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Locating Chromatic Number of Palm Graph

Des Welyyanti, Ibrahim Taufiqurrahman, Dony Permana, Rifda Sasmi Zahra, and Lyra Yulianti

Abstract—The locating chromatic number was introduced by
Chartrand in 2002. Let G = (V, E) be a connected graph and
let ¢ be a coloring of G. If distinct vertices in G have distinct
color codes, then c is called the locating coloring of G. The
locating chromatic number of a graph, denoted as x.(G), is
the minimum number of colors in a locating coloring of G.
There have been several studies about the locating chromatic
number of certain graphs. In this paper, we discuss the locating
chromatic number of palm graph CyP,S,, with k > 3,1 >
2,m > 2.

Index Terms—Color code, connected graph, locating chro-
matic number, palm graph.

I. INTRODUCTION

HE concept of the locating chromatic number was first

introduced by Chartrand et al. [4] in 2002. They de-
termined the locating chromatic number for various graphs.
Specifically, for the cycle graph C, with n > 3, they
found that x(C,) = 3 for odd n, and x.(C,) = 4 for
even n. Similarly, for the path graph P, where n > 3,
xr(Pn) = 3 was established. This topic has since garnered
significant interest from many researchers. In 2012, Asmiati
et al. [2] determined the locating chromatic number of the
firecrackers graph. Concurrently, Asmiati and Baskoro [1]
characterized all graphs containing cycles with a locating
chromatic number of three. Expanding on this work, in
2014, Welyyanti et al. [7] generalized the definition of the
locating chromatic number to encompass all graph types,
both connected and disconnected graphs. They also explored
the locating chromatic number of disconnected graphs with
paths and cycles as its components [9]. In 2018, Welyyanti
[6] identified several sufficient conditions for the finite lo-
cating chromatic number of disconnected graphs, and fur-
ther discussions on the locating chromatic number of such
graphs including paths, cycles, stars, and double stars were
conducted [8]. Additionally, Zikra [10] examined the locating
chromatic number of disconnected graphs with fan graphs

Manuscript received November 14, 2023; revised May 25, 2024.

This research was financially supported by Hibah Riset Publikasi
Terindeks 2023 LPPM Universitas Andalas.

Des Welyyanti is a researcher from Department of Mathematics and
Data Sciences, Faculty of Mathema-tics and Natural Sciences, Universitas
Andalas, Kampus UNAND Limau Manis Padang 25163, Padang, Indonesia.
(Corresponding author e-mail: wely @sci.unand.ac.id)

Ibrahim Taufiqurrahman is a researcher from Department of Mathematics
and Data Sciences, Faculty of Mathematics and Natural Sciences, Uni-
versitas Andalas, Kampus UNAND Limau Manis Padang 25163, Padang,
Indonesia. (email: profkey0O@ gmail.com)

Dony Permana is a researcher from Department of Statistics, Faculty
of Mathematics and Natural Sciences, Universitas Negeri Padang, Padang,
Indonesia. (email: donypermana@fmipa.unp.ac.id)

Rifda Sasmi Zahra is a researcher and lecturer assistant from Department
of Mathematics and Data Sciences, Faculty of Mathematics and Natural
Sciences, Universitas Andalas, Kampus UNAND Limau Manis Padang
25163, Padang, Indonesia. (email: rifdasasmizahra83 @gmail.com)

Lyra Yulianti is a researcher of Department of Mathematics and Data Sci-
ences, Faculty of Mathematics and Natural Sciences, Universitas Andalas,
Kampus UNAND Limau Manis Padang 25163, Padang, Indonesia. (email:
lyra@sci.unand.ac.id)

as components. In 2021, Irawan et al. [3] determined the
locating chromatic number for origami graphs.

In this paper, we aim to determine the locating chromatic
number of the palm graph CyP,S,, for £ > 3,1 > 2, and
m > 2.

II. PALM GRAPH

The definition of the graph is sourced from [5]. A palm
graph, denoted as H = CyP,.S,,, consists of a cycle C, a
path P, and a star S,, for £k > 3 and [,m > 2 with two
additional edges. The vertex set of H is defined as follows.

V(H) = {w|l <i<k}u{w|l<j<l}
U{ve|0 <t <m},
E(H) = {uquatr|l <a<k—1}U{uiug}

U{wbwb+1|1 <b<lIl-— 1}
U{vove]l < e <m} U {ugw, wivg}.

The palm graph H = CyP,.S,, for k > 3 and [,m > 2 is
presented in Figure 1.
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Fig. 1. Palm Graph (Cy P, Sy,) for k > 3 and I, m > 2.

III. LOCATING CHROMATIC NUMBER OF A GRAPH

Let ¢ denote a coloring of a graph G wherein c(u) #
c(v) for any two adjacent vertices v and v within G.
Define O; as the set of vertices colored with color
i, referred to as the color class. Consequently, II =
{01,04,...,0} represents the set of color classes from
V(G). The color code of a vertex v, denoted by cr(v),
is the k-tuple cp(v) = (d(v,01),d(v,02),...,d(v,O)),
where d(v,0;) = min{d(v,z)|z € O;} for 1 < i < k. If
every pair of distinct vertices in G possesses unique color
codes, then the coloring c is termed a locating coloring of G.
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The least number of colors required for a locating coloring
is known as the locating chromatic number of G, denoted
as xr(G). Given that every locating coloring is a proper
coloring, it follows that x(G) < xr(G), as stated in [4].
The subsequent theorem and corollary, sourced from [4], are
related to the locating chromatic number of a graph.

Theorem 3.1: [4] Let ¢ be the locating coloring of a
connected graph G. If u and v are two distinct vertices in G
such that d(u,w) = d(v,w) for every w € V(G) — {u, v},
then c¢(u) # c(v). In particular, if v and v are non-adjacent
vertices of G such that N(u) = N(v), then c(u) # ¢(v).

Corollary 3.1: [4] Suppose that G is a connected graph
with one vertex on k leaves, then xr(G) >k + 1.

IV. LOCATING CHROMATIC NUMBER OF PALM GRAPH

In Theorem 4.1, we explore the locating chromatic number
of a palm graph denoted as H = Cy P, S,,, where k > 3 and
l,m > 2.

Theorem 4.1: Let H = Cy,P,.S,, be a palm graph for k >
3 and I, m > 2, then

4,
xz(H) Z{

m+ 1,

for m=2,

for m > 3.

Proof: Let us consider a palm graph H = Cy P, S,, for
given k > 3 and [, m > 2. The proof is divided into two
principal cases.

Case 1. For m = 2

First, we determine the lower bound of  (CyP,S,,) for
k > 3,1l > 2, and m = 2. Suppose H = CyP,S,, for
m = 2 and k = 3, with a 3-locating coloring. Since graph
Cs is a complete graph, then u;, us, us in graph C'3 represent
the dominant vertices. Given that H has two vertices with
maximum degrees of 3, namely vy and u;, where vg is
considered a dominant vertex. Thus, H is found to have
four dominant vertices. This leads to the conclusion that there
must be at least two dominant vertices sharing the same color,
and consequently, the same color code. Hence, xr(H) > 4.

Next, we determine the upper bound of xr,(CyP,S,,) for
k> 3,1 > 2, and m = 2 and divide it into several cases.

Case 1.1. For odd k and odd [

Define a coloring ¢; : V(H) — {1,2,3,4},for 1 <s <k
and 1 <t <[ where k,[ are odd such that

c1(vg) = 1,
ci(v1) =2,
c1(v2) =3,
2, for s=1,
c1(us) =< 3, for even s,

1, otherwise,

4, for odd t,

c1(wy) =
1(wr) 2, for even t.

This coloring for a palm graph H = C}, P, S,,, with m = 2
and odd values for k and [, is illustrated in Figure 2.

As shown in Figure 2, consider the vertex vy where
¢(vg) = 1. The shortest distance from vy to vertices of

Fig. 2. Palm Graph (Cy P;Sy,) for m = 2, odd k, and odd I.

other colors, excluding its own color (color 1), is d(vg,v1) =
d(vg,v2) = d(vg,w1) = 1. This indicates that the shortest
distance from vq to colors 2, 3, and 4 is the same, which is
1. Thus, the color code for vertex vy is crp(vg) = (0,1,1,1).
Therefore, we can say that vy is a dominant vertex with color
1. This method also applies to the other vertices as well.
Next, let II; = {01, 02,035,044} be a partition of V(H).
Based on Figure 2, we can generalize the color codes for
each vertex as follows:

crn(vo) = (0,1,1,1),
en(v) = (1,0,2,2),
en(v2) = (1,2,0,2),
en(ur) = (1,0,1,1),
cr(us) = (1 —smod 2,s — 1,8 mod 2, s),

k
forl<s< ——

cr(us) = (1 —smod 2,k +1—s,s mod 2,k + 2 —s),

E+1
fors>%

I+1
err(wy) = (¢, t mod 2,t+ 1,1 —t mod 2), fort < %
ern(wy) =0 +2—t,t mod 2,1+2—1t,1—1t mod 2),

l+1
fort>%,

Based on the color codes above, all vertices of H =
CrP,S,, for m = 2 and odd values for £ and [ have different
color codes. Therefore, it is established that x,(H) < 4.

Case 1.2. For odd k and even [

Define a coloring ¢y : V(H) — {1,2,3,4},for1 < s <k
and 1 <t <[ where k is odd and [ is even such that

c2(vo)
C2 (’Ul)

Co (’UQ)

1
2,
3

)
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4, for s =1,
ca(us) = ¢ 2, for even s,

3, otherwise,

4, for odd t,
eawr) = 2, for even t.

This coloring for a palm graph H = C}, P,S,,, for m = 2,

odd k, and even [, is illustrated in Figure 3.

m

2) O

Fig. 3. Palm Graph (Cy P;Sy,) for m = 2, odd k, and even .

Now, let IIy = {O1, 02, 03,04} be a partition of V(H).

From Figure 3, we can derive the generalized color codes

for each vertex as follows:

cn(vo) = (0,1,1,1),
CH(Ul) = (1 07272)
CH(’UQ):( 202)
CH(ul):(l+1 17170)
crr(us) = (L +s,8 mod 2,1 — s mod 2,8 — 1),
k+1
f07“1<s<%
er(us) =+ (k+2—35),s mod 2,1 — s mod 2,
k+1
k+1—s), fors>%

l
ern(we) = (¢t mod 2,t+ 1,1 —t mod 2), fort§§
er(we) = (¢t mod 2,14+ 2 —t,1 —t mod 2),

l
t —
for >27

Given the color codes described above, all vertices of H =
CLP,S,, with m = 2, odd values of k, and even values of [
have distinct color codes. Consequently, it is determined that
xi(H) < 4.

Case 1.3. For even k and odd [
Define a coloring c3 : V(

H)—{1,2,3,4},for 1 < s <k

the vertex set V(H
generalized color codes for each vertex as follows:

and 1 <t < where k is even and [ is odd such that

c3(vo) = 1
c3(v1) =2,
c3(vz) =3
2, for se{l,5+1},
3, foroddsands>g+1
c3(us) = or even s and s < £ 41,
k
1, for even s and s > 5 +1
orodalsomaf1<s<§—i—17
4, for odd t,
ca(wy) =

2, for even t.

This coloring for a palm graph H = Cy P, S,, for m = 2,
even k, and odd [, is illustrated in Figure 4.

v

2 (3"

o (2]
(a) "1
@ "

Fig. 4. Palm Graph (Cy P;Sym,) for m = 2, even k, and odd .

Now, consider the partition II3 = {01, 02,03,04} of
). From Figure 4, we can establish the

CH(UO) (0’ 1’ 171)7
CH(Ul) (1 0 2,2),
CH(’UQ) (1 2 0 2),
ern(ur) = (1,0,1,1),
k
Cn(ungl) = (1,0,1, 9 +1),
cr(us) = (1 —s mod 2,s — 1,8 mod 2, s),
k
for1<s< LlJ +1,
k
ern(us) = (1 — s mod 2, B +1—3s,s8 mod 2,s),

k k
for {4J+1<s<2+1,

k
211 —
2_'_7

forg+1<8< ff-‘—&-l,

cr(us) = (s mod 2, s — s mod 2,k + 2 — s),

ern(us) = (s mod 2,k +1—s,1—s mod 2,k +2—s),
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for s > ff-‘ +1,

crr(wy) = (L, t mod 2,t+ 1,1 —t mod 2),
[+1
fort < %
en(wy) =1 +2—1t,tmod 2,1 +2—1t,1—t mod 2),
l+1
t> ——,
for 5
According to the color codes provided above, all vertices
of H = CyPS,, with m = 2, even values of k, and
odd values of [ possess distinct color codes. Therefore, it
is established that x(H) < 4.

Case 1.4. For k and [ are even

Define a coloring ¢4 : V(H) — {1,2,3,4},for 1 < s <k
and 1 <t <[ where k£ and [ are even such that

ca(vo) =1,
ca(v1) =2,
cq(ve) = 3,
b forse {1541,
3, foroddsand1<s<k+41
calus) = or even s and s > & 41,
2, fOTevensands<§+1
07“0dalscmals>%4_17
4, for odd t,
eslun) = 2, for even t.

This coloring for a palm graph H = Cy P, S,,, with m = 2
and even values for k and [, is illustrated in Figure 5.

v

2 (3"

Fig. 5. Palm Graph (Cy P, Sy,) for m = 2, even k, and even [.

Now, let IIy = {O1, 02,03, 04} be a partition of V(H).
From Figure 5, we can derive the generalized color codes
for each vertex as follows:

CH(UO) = 07 17 ]-7 1)7

(
CH(vl) = (1303272)7
CH(UQ) = (1,2,0,2),
Cn(ul) = (l +1,1,1, 0),

k
cn(u§+1) =(l+ 3 +1,1,1,0),
er(us) = (L + 8,8 mod 2,1 — s mod 2,5 — 1),

k
for1<s§{4J—|—l,
k
cn(us):(l—l—s,smod2,1—smod2,§—|—1—s),
k k
- 1 —+1
for {4J+ <s<2+,
ern(us) = (k+1—s42,1— s mod 2,5 mod 2,
k k 3k
- =41 —+1 — 1
s 2+ ), f0r2+ <s<{4-‘+ )
ern(us) = (k+1—s542,1— s mod 2,s mod 2,

k+1—5s), for s> ff—‘—i—l,

ern(we) = (¢, t mod 2,t+ 1,1 —t mod 2), fort<
ern(we) = (¢t mod 2,14+ 2 —t,1 —t mod 2),

l
fort> 5’
Based on the color codes above, all vertices of H =
CrP,S,, for m = 2, even k, and even [ have different color
codes. Therefore, it is established that x,(H) < 4.
Consider H = CyP,S,, for k > 3,1 > 2, and m = 2.
Based on Case 1, since we have x7,(H) > 4 and x(H) < 4,
then xr(H) = 4.

Case 2. For m > 3

First, we determine the lower bound of ,(CyP,S,,) for
k>3,0>2 and m > 3. Let H = C,P,S,, for m > 3.
This graph includes vertices adjacent to m leaves. Based on
Corollary 3.1, it follows that xr(H) > m + 1.

Next, we determine the upper bound of x,(CjP,Sy,) for
k> 3,1 > 2, and m > 3 and divide it into several cases.

Case 2.1. For k and [ are odd

Define a coloring ¢5 : V(H) — {1,2,3,...,m + 1}, for
0<r<m,1<s<kand1 <t <] where k and [ are
odd such that

cs(vp) =7 +1,
2, for s=1,
cs(us) =< 3, for even s,

1, otherwise,

4, for odd t,

cs(wy) =
5(wt) 2, for even t.

This coloring for a palm graph H = C} P, S,,, with m > 3,
and odd values for k£ and I, is illustrated in Figure 6.

As illustrated in Figure 6, consider the vertex vy where
¢(vg) = 1. The shortest distance from vy to vertices
of different colors, except for its own color (color 1), is
d(vg,v1) = d(vo,v2) = ... = d(vg,vm) = 1. This shows
that the shortest distance from vg to colors 2, 3, ..., m where
m > 3 is 1. Consequently, the color code for vertex v is
ern(vo) = (0,1,1,...,1). Hence, vy is a dominant vertex
with color 1. This method is also applicable to other vertices.
Next, let IT5 = {O1,Oa, ..., Oy, 11} be a partition of V (H).
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4, for odd t,

ce(wy) =
6(w) 2, for even t.

This coloring for a palm graph H = C}, P, S,,, with m > 3,
odd k, and even [, is illustrated in Figure 7.

Fig. 6. Palm Graph (Cy P, Sy,) for m > 3, odd k, and odd I.

Referring to Figure 6, we can generalize the color codes for
each vertex as follows:

cr(vo) = (0,1,1,1,...,1),
CH(Ul) = (1, 0,2,2,..., 2), Fig. 7. Palm Graph (Cy P, Sy,) for m > 3, odd k, and even .
CH(UQ) = (1, 2, O, 2, ceey 2),

Next, let IIg = {O1,03,...,0,,41} be a partition of
V(H). Referring to Figure 7, we can generalize the color
en(Vma1) = (1,2,2,...,2,0), codes for each vertex as follows:
1,0,1,1,142,...,1+2),
1—smod?2,5—1,5s mod2,s,l+1+s, c(vo) = (0,1, 1,1,...,1),

k+1 CH(’Ul) = (1,0,2,2,...,2),
<
1), forl<s<— eni(va) = (1,2,0,2,....,2),

cr(us) = (1 —smod 2,k+1—s,s mod 2,k + 2 — s, .
Il+k+3—s,...,l+k+3—5), )

k+1 CH(Um+1)=(1,2,2,...,2,0),
fors>— en(uy) = (1+1,1,1,0,1+2,...,1+2),
eni(we) = (t,t mod 2,t + 1,1 —t mod 2,t +1,..., cr(us) = (L +s,s mod 2,1 — s mod 2,s — 1,1+ 1+ s,
l+1 1
t+1), fOTtST o l+ 1+ s), forl<s§k%
ern(wy) =0 +2—t,t mod 2,1 +2—1t,1—1 mod 2, crn(us) = (1+ (k+2—s),s mod 2,1 — s mod 2,
[+1
F 1, b4 1), fort>%7 kt1l—sl+(kt3—s),...,
k+1
According to the color codes given above, all vertices of L+ (k+3=s)), fors> 5
H = CyP,S,, form > 3, with odd &k and odd [, have distinct cr(wy) = (Lt mod 2,6t + 1,1 —t mod 2,t+1,...,
color codes. Consequently, it is determined that xr(H) <

l
t+1), fort< 3
ern(we) = (¢t mod 2,14+2 —t,1 —t mod 2,t+ 1,

m 4+ 1.

Case 2.2. For odd k and even 1

l
Define a coloring ¢ : V(H) — {1,2,3,...,m + 1}, for ot 1), for t > 2’

0<r<m,1<s<kand1 <t <[ where k and [ are

even such that According to the provided color codes, every vertex of
H = CyP,S,, with m > 3, odd k, and even [ have unique
ce(vr) =1 +1, color codes. Hence, it’s concluded that x(H) < m + 1.
4, fors=1, Case 2.3. For even k and odd [
ce(us) =< 2, for even s,

Define a coloring ¢7 : V(H) — {1,2,3,...,m + 1}, for
3, otherwise, 0<r<m,1<s<kandl1<t<] where k is even and [
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is odd such that k+l—s+2,...,k+1—s+2),
k 3k
cr(vp) =r+1, f07“2+1<s<{4—‘+1,
k
2, forse{l, 5 +1}, cr(us) = (s mod 2,k +1—s,1—s mod 2,k + 2 — s,
3, foroddsands>§+1 k+l—s+2,...,k+1—s+2),
cr(ug) = 07’(5venscmds<§+17 for s> % 41
1, for even s and s > % +1 S L4 ’
’ 2 cr(wg) = (t,t mod 2,t + 1,1 —t mod 2,t +1,...,
oroddsand1<s<§+1, 1+1

t+1), fortST

, for odd t, en(wy) =1 +2—t,tmod 2,1 +2—1t,1—1t mod 2,

2, for even t. l+1
f t4+1,...,t+1), fort>%,

W

cr(wy) =

This coloring for a palm graph H = C}, P, S,,, with m > 3,
even k, and odd [, is illustrated in Figure 8. Based on the color codes above, all vertices of H =

CrP,S,, for m > 3, even k, and odd [ have different color
codes. Therefore, it is established that xr,(H) < m + 1.

Case 2.4. For k and [ are even

Define a coloring ¢ : V(H) — {1,2,3,...,m + 1}, for
0<r<m,l1 <s<kand1 <t <] where k and [ are
even such that

cs(vp) =r+1,

4, for s e {l,g + 1},

3, foroddscmdl<s<§—|—1
cs(ug) = or even s and s > % +1,

k
2, for even sand s < 5 +1

oroddscmds>§+1,

4, for odd t,
cg(wy) =

[\

, for even t.

Fig. 8. Palm Graph (Cy P;Sy,) for m > 3, even k, and odd .

This coloring for a palm graph H = Cy P,S,,, with m > 3,

Next, consider the partition IT; = {O1,0s,...,0,,+1} of and odd values for k and [ is illustrated in Figure 9.
the vertex set V/(H). Based on Figure 8, we can derive the
generalized color codes for each vertex as follows:

crn(vo) = (0,1,1,1,...,1),
ern(v) =(1,0,2,2,...,2),
CH(’UQ) = (1,2,0,2, .. .,2),

Um+1) = (1,2,2,...,2,0),

CH(
ern(ur) = (1,0,1, 1,14 2,... 1+ 2),

k k k
cn(ugﬂ):(1,0,17§+1,l+§+2,...,l+§+2),
cr(us) = (1 —s mod 2,s — 1,8 mod 2,8, +1+ s,

k
o+ 1458), forl<s< LLJ +1,

k
cr(us) = (1 — s mod 2,§+1—8,8 mod 2,s,l + 1+ s,

k k
o l+1+s,), for {4J+1<s<2+1,

Cn(us) = (S mod 2,s — -+ 1,1 —s mod 2,k + 2 — s, Fig. 9. Palm Graph (C P, Sy,) for m > 3, even k, and even [.

2
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Next, let IIs = {01, 03, ...,0p,11} be a partition of the
vertex set V' (H ). From Figure 9, we can generalize the color
codes for each vertex as follows:

CH<’U0) = (0, 1,17 1, ey 1),
cn(n) =(1,0,2,2,...,2),
CH(UZ) = (13270727 .o '72)7

CH('Um—H) = (1,2, 2, N 2,0),
en(ur) = (141,1,1,0,1+2,...,1+2),

k k
cn(ugﬂ):(l+§+1,1,1,0,l+§+2,...,

k
I+5+2),
er(us) = (L +s,8 mod 2,1 — s mod 2,s — 1,

I+s+1,...,l+s+1),
k
for1<s< \AJ—i—l,

k
ern(us) = (I +s,s mod2,1—sm0d2,§+1—s,
I+s+1,...,0+s+1),
k k
— 1 —+1
for hJ—i— <s<2+ ,
ern(us) = (k+1—s4+2,1— s mod 2,s mod 2,

k
3—5—1—1,]4;—&-1—3,...,]@—1—1—5),

k 3k
241 el
fo7“2—|— <s<{4—‘+ ,
crn(us) = (k+1—s+2,1—s mod 2,s mod 2,
k+l—sk+1—s,....k+1—25),
3k
for s > {-‘ +1,
4
cr(wy) = (Lt mod 2,t+ 1,1 —t mod 2,t+1,...,
l
t+1), fort< 3
ern(we) = (¢t mod 2,14+2 —t,1 —t mod 2,t+ 1,
l
o t+ 1), fort> 3
According to the color codes provided above, all vertices
of H = CyP,S,, for m > 3, with even k and even [, possess
distinct color codes. Hence, it is concluded that x(H) <
m—+ 1.
Consider H = C,P,S,, for k > 3,1 > 2, and m >

3. Based on Case 2, since we have x(H) > m + 1 and
xr(H) <m+1, then xp(H) =m+ 1. [ |

V. CONCLUSION

In this paper, we have examined the locating chromatic
number of the palm graph H = Cy P,S,,, where k > 3 and
l,m > 2. Here, C, represents a cycle with at least 3 vertices,
P, denotes a path with at least 2 vertices, and S,,, signifies a
star with m+-1 vertices. Our findings reveals that the locating
chromatic number of H equals 4 when m = 2 and m + 1
when m > 3.
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