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Composite Anti-disturbance Synchronization
Control for Lur’e Systems: An Event-triggered
Disturbance Observer-based Design

Cheng Qian, Shangchun Mao, and Zhilian Yan

Abstract—This paper investigates anti-disturbance synchro-
nization for Lur’e systems using a hierarchical composite
control mechanism. This mechanism integrates two control
approaches: disturbance observer-based control and switched-
gain event-triggered control, ensuring the 7., exponential
stability of the synchronization-error system in the presence
of multiple disturbances. A condition on the #., exponential
stability is derived utilizing a piecewise-defined and time-
dependent Lyapunov function and several inequalities. Based
on the condition, a co-design is proposed for the gains of
the event-triggered controller and disturbance observer. For
comparison, the hierarchical composite control with a fixed gain
is also investigated, and the corresponding design approach
is presented. Finally, the effectiveness of the proposed com-
posite anti-disturbance synchronization control mechanism is
validated through an example involving master-slave Chua’s
circuits.

Index Terms—Lur’e system, event-triggered control, distur-
bance observer, synchronization

I. INTRODUCTION

UR’E systems (LSs) are common nonlinear systems

characterized by the coexistence of linear dynamic
systems and feedback nonlinearity that is constrained by
sector-bounded conditions. Numerous dynamic systems, such
as Chua’s circuits [1] and Hopfield network [2], can be
effectively modeled within the framework of LSs. LSs can
manifest complex and chaotic behavior. Over the past two
decades, chaos synchronization of LSs has emerged as a
prominent research hotspot, garnering significant attention
due to its widespread applications in secure communications,
image processing, and various other fields [3-5].

There are numerous factors influencing the chaos syn-
chronization of LSs, among which the effect of disturbances
stands out as a key concern. Real-world dynamic systems
are susceptible to exogenous disturbances originating from
the environment or unidentified factors. These disturbances
can significantly impact system performance, leading to devi-
ations from expected behavior [6—8]. To reduce the influence
of external disturbances on the chaos synchronization of LSs,
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various effective control methods have been proposed, in-
cluding, but not limited to, sliding-mode control [9], adaptive
control [10], intuitionistic fuzzy control [11], fractional-order
control [12], impulsive pinning control [13], H,, control
[14], and sampled-data control [15].

It should be noted that most existing control methods
primarily address norm-bounded disturbances. However, in
practical applications, disturbances often exhibit diverse
characteristics, including multiple disturbances with both
harmonic and norm-bounded attributes. Dealing with such
complex scenarios with a singular control method is often
infeasible, necessitating unconventional control strategies.
In 2004, a composite control mechanism integrating dis-
turbance observer-based control (DOBC) with traditional
control methods was proposed [16]. Subsequently, this com-
posite control idea has been successfully applied in many
different dynamic systems [17-21].

Event-triggered control (ETC) has garnered growing at-
tention with the advancement of control theory. Instead of
continuously updating and transmitting control signals, as in
traditional time-triggered control architectures, ETC schemes
only update and transmit control signals when certain pre-
defined events occur or specific conditions are met [22-25].
In this way, ETC optimizes the utilization of computational
resources and network bandwidth while ensuring the desired
control performance. Thus, the question arises: Can ETC
and DOBC be combined to address the composite anti-
disturbance synchronization control of LSs with multiple
disturbances? This issue, to our knowledge, remains open
and challenging, warranting further investigation.

Based on the aforementioned discussion, this paper aims
to investigate the hierarchical composite anti-disturbance
synchronization control of LSs with multiple disturbances.
These disturbances comprise two types: one in the form of
a norm-bounded vector, and the other described by an ex-
ogenous system. The hierarchical composite anti-disturbance
synchronization control mechanism integrates two control
approaches: DOBC and switched-gain ETC, ensuring the
H oo exponential stability of the synchronization-error system
(SS) in the presence of multiple disturbances. By selecting an
appropriate Lyapunov function, a condition for H ., exponen-
tial stability of the SS is derived. Subsequently, based on this
condition, a co-design approach is proposed for determining
the gains of the event-triggered controller and disturbance
observers. For comparison, the composite anti-disturbance
synchronization control with a fixed gain is also considered,
and the corresponding design approach is presented. Finally,
the effectiveness of the proposed composite anti-disturbance
synchronization control mechanism is verified through a
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numerical example.

Notation: Throughout, R™**"2 and R" represent the sets
of n1 X ny-real matrices and n-dimensional real vectors. For
a matrix Z, Z > 0 (Z < 0) represents that Z is positive
(negative) definite, and . (Z) represents the expression Z +
ZT. diag{-} represents a diagonal matrix and col{-} denotes
a column vector. In block symmetric matrices, the symbol
“x” indicates a block derived by symmetry. Furthermore, the
dimensions of matrices, if not explicitly stated, are assumed
to be compatible.

II. PRELIMINARIES

Consider the following LS with master-slave synchroniza-
tion mechanism, the master system is
{5m(t) = b (t) + HF (DS (1)) + Dindin (£)

T (t) = Oy (1) )

and the slave system is

05(t) = Ads(t) + Hf(Dds(t)) + Dsds(t)
+ Bow(t) + u(t) (2)
os(t) =Cs(t)

where 0, () € R™ and d,(t) € R™ are the state vectors of
master system and slave system, o,,,(t) € R™ and o4(t) € R"
are the corresponding output vectors, u(t) € R™ is the con-
trol input vector, d,,(t) € R% and d,(t) € R% are the un-
known disturbances. w(t) € R“s is another additional distur-
bance in L3[0,00). A € R™*™ H € R™*f, D, € Rm*dm,
D, € R™*4s ' e R™™™ and By € R™*% are all known
constant matrices. f(-) = col{fi(), f2(-),..., fr()} € RS
is a nonlinear function vector with f(0) = 0, and for any
s1,52 ER, i€ {1,2,..., f}, it satisfies the following sector-
bounded constraint:

(fi(s1) = fi(s2))(fi(c1) = fi(s2) — Ei(q1 — s2)) < 0.

Define 0. (t) = 6, (t)—0s(t), 0c(t) = om(t)—os(t). Then,
combining systems (1) and (2), the SS can be expressed as

Oe(t) =Abe(t) + HF (D6 (t),05(t)) + Dindm (t)
— Dydy(t) — Bow(t) — u(t) 3)
oe(t) =C(t)
where F (D0, (t),05(t)) = f(Dde(t)+ Dds(t)) — f(Ds()).

It is assumed that F(Dd.(t),0,(t)) belongs to sector [0, £]
[26-28], which means that

FT(D3e(t), 64(8))(F(DSe(t), 85(t)) — EDB(t)) <0 (4)
with & = diag{é’l,é’g, A ,Sf}.

Assumption 1. The unknown disturbances d,,(t) and d(t)
can be generated by the following exogenous systems:

dm(t) = mem (t)
{fs (t) = Wefs (t) (6)
d(t) = V& (t)
where W,, € RWem*Wem V- c RIn>*Wenm W, €

RWea xWe. and V, € R%*Wea are all known real constant
matrices.

_In order to get the estimations of unknown disturbances
dp, (t) and d(t), the corresponding disturbance observers can
be designed as

Ay (£) =V ()
ém(t) :pm(t) - Lm(sm(t)

pm(t) :(Wm + LmDme)(pm(t) - Lmém(t)) @
+ L (Adm () + Hf(Ddm(1)))

Czs(t) :Vvsés(t)

58(15) =Ps (t) — L04(t) (8)

ps(t) =(Ws + LsDsVi)(ps(t) — Lsds(t))
+ Ls(Ads(t) + Hf(D3s(1)) + u(t))
where L,, and L, are the observer gains that need to be

obtained. The disturbance estimation errors can be expressed
as

e (t) = Em(t) = Em(t) ©)
ce, (1) = &(t) = & (D). (10)
Combined with (1), (2), and (5)-(10), the error dynamics are
represented as
ée,,(t) = Win + Lin Dy Vi e, (t)
ée, (t) = (Ws + LsDV)ee, (t) + Ls Bow(t).

(1)
12)

In this paper, the controller within the DOBC scheme is
designed to be event-triggered. The following trigger rule is
defined to obtain triggering instants:

b = mindt > b+ h [(00(1) — 0o (t)) "A(0e(t) — o (1))
> aol (t)Aa] (1)}

where A > 0 represents the trigger matrix and needs to be
determined, o > 0 is known threshold parameter. Let e () =
o.(t)—o.(tr) be the error between the current sampling time
and the latest transmission time. Then, the trigger rule can
be rewritten as:

thr=min{t >tx+h|ei (t)Aex(t) >acl (H)Aal ()}, (13)

Based on this rule, the imposed anti-disturbance controller
is given by

u(t) = Dindp(t) — Dsds(t) — Keyoe(ts) — (14)

where ((¢) is a switched signal defined as

1, te€[tr,tpx+h)
¢(t) =
2, te€ty+h,tre1)

and ¢4 represents the corresponding gain matrices that
need to be ascertained. Thus, the SS (3) can be rewritten as

0e(t) =(A+ KeyC)oe(t) +HF (Dde(t),5(t)) — Bow(t)
+Dmeegm (t) - stsegs (t) - ICC(t)Cek(t). (15)
Defining the reference output as z(t) = Z16.(t) +

Zoeg, (t), for SS (15), the system is ., exponentially stable,
in the sense that

1) It is exponentially stable when w(t) = 0;
2) It has a specified H, disturbance-rejection performance
level 7, meaning that under the zero initial condition,

/0 T ET0)2(8) — 42T (Bw(t)) dt < 0.
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III. MAIN RESULTS
A. Hoo Stability Analysis

This subsection is indicated to the H, stability analysis of
the SS (15). The following condition can be obtained through
using a Lyapunov function.

Theorem 1. For given constants « > 0,7 > 0, h > 0, > 0,
and arbitrary matrices /Cq, Ko, SS (15) is H, exponentially
stable if there exist matrices P, > 0, P, > 0, P3 > 0,
Py >0, P >0, P >0,A>0, Y, Y, Ql’ QQ, Qg,X
X1, and diagonal matrix U > 0 such that

L [P+ hI(S) R(—X+X4)
ol = ) WX+ ) >0 (16)
2 Z(h) 141
ei=| “ 0| <0 (17)
k @(h) Vg
3 _
e} =| 7Y <0 (18)
4 F h) V3
o= g <0 (19)
hold, where ¥(h) = [Z zm] i1,51 = 1,2,...,9, ©(h) =
©isn], 12,52 = 1,2,...,7, T'(h) = [Tigl, i3,J3 =

1,2,...,6,

Y =2nP + (Y (A+K.0) - % - Q1)
Y12 =P — Q=Y + (A+K10)TY;
Y13 =Y DV, 14 = —Y{ID,V,
Si5=X-X14+Q] — Q3

Y6 =Y H+EDTU, $17 = -V K, C
Y18 = U9 = hQ7, T = —F(Y2)

Yoz = Yy D Vi, Yoy = —Y5 D,V

Yo5 = Qa, Tog = Y5 H, Yo7 = -V K1C
Yog = a9 = hQ3

Y33 =2nPy + S (Po(Wy, + Lin D Vin))
Yag =20Ps + S (P3s(Ws + LsDsVs))

X
Y55 = S (Q3 + X1 — 5)7 Y58 = Y59 = hQ3

Yo = —2U, Y77 = —PFg, Ygg = —hPy
S99 = —hPs, ©11 = S11 + n°hPs + nhs (X)
O12 = X2 + h%, O13 = Y13, O14 = X1y
O15 = Y15 + hn(—=X + X1), O16 = X156
O17 = X7, O = XYoo + hPy, O3 = Y3
O24 = Yoy, Og5 = Y5 + h(—X + Xj)
Oz = Xog, Og7 = Xo7 + hCT P, O35 = B3
Ou4 = Xuq, O55 = Xss, Op6 = Xes, O77 =277 +2nhbs
Ty =2nP + y(YlT(A + K2C)) + aCTAC
I =P — + (A+K20)"Yz, T13 = Su3
Iy = E14, F15 = Y46, 16 = —Y{' K2C
Dog = Yoo, T'az = Yoz, I'og = Yoy, T'as = o6
[y = =Yy K2C, I's3 = N3, Tyy = Sy
[s5 = Y55, T'esg = —A
T —Bng _BgYQ 0 Bg[/z

. 00000
L=z 0 0 Z 00000

-BTY, 0 BFLT
0 0 2
-BYY, 0 BFLT
0 0 2

_pT
oI = [ 127011/1
r_ [ —Bin
vy = Zl
2
_| = 0
= [ 0 I

|

o O O O
o O OO
o O
[

and other blocks unspecified are zero matrices.
Proof: Choose the following piecewise-defined and
time-dependent Lyapunov function:

Vit = ZV t € [tr, ti + h)

Vu(t) = Vl( ), t €[tk + hytrt1)

where
Vi(t) = 6L (1) Pioc(t) + ef (t)Paec,, (t) + e (1) Psee, (t)

Va(t) = (tp +h —1t) / 216061 (5 Pyd, (s) ds
Va(t) = n’(tk +h —t) /t e?1576T (5) Py (s) ds
Va(t) = (tr + h — t)el (t) Psex(t)
Vs(t) = (ty, + h — t)w’ (t)Mw(t)
with

73 —-X+X

M_{ *2 Y(—X1+1§)}

w(t) = col{de(t), e~ "6, (1)}

Evidently, Vi (t), Va(t), V5(¢), and V4 (t) are positive definite.
From inequality (16), it can be seen that

Vi(t) + Vs(2)
=T (t) <[ P;)l 0 } + (tp +h — t)M) w(t)

Jre? (t )PQE{ (t) + e£ )Psee, (t)

(G (D

] " hM))
@(t) + ¢, (t)Paee,, () + egs( )Psee, (t)

=) { o } () + 2 ST (el e ()

+ el (t)Paee,, () + ef_(t)Psee, (1)

Py >0, P, >0, P; >0, and ® > 0. Therefore, V;(t) +
Vs(t) is positive definite, V,(t) and Vj,(¢) are confirmed to
be both positive definite.

Furthermore, for t € [tg,tg+1), from the expression of
V(¢), it can be seen that

Va(tr) = Va(tx) = Va(tr) = Vs(tx) =0
lim  Va(t)= lim Vi(t)= lim V()
t—)(tk-‘rh)_ t—)(tk+h)_ t—)(tk+h)_
= lim Vs(t)=0
t—(tr+h)~
which indicates
lim V(t) =V (¢t li Vi) =VI(t h).
L (t) (k)7t—>(tlkr—ri-1h)* (t) (tr +h)

Thus, V(t) is continuous at instants ¢; and ¢, + h. This,
along with the arbitrariness of the time instants tj, implies
that V'(¢) is continuous on [0, +00).

Volume 54, Issue 10, October 2024, Pages 1960-1968



TAENG International Journal of Applied Mathematics

Calculating the derivatives of V;(t)(i = 1,...
the trajectories of system (15), it yields

Vi(t) =207 (1) Prde(t)+2¢f () Pace,, (t) + 2€F, (t) Psée, (1)

t
Valt) = - / 1067 () Py, (s) ds — 2nVi(t)

tr

,5) along

+ (tg + h — )07 (t) Pyde(t)
t
Va(t) = — o / 16=05,T () Pyr(s) ds — 2nVa(t)
23

+ 02 (te +h — )61 () Psdo(t)

Vi(t) = — e} (t) Psen(t) + 2(tg + h — t)el (t) PsCd,(t)
Vs(t) = — @l (t)Mw(t) + 2(ty + h — t)o (t) Mw(t).
Then the discussion of stability analysis can be divided into
two different intervals based on the switched event-triggered
rule.

Case I: t € [ty tx + h) R R

In this case, ((t) = 1, u(t) = Dpdn(t) — Dsds(t) —
Ki0c(ty), the Lyapunov function V,(f) can be em-
ployed. It follows that there is a small positive scalar
Oa = mln{)\mzn(Pl)a )\mzn(PQ)a )\mzn(P?))a )\ml’ﬂ((b%)}7
which makes

Va(t) > 0a [0.(8)[.

Through some calculations, it can obtain

Va(t) + 2nVa(t)

= 207 (t)Pr0c(t) + 2¢f (t)Paée,, (t) + 2ef (t) Psée, (1)
+21(82 (1) Proe(t) + ef, (1) Paeg,, () + ef (1) Peg, (1))
+(t + h — 1)0L (£) Pade (t) -+ (t, + h — )07 (£) Psde(t)
+2n(te+h—t)ef. (t) Poer (t)+2n(te+h—t)w" (H)M

x w(t) — el () Per(t) + 2(tp + h — t)el (t) PsCe(t)
—wl ()Mwo(t) + 2(t, + h — )T () Mw(t)

t
—/ 216067 () Pyd,(s) ds
23

(20)

¢
—772/ 2165706, T (5) P56, (s)ds.

ty

ey

Define

Wilt) = / 10, (s) ds

Then, the integral terms can be estimated by using Jensen’s
inequality. The estimated results are as follows:

t
_ / 21=DGT() Py, (5) dis < — (t—t) W T (£) P W (£)
i (22)
t
—n? / 21 TN6T (5) P5de(s) ds < —(t—t,) W3 () PsWis(2).
tr
(23)

Moreover, according to the basic theorem of calculus and
SS (15), the following two equations hold true for arbitrary
matrices Y7, Ya, Q1, 2, Q3 with appropriate dimensions:

0 =207 ()QT + 67 (1)QF + e~ =)5T (14)QF ][4 (t)

+eT MG () + (L=t )W (£) + (E—tx)Ws(1)] (24)

0 =2[7 (1)Y," + 0 (1) V3" ][0 () + (A + K1)de
+ HF (Db (), 05(t)) + D Vinee,, (t) — DsViee, (t)
- lClCek (t) - Bow(t)] (25)

According to sector condition (4), there exists a diagonal
matrix U = diag{y1, pt2, ..., s} > 0 such that

f
0<—2> p Fild] e (t)
=1
- gzdfde(t))
= — 2FT(D6,(t), 6:(t)) UF(DS.(t),4(t))
+ 2667 (t)DTUF(D6.(t), 5(t))

05 (8)) (Fi(di 0c (1), 05(1))

(26)

holds.
When w(t) = 0, it can be derived from (21)-(26) that

Va(t) + 2nVa(t)

t—t tp+h—t
Sl (Z(Wer () + T ] (O (h)e2(t) 27)
where

Qpl(t) = 001{66 t)a(;e( ) €& t)7 (t)a = tk)(s (tk)

( (t), e,
F(Dde(t), 85(1)) ex(t), Wa(t), Ws(£)}
pa2(t) = col{de(t), b, (1), ec,, (t) efs (£), e )6, (t),
F(Déc(t),d5(t)), ex(t)}-

It is evident that ¥(h) and @(h) are the sub-matrices of ®7
and 3, respectively. Thus, (17) and (18) imply that X(h) <
0 and ©(h) < 0. Consequently, from (27) we have

Va(t) +2nVa(t) <0

Case 2: t € [ty + h,tri1) R R
In this case, ((t) = 2, u(t) = Dpndn(t) — Dsds(t) —
K20 (t), the Lyapunov function Vj(¢) can be employed.
It follows that there is a small positive scalar g, =
mln{)\mm (P1)7 )\mzn (Pg), )\mzn (Pg)}, which makes
Vi(t) > 0 |6(1)[° .
By performing certain calculations, we can derive the result:
Vi (1) + 20 Vi (1)
= 267 (1) Proc(t) + 2, (1) Pace,, () + 2€f, (t) Paée, (1)
+20(07 () Prodt)+eg, () Pace,,(t) +eg, (HPsee,(t)). (29)

In addition, from trigger rule (13), we have

(28)

0 < —ef (t)Aep(t) + aol (t)oe(t). (30)
And for arbitrary matrices Y7, Y5, such that
0 =2[67 ()YT" + 67 (1)Y5 1[0 (1) + (A + )4
+ HF(Dbe(t), 05(t)) + D Vinee,, (t) — DsViee, (t)
— KaCe(t) — Bow(t)] (31)

holds true. Therefore, combining (26), (29)-(31), when

w(t) = 0, it can infer that
Va(t) + 2nVi(t) < @5 (DT (h)ps(?) (32)

where

P3(t) = col{3e (£),0d1), e¢,,(t), ¢, (), F (DO (1), 641)), ex (1)}
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Since I'(h) is a sub-matrix of ®7, (19) implies that I'(h) <
0. Therefore, we have from (32) that

Vh(t) + 20V (t) < 0

Besides, V' (¢) is continuous at instants ¢;, and t; + h, so for
any t € [ty tg+1)

V({t)+20V(t) <0
ol5.(t)* <V (#)
where ¢ = min{o,, 0p}. Note this, it can deduce that
V(t) < V(ty)e 2nt=te)
< V{to)e 20t

< V(O)e_27’t.

Further,
6.(1)] < | LY e
0

which means that SS (15) is exponentially stable with a decay
rate 7 in the absence of disturbance.

Next, we will define an index function 7 (¢) to evaluate the
H disturbance-rejection performance of the system when

w(t) #0,
J () = 2" (t)z(t) = v’w’ (Hw(t).

Adding 7 (t) to both sides of inequalities (27) and (32), we
can get

Val(t) + 20Va(t) +

J(t)
< t htk T( )CI)ﬁPl( )_|_ %@g(t)‘b?@Z(ﬂ

Vi(t) + 2nVi(t) + T (t) < @5 (1)1 s ()

where
@1(t)=col{de(t), 0e(t), ec,, (£), e, (1), e "5, (1),

F Db (), e(t)),ek() o(t),Ws(t), w(t),z(t)}
Ga(t)=col{de(t), 0c(t), ec,, (t), e, (t), e 7105, (1),

F(Dde(t),05(t)), ex(t),w(t), 2(t)}
@a(t)=col{de(t), 0e(t), ¢, (1), ec, (t), F(Ddc(t), 6s(t)),
k(t),w(t),2(t)}.

From (17)-(19), it can be seen that ®? < 0, ®} < 0, &} < 0,
and V (t) is continuous at instants ¢; and ¢y + h, therefore,
for any t € [tg, tgi1)

V(t)+2nV(t) +T(t) <0
because 17 > 0 and V' (t) > 0, such that
V() +T(t) <0

For any ¢ € [0,t,], integrating both sides of (33) from 0 to
t4, then we can get

/tg V(t)+ J(t)dt
0

= V(tg)_

)

(33)

V(tg—1)+V(t;—1)

+ /0 " Iyt

<0.

Since V(ty) >
form=2,3,--

V(0) =0, and V(t, ;) —
T g, it can obtained that

/ J(t)dt <0
0
so when t, — oo,

/OO 2T (8)z(t) dt < ~* /Oo wl (t)w(t) dt
0 0

which indicates that SS (15) is exponentially stable when
w(t) = 0 and has the prescribed H., disturbance-rejection
performance. Thus, the proof is completed. ]

V(tm_1) =0

B. Controller Synthesis

From Theorem 1, it is easy to write the following results:

Theorem 2. For given constants « > 0, n > 0, h > 0,
v > 0, and 8 > 0, suppose there exist matrices P, > 0,
P,>0 P >0 P,>0 P5>0 P >0 A>0,Y,
Q1, Q2, Q3, X, X, l@l, I@g, f/m, f/s, and diagonal matrix
U > 0 such that

1 [ P1+h<5”(§) h(—X + X71)
P! = ) X+ 5) >0 (34)
s [ 2(h) n
o3 = N q | < 0 (35)
3 _ é(h) 1P
=1 T g | <0 (36)
4 [ T(h) s
= G ] <0 37)
hold, where X(h) = [%,;,], i1,j1 = 1,2,...,9, O(h) =
[@i2j2}7 i2,j2 = 1,2 7 P(h) = [Flsjs] 13,J3 =
1,2,...,6,

S =2P + S (YVTA+ K C — g - Q1)
Sio=P,—Qy— Y +0(ATY, + CTKT)

17 = —K1C, S99 = —0.7(Y1), Sag = 0Y' Dy, Vi,
Sos = —0YTDVy, o6 = 0YTH, S97 = —0K,C
233 =2nP + S (PoW,, + imDme)

Sus = 20Ps + S (PsW, + L D, V)

A A N A X
O11 = 211 + 7°hPs + nhI(X), O19 = X2 + h;

O17 = S17, O = Nao + hPy, Oo3 = Sz, Oy = Soy

O26 = Y6, O27 = Yo7 + hCT P, O33 = 333

Ou = Suy, Ty = 2P, + L (VT A+ KoC) + aCTAC

flg =P — YlT 4+ H(AT}/l =+ CTKQ), f‘lﬁ = 7’620

s = Yoo, Tog = Yoy, Tay = Bay, D5 = e
and other blocks unspecified are the same as Theorem 1.
Then, under the controller (14) with gains C; = (Y1)~ 1K,
Ko = (i)~ 1IC2, disturbance observer gains L,, =
Py 1Lm, L,=P; Ls, and trigger matrix A, the SS (15) is
exponentially stable when w(¢) = 0 and has the prescribed
Hoo disturbance-rejection performance. R

_ Proof: Set Yo = 0Y1, Ky = YK, Ko = YKo,
L., = P;L,,, Ly = P3Lg. Then, the inequalities (35)-(37)
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in Theorem 2 can be rewritten as the inequalities (17)-(19)
in Theorem 1, respectively. This completes the proof. [ ]

In TheoArem 2, thAe ControllerAgain isAallowqd to be switched
between K1 and Ko. When K1 = Ko = K, the controller
simplifies to the following form:

U(t) = Dyndyn (t) — Dydy(t) — Koe(ty) (38)
and the SS becomes
be(t) =(A 4 KC)do(t) + HF (D(t), 85(t)) — Bow(t)
+ Dmeegm (t) - Ds‘/;egs (t) - ICC’ek(t) (39)

Then, the following corollary can be obtained:

Corollary 1. For given constants « > 0, n > 0, h > 0,
v >0, and 6 > 0, if there exist matrices P; > 0, P> > 0,
P3>0,P4>0,P5>0,P6>0,AZO,Y1,Q1,Q2,Q3,
X, X4, IC, ﬁm, f,s, and diagonal matrix U > 0 such that
the following inequalities hold

L[ Pi+hI(E) h(-X+ X))
1= ) ho(-x+ %) |70 @O
2 i(h) 141
L e (41)
3 _ é(h) Vo
P3 = o <0 (42)
4 [ f h) V3
P = L o ] <0 (43)
where X(h) = [i]ml},zl,]k = sees9 o) =
[Oisjo], d2, 52 = 1,2,...,7, T'(h) = [[iyl, d3,J3 =
1,2,...,6,

S =2P + S (VTA+KC — g - Q1)

S0 =P —Qy— YT +0(ATY; + CTKT)

Y17 = —KC, S99 = —0.7(Y1), a3 = 0V D,, V,,
Sos = —0Y{' D, V,, Sog = 0Y{'H, 97 = —0KC
Sa3 = 20Py + . (PoWy + Lin D Vi)

Sy = 20P3 + L (PsW, + LyD, V)

A . A A X
©11 =211 + 0°hPs + nh.S(X), O12 = S1o + h?
O17 = D17, Ogg = Sy + hPy, Ooz = 3oz, Ogy = Soy
Oa6 = Yog, Og7 = Yo7 + hCT Pl B33 = Y33
(:‘)44 = 244, fll =2nP; + y(leA + I&C) + OZOTAC
To=P - Y +6(4Ty, 4+ CTK), '\ = —KC
Ty = 5322, T3 = EA3237 [y = 2A324, Do = g6
and other blocks unspecified are the same as Theorem },
then under the controller (38) with gain K = (Y =K,
disturbance observer gains L,, = P; 1Lm, L, = P 1L5,

and trigger matrix A, the SS (39) is exponentlally stable and
has the prescribed H ., disturbance-rejection performance.

IV. NUMERICAL SIMULATION

The effectiveness of the proposed results is verified below
by using two Chua’s circuits with unknown disturbances. As

Master system

o
<
2
3 ’
4 >
-0.5
\0\//'/(1’?-3
o B
L ;,,I,l(t)
Fig. 1. The double-scroll attractor.

in [29], the master system and the slave system are described
by the following forms:

m1(t) = a[0m2(t) = ~(6m1(t))] + dm1 (t)
m2(t> = 01 (t) = Oma(t) + Om3(t) + dima(t) (44)
Oms(t) = —bOma(t) + dma(t)
om(t) = m1(t)
Os1(t) =albu2(t) — h(8s1 (£)) H din (£)— 4wy (E)+ua (t)
05 (1) =651 (1) 052 (653 (EHdsa (t)+3ws (EH-ua () 45)
ds3(t)= —b5s2( )+ ds2(t) + w3 (t) + us(t)
os(t) = ds1(t)

where
X (|6:1(t) + ¢| — |0:1(t) — c|) (1 =m,s).

When a =9, b=14.28, mg = —%, m; = 2, ¢ = 1, then the
Chua’s circuits can be transformed into the following Lur’e
form by

(mo —m1)

—am; a 0 —a(mg —my)

A= 1 -1 1|, H= 0
0 -b 0 0
C:D_[l,OO] Bo—[ 4,3,5] w(t):l_it2
ul(t)
dma(t) ds1(t)
d (£) = L ds(t) = u(t) = | ua(t)
[dm? (t) } {dé’?(’f) } us(t)

and f(e) = 3(Je + ¢| — |e — ¢|) belonging to sector [0, 1].

Set §,,(0) = col{1,0.5,—0.5}, §5(0) = col{—1,0.1,0.1}.
In the absence of disturbances and control input, the afore-
mentioned Chua’s circuits exhibit double-scroll attractors, as
shown in Fig. 1.

In what follows, we focus on verifying the exponential
stability of SS (15) under the controller (14), along with the
disturbance observers (7) and (8). The associated parameter
matrices are provided as follows:

0 05 0 04
Wm_{—@ﬁ 0}7W5_[—0.4 0]
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Fig. 3.

b ()
- = dea(t)
—de3(t)
10 15
t
Master-slave systems synchronization error.
— ¢, (?)
- e (?)
0 5 16 15

t

Exogenous disturbance estimation errors for dum, (t).

—eg,(t)
-- e, (b))

—————— Single H control method
Composite control method | |

Single H control method
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= /
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+ H
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°© TTLINS i
€osf Y VYRA N
I VAL A4
= » Y U
3} A At
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fn{ PR Vg
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Composite control method "‘5
A , ,
0 5 10 15
t

Fig. 5. Reference output under different control methods.

-3
45 x10

Fig. 6. The trajectory of H(t).

Take o = 0.1, n = 0.1, 6 = 0.2, h = 0.05, and v = 2.
Then, by solving the inequalities (34)-(37) in Theorem 2, the
desired gains and trigger matrix can be calculated as

[ —4.6801 —2.0132  0.7999
—1.0780 —1.8924 1.0885
0.7314 2.5876  —3.1280

—7.3932 —-5.4091 3.2602
Ke=| —0.9572 —2.6040 0.5909
3.4341 7.0774 —7.8341

I —0.6806  0.0011  —0.0000
™1 —0.0953  —0.7685  0.0000

K1

—0.8647 3.1786  —2.6015
—0.5980 —0.8226 —0.0045

6.2986 2.1315  —0.3487 |
A= 2.1315 7.1011  —2.2913
—0.3487 —2.2913 5.6271

As illustrated in Fig. 2, it is apparent that the synchro-
nization error progressively converges to zero under the
influence of the composite controller, thereby indicating that
synchronization between the master and slave systems has
been successfully achieved.

Subsequently, we analyze the estimation errors of external
disturbances d,, (t) and d(t), respectively. As shown in Figs.
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TABLE I
hmaz FOR VARIOUS 7).

Methods frmas (v = 2)
n=0 n=0.1 n=0.2 n=0.3
Theorem 2 0.1019 0.0984 0.0951 0.0920
Corollary 1 0.0890 0.0852 0.0816 0.0783
TABLE II
Ymin FOR VARIOUS 7.
in (h =0.
Methods Ymin ( 0.05)
n=0 n=0.1 n=0.2 n=0.3
Theorem 2 0.6823 0.6925 0.7033 0.7148
Corollary 1 0.9031 0.9298 0.9586 0.9899

3 and 4, estimation errors e¢, (t) and e, (t) gradually tend to
zero, indicating that the estimated value of the disturbances
are infinitely close to the real disturbances.

The reference outputs under single ., control method
and composite control method are compared, as shown in
Fig. 5. It can be seen from the figure that the effect of using
composite control method in suppressing disturbances is
significantly better than that of a single H ., control method.
Moreover, as in [30], we define

fot 2T (s)z(s) ds
fg wT'(s)w(s)ds

H(t) =

to characterize the H., disturbance-rejection performance.
The curve of #H(t¢) under zero initial condition is shown in
Fig. 6, it can be found that H(oco) = 0.0042 < Ymin =
0.6925. In summary, the numerical simulation demonstrates
the effectiveness of the proposed event-triggered disturbance
observer-based design.

Finally, to illustrate the superiority of the controller (14)
with switched gain over the controller (38) with a fixed gain,
we compare the maximum allowable sampling interval A4,
and optimal H., disturbance-rejection performance i
based on Theorem 2 and Corollary 1. The results, presented
in Tables I and II, clearly indicate that, under the same
parameter conditions, the controller with switched gain not
only permits a larger sampling interval but also demonstrates
superior H., disturbance-rejection performance.

V. CONCLUSION

This paper investigated the issue of anti-disturbance syn-
chronization for LSs using a hierarchical composite control
mechanism (14). This mechanism integrated two control
approaches: DOBC and switched-gain ETC, ensuring the
H~ exponential stability of the SS (15) in the presence
of multiple disturbances. A condition on the H., expo-
nential stability was established in Theorem 1 utilizing a
piecewise-defined and time-dependent Lyapunov function
and several inequalities. Based on the condition, a co-design
was proposed for the gains of the event-triggered controller
and disturbance observer in Theorem 2. For comparison,
the hierarchical composite control with a fixed gain was

also considered, and the corresponding design approach was
presented in Corollary 1. Finally, the effectiveness of the
proposed composite anti-disturbance synchronization control
mechanism was validated through an example involving
master-slave Chua’s circuits.
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