —_
X5 7Y,

0

Using a similar method to discussing (al_l ) , we have

N N
Ve =max{—,—,y2}=rnax
X, X

Xs X,
N N N N

Yo =MaX—,—, Y, r=MAX—,—, V4 Y4
X Xs X, X
N N B N N

Yo =MAXA —,—, Vs (=MaX—,—, V5 Y5,
X; X X3 X
N N

ylo_max —,—,yﬁ = X1 —> ,yﬁ :y6,
Xy Xy Xy X3
N N N

Yy =maxy—,—,); r= T LV (7YY
Xy X X X,

According to mathematical induction, it can be proved that

Yania =V7Y 25

N N N N
Vi3 =V =X —,—, Y pTMAX\— ) _,—, )V 1»
X X, M~ X

0

(NN ] (N N
Vi =V, =MAX—,—, ), (T Max Myoaﬂy_pyo

M
(a1_4 ) From (15), suppose that — >

’ 2 X_,and
Yo

Yo
N _N
—_—2 »— 2 Y_,, then it follows that
Xo X X
M N
Xy= ), T —.
Yo X0

X3 Xy

N N
max§—,—, Vs (™ Ye¢»
X, X

> Vs }3’59

N N N N
Yy =maxy —,—, Y, mMAX—,—, V; (7Y, 7 Y3
Xy Xg

X X,

According to mathematical induction, it can be proved that

N
Va2 =V=""">
X

0

N N N N
Yinz =) =AX g’_ayq TMAX— Y,V

M

Xo

N N
Van :J’4=m{_e_ayo}=m{ﬂyvﬂy19)’0}
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M M M
(al—S) From (15), suppose that — > , =X, Vs =max E,E,y2 =max E,E,y2 =V, =V,
Ya Yo Vo Xy X3 Xo X%
N _N N
and _2_7 > y—Z’ then it holds that ), =max E E =max ﬁ E Vs 7Y
X, X, x, ’ X x, 0 X x TY
M NN | (NN
YV, X Yy =max x_’x_’y4 =max x_’x Vi (TY4r
Using a similar method to discussing (al_l),we can get © r
N N N N
N Yo =MaxX§—,—,)s (Tmax{—, s Vs (TYs5
y(,_max Y, (T sV (T, m x7 x6 'x3 X
X, X X, X X,
N N N N
N N ylo_ma‘x _,_,% =maxq—, 9y6 —y67
Yy =MAX —,—, Y3 (TMAX—,—, ;3 7Y Xy X 4 N3
Xs Xy 1 Xo
y8=maX{x— N 4}:max{x_,x ’y4}:y4’ e =maxedy PR R
6 > According to mathematical induction, it can be proved that
Yo =max{E,E,ys}—max{ﬂ,ﬂ,ys}—ys, V2=V =V
X Xg XX
NN | [N N
N N N N Vi =Yz =X —,—, ), (TAX— V ,—, )
Yip =MaX 3 —,—, Y, (=MaXy—,—, Y, (=e> X X M x,
Xy X, X, X
N N N
= - = = e =y, = =max Yo >
Y max{ a%} max{ ) ay7}—Y7—Y3~ M " x
Xo Xy 5 Xy 0
According to mathematical induction, it can be obtained that { N N } N N
N Vi =Yy =X —,—, ) :m{_yla_ylayo}
y4n+2:y2:x_’ XX MM
-1
N
N N =maxy—¥., Y, (»
Vinyy =V =MAXA—,—, M
XX
N N V=Y. —max{NNy}:max{N Ny y}
= _ - a1 V5 T T N T VN
max{By_l,xo,y_l}, X, X, X, M
NN NN N
= y,=max ], =max{—,—V ,,— -
y4n y4 {Xz x1 y()} {‘xj M x—l
N N N ( M M
=max{—y ,—y .V, t =Max3 y,,— . ¢, a1_7)From (15), suppose that x , 2 —,x , =2 —and
{Myl I y"} {y" Myl} Yo Yo
N _ N
Vane1 = Vs —max{ﬁ,ﬁ,yl} x—Z . ,x—Z V_,,then we can obtain
X, X, 0 -1 Ao
N
= max E ﬁy ﬁ xz:x*z’yzzx_'
x3’M 71’x_1 ’ ‘
MM M Using a similar method to discussing (aH), we have
(al_é)From(IS), suppose that — = —, > X_, and N N N N N
y—l yO yfl yé:max _5_9)}2 =max _’_’yZ :y2:_’
N Xy X3 Xo X3 Xo
Y., 2—,y_, = —, then one has
X, X, NN |  [NN
M Yy =MaxXy—,—, ); (T MaX—,—, J3 7Y,
= —5),7Y 5 s e M %o

¥ NN | (NN
Using a similar method to discussing (aH ) , We can obtain Vg =MaX—,—, Y, (mMaX—,—, Y, =Yy,
Xo Xs X X
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N N N N
Yy =Maxi—,—,y, p=max< —,—, y, ¢=Y,,
Xy Xg X3 Xy
N N N N
ym:maX _’_’y() =max _’_’y6 ZY67
X, X, X, X

N N N N
Y TMaxy —,—, yY; (TMaX—, 7, }; 7Y, ™
Xy X X X,

According to mathematical induction, it can be proved that

N
Yanso ==
X0
N N
Vapiz =V =MAXy—,—, )
X X

N N N N
=max{—y ,,—,)V,=max Hy_p_ 5

M X, X,
N N N N
y4n:y4:nlax _’_’yO =nax _9_y711y0 )
X, X x, M

N N N N N
y4n+1=y5=rnaX T =maxy—,—,— -

Xy Xy X
M M
(61178) From (15), suppose that Xx_, > —.X, > and
Yo Yo
NN
X KXo X

2 y_,, then it follows that

N

X, =X 5, Y= —.

-1
Using a similar method to discussing (aH ) , we can get

N N N N N
y6: - _5y2 = _9_3)}2 :yz:_,
x4 x3 xO x3 x—l
N N N N
y7:max _5_5y3 =max _9_’y3 W3a
x5 x4 xl XO
N N N N
ygzma‘x _:_7y4 =max _7_’)/4 ZY4,
x6 'x5 xZ xl
N N N N
y9=max —H Vs =max —H Vs Wsa
x7 x6 x3 x2
N N N N
ym:rnax _a_ay6 =max _9_:y6 Wéa
xg 'x7 x4 x3

X5 X,
According to mathematical induction, it can be proved that

__N
Yans2 = V2™ 5
X

X X

—max ﬁ ﬁ =max ﬁ E
My_laany_l My_l,xo e
_ N N

N N
Vapz =) =MaAXy—,—, )

(al_9 ) From (15), suppose that x , = —

N N )
Y,2—,y , 2—, thenit follows that
X Xo

X TX 5 V7Y -

Using a similar method to discussing (a]_I ) , wWe can get

N N N N
Yo =MAX—,—, ), (mMAX—,—, ), (= )h =)y,
Xy X X X

X,
NN | (NN
Vo =1ax —,;,yé mMaxXq—,—, Vs (Ye»

Xy

X
N N N N

Vi =MaXy—,—, V; (mIAX —,—, ); ~Y;7Ys-
Xy Xy X5 Xy

According to mathematical induction, it can be proved that

Vi =V Y2

N N
Vansz = V3 =X —,—, )
X X
NN LN N
My—19xO’y—l My—lrxo >
N N N N
Vo =Y, =X —,—, ) (TIAXy—— V., ¥y >
X X L, M

N N N N N
Vi = Vs =X —,—, )} (=X —,—,— -
D) X Xy Xy
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M _ M M
(bl ) From (13), suppose that — > ,
Ya Yo Vi

2 X_, and

N _ N )
—2—,——2 Yy ,, then it follows that
Xo Xy X

M N
NTTNT
Yo X

In this case, the nine kinds of discussions are similar to those

of (al ) , so they are omitted.

M
(c1 ) From (13), suppose that — =

, 2 X_ and
Yo Yo Vo
N N
V.3 2—,y_y 2 —,then it holds that
X, X,
J— M pu—
xl__:y1_Y—3'
Y

In this case, the nine kinds of discussions are similar to those

of (al ), so they are omitted.

M _ M M
(dl) From (13), suppose that — > ,
Yo Va Vo

2 X_yand

N,

X X Xy

2 y_5, then it holds that

o
Vo X

In this case, the nine kinds of discussions are similar to those

of (al ) , so they are omitted.

M M M
(e1 ) From (13), suppose that — 2> , 2 X_, and
Yo Va Vo
N _ N
—_—2 , 2 ¥_,, then we have
X, X, X,
M N
X=—,)=—
Yo X,

In this case, the nine kinds of discussions are similar to those

of (al ), so they are omitted.

(fl) From (13), suppose that M > M , M > x_,and
Yo Ya Vo
Y i’ Y2 i, then we have
-1 X
J— M pu—
xl__ayl_Y—S'
Yo

In this case, the nine kinds of discussions are similar to those

of (a, ), so they are omitted.

M M
(g] ) From (13), suppose that x ; 2 —,x ; = —and
Yo Yo

N N
—_—2 , 2 ¥ 5, then we have
X X, Xy

_ _N
NN T

X
-1
In this case, the nine kinds of discussions are similar to those

of (al ) , so they are omitted.

M
(hl ) From (13), suppose that X ; = —,x ; 2 —and
Y Yo

N _ N .
—_—2 , 2 y_5, then it follows that
Xo X X,
_ N
X=X, )=
X,

In this case, the nine kinds of discussions are similar to those

of (al ), so they are omitted.

. M M
(l1 ) From (13), suppose that X ; =2 —,x ; 2 — and
Yo Yo

N N
V.3 2—,Y 32—, then we have
-1 X
NV 3,272 5.
In this case, the nine kinds of discussions are similar to those
of (al ) , so they are omitted.

The proof of Theorem 1 is completed. [J

It is obvious that when M =N=H , we have the following
result.
Corollary 1. Consider the ordinary difference equations

H H
‘xn+1 smaxq—,—, ‘xn—S 4
ynfl yan
27)
H H
Y, =max<—,——.,y ., n=0,
x”71 xn72

if the parameter /1 and the initial values y ,,z . (0<i<3)

are positive real numbers, then every positive solution of
equations (27) is eventually periodic with period four.

Next, we study the periodicity of the positive solutions of
fuzzy equation (9) when H is a trivial fuzzy number.
Theorem 2. If the parameter H is a positive trivial fuzzy
number and the initial values z,,z,,Z,,Z, are positive fuzzy
numbers, then every positive solution of the fuzzy difference
equation (9) is eventually periodic with period four.

Proof. Let {Z, } be a positive fuzzy solution of (9) with initial

valuesz ,,z ,,z_|,z,, from o — cuts , thus we have
[Zi]a :[L }ti,a]a i:_37_25_1303 a E(Oal]a

[z,]° =[L,,.R, .1, 1=1,2,3,---, a € (0,1].

n,o?

(28)

In view of H is a positive trivial fuzzy number, one has

[H] =[H Hr’a]:[H,H], a<(0,1].
Rz,a)’ lzlﬂ 29 39' O E(O, 1] satisfies

la?

From Theorem 1, (L,

n,a”

the following system
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H H
Ln+1a = max 5 ’Ln—3a 5
’ R R ’

n-l,a n-2,a
H H
R'7+1,0! = max{ > >Rnf3,a }: n Z 0
Ln—l,a Ln—Z,a
Using Corollary 1, it follows that
L4n,a = Lo a? L4n+1 a Ll a L4n+2,a = LZ,a >
L4n+3,a L3 a?’ R4n a RO,(Z ’ R4/1+1,a = Rl,a ’
R4n+2,a = RZ,a H R4n+3,a = R3,a H n Z 1’ ae (O’ 1]

Therefore, we have that {z, } is eventually periodic of period

four. The proof of Theorem 2 is completed. [

Next, we study the periodicity of the positive solutions of
(9) when A is a nontrivial fuzzy number.
Theorem 3. If the parameter H and the initial values
Z.3,Z,,Z_,,Z, are positive fuzzy numbers, then every
positive solution of the fuzzy difference equation (9) is
eventually periodic with period four.

Proof. Set {z, } be a positive solution of (9) with initial
values z 4,z ,,2 4,2, , from & —cuts , thus (28) hold. In
view of H is a nontrivial fuzzy number, it holds that

[H] :[H Hw]:[M,N], a e(0,1].

La>
From Lemma 1, (L, ,,R, ), i=123,--, 2 €(0,1] satisfies

system
M M
Ln+1,a = max R > R ’Ln—3,zz 2
n-1,a n-2,a
N N
R, , = max 7 7 R, 5,0 n20.
n-1,a n-2,a
Using Theorem 1, we can obtain that
L4n,a = LO a’ L4n+l,a = L] a? L4n+2,a = L2,a s
L4n+3 a L3 a?’ R4n ,a = RO,a ’ 4n+1,a = Rl,a °
4n+2a RZa’ 4n+3a:R3,a’n219aE(091]'

Therefore, we have that {Zn} is eventually periodic of period
four. The proof is completed. [

From Theorem 3, we can obtain the following result.
Corollary 2. Consider equation (9) where H is a positive
fuzzy number, and the initial values z_;,z ,,z ,,Z, are

positive fuzzy numbers. Then every positive solution of (9) is
persisting and bounded.

IV. NUMERICAL SIMULATION

Example 1. Consider the maximum difference equation
with the fuzzy parameter and initial values

H H
=max{—,—,Z,3 ¢

anl Zn72

Zn+1

n=0,1,2,---, (29

where the parameter H is positive fuzzy number, its
membership function is as follows

1 (30)
——x+7,6SxS13.

In addition, the membership functions of the initial values

Z 4,2 5, Z_,, Z, are defined as

—lx—z, 2<x<7,

x—1, 1<x<L2) 5
7(®) { A} z,(0)=

— <x<
W3 2<x x—iE L T1<x<13,
6 31)
3 3 <10, —;x—2,2£x35,
z(x) 3(x):
—x+1], 10<x<11, —7x4—7, 5<x<12

From (30) and (31), one has
[H]* =[4a+2,13-Ta], ae(0,1],
and
[z,]" =Ly, Ry, 1=[1+ @, 3 -],
[Zl]a—[Lla, ]:[2+5a,13—6a],
[2,] =[L,,.R,, 1=B+7a,11-a],
[z,]" =[L+,.R,,]=[2+3a,12-7a], a€(0,1]

From (29)-(31), we can obtain the following difference
equations with parameter ¢t ,

3,a°

2+4a 2+4a
Ln+1,a = max ° > n-3,a (°
n—l,a Rn—Z,a
13- 13-
Rn+l a =max 7a H 7a ’Rn—3 a (° (32)
’ Ln—l,a Ln—Z,a ’
ae(0,1], n=0,1,---

Through simple calculation, it can be proved that the systems
(29)-(31) satisfy the conditions of Theorem 3. It follows
from Theorem 3 and Corollary 2 that every positive
solution of the system (29)-(31) is eventually periodic with
period four, bounded and persists. (see Figs. 1-5).

14

12 |

10 [

L(n)&R(n)

Fig.1. The solutions of difference equations (32) withax =0 .
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(1
(2]

(3]

12 T T T T T T

o] 5 10 15 20 25 30 35

Fig.2. The solutions of difference equations (32) withex = 0.25 .

11

L(n)&R(n)

o 5 10 15 20 25 30 35

Fig.4. The solutions of difference equations (32) withex = 0.75 .
10 ‘ . . ‘ .

- - L)
ol R(n)| -

8 4

n

Fig.5. The solutions of difference equations (32) withar =1.
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