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Abstract—Let G(p,q) be a simple graph, where p is the
number of vertices and ¢ is the number of edges if there exists a
one-to-one mapping f: E(G)—{1,2,...,|E|}, so that for any two
vertices uveE(G), if d(u)=d(v), then S(u)=S(v), where
Su)=2uwceGf(uw) and d(u) represents the degree of vertex u, f
is called the Adjacent Vertex Reducible Edge Labeling (AVREL)
of G. Building on the current graph labeling algorithm, a
heuristic search algorithm is designed, and this algorithm is
used to label random graphs with less than 12 vertices and
obtain the result set of adjacent vertex reducible edge labeling.
Based on the analysis of the result set and combining it with the
known theorem, the adjacent vertex reducible edge labeling law
of other compound graphs is obtained, and the related proof is
given.

Index Terms—Adjacent Vertex Reducible Edge Labeling,
special graphs, compound graphs, algorithm

I. INTRODUCTION

N the mid-1960s, the problem of graph labeling first

emerged, becoming one of the most focused research
topics in the field of graph theory. In 1967, Rosa et al.l'! put
forward a beautiful conjecture that “every tree is beautiful.”.
In 1997, Burris et al? put forward the idea of
vertex-distincting edge coloring along with associated
conjectures. In 2002, MacDougall et al.®! proposed the
vertex-magic total labeling, which has since attracted
increasing attention and research from scholars. In 2007, the
literature® made new progress in the study of graceful
labeling, super-magic total labeling, and harmonic labeling,
and successfully proved the related conjecture. In 2009,
Zhang Zhongfu et al.l’! expanded on the idea of dist-
inguishing coloring by introducing the concept of reducible
coloring. Many scholars have since studied this concept,
leading to a series of research finding®”l. In 2023, the
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literature® expanded on the theory of adjacent
vertex-reducible edge labeling, deriving theorems and
conjectures for path graphs, cycle graphs, star graphs, fan
graphs, wheel graphs, tree graphs, and their compound
graphs. The correctness of these theorems and conjectures
was verified using mathematical proofs and computational
algorithms.

In frequency allocation, to reduce interference between
base stations and users, it is necessary to ensure that different
frequencies are assigned to different base stations. This issue
can be expressed as a graph theory problem by abstracting the
network topology into an undirected graph, where base
stations are represented as vertices, and channels between
them as edges. The issue of channel frequency allocation is
then transformed into the problem of labeling the edges
associated with each vertex in the graph, with the condition
that each edge receives a different labeling. Building on the
research of various scholars, this paper presents an algorithm
for adjacent vertex reducible edge labeling, based on
concepts such as vertex sum reducible edge coloring®l1%,
adjacent vertex distinguishable edge coloring!'!l, and vertex
magic total labeling!'?!. This algorithm aims to address the
adjacent vertex reducible edge labeling problem for special
and compound graphs, starting with reducible coloring and
incorporating vertex magic total labeling. The algorithm's
labeling results are analyzed, corresponding theorems are
summarized, and proofs are offered.

II. PRELIMINARY KNOWLEDGE

Definition 1: Let G(V,E) be a simple graph. If there exists
one-to-one mapping f: E(G)—{l,2,...,|E|}, so that for any
two vertices uve E(G), if d(u)=d(v), then S(u)=S(v), where
S(u)=Xuwee){luw) and d(u) represents the degree of vertex u,
then fis called the Adjacent Vertex Reducible Edge Labeling
(AVREL) of G. The graph G is termed AVREL graph;
otherwise, it is referred to as non-AVREL graph.
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Fig. 1. Example of S, T, F,.

Definition 2: Let G| and G be simple connected graphs
belonging to the path graph (P,), cycle graph (C,), star graph
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(Sn), fan graph (F,), wheel graph (W,) and complete graph (K,)
where symbol a represents center nodes of star, fan and
wheel graphs, degree-1 vertices of path graph and any
vertices. Symbol b represents non-center nodes of star and
wheel graphs, degree-2 vertices of fan graphs, and degree-2
vertices of path graphs. Symbol d represents nodes at a
distance of 2 from the previous node without passing through
the center node. The compound graph G T, @G, refers to

connecting the @ node of G to the a node of G», as shown in
Fig. 1.

Definition 3: Let G, be a simple graph. The compound
graph G, | G (n>3) refers to the G, formed by sharing

edges with itself, as shown in Fig. 2(a).

Definition 4: The friendship graph 7, is the compound
graph formed by 7 copies of the cycle graph C; with common
vertices, as shown in Fig. 2(b).
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Fig. 2. Example of . d W, and T .

Definition 5: Let G| and G be two simple graphs with the
number of vertices n; and n, and the number of edges m; and
my, respectively. We define the corona graph of G; and G; as
a graph that connects each vertex of G to each vertex of a
copy of G, represented as G oG,. The vertex number of

G, oG, is n(1+n,), and the edge number is m, +nn, +nm, .

For example, G| = Cs, G2 = P, and the corona graph of vertex
C, o B, of graph G| and G; are shown in Fig. 3.
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Fig. 3. Example of C, o B, .

Definition 6: Let G1 and G; be two simple graphs with the
number of vertices #n; and 7, and the number of edges m; and
my. The generalized corona graph of G and G; is defined as
follows: for each b node of G| (where b represents non-center
nodes of star, wheel, friendship graphs, degree-2 vertices of
fan graphs, and degree-2 vertices of path graphs), connect it
to copy of the a node of G, (where a represents center nodes
of star, fan, wheel, friendship graphs, degree-1 vertices of
path graphs, and any vertices of cycle graphs). This results in
a compound graph denoted as G’ G¢ . When several nodes

of Gi are connected with a nodes of G», the generalized
corona graph is abbreviated as G“oGs . For example,

G =W, and G, =, , the generalized corona graph as - §¢
of graphs G| and G, as shown in Fig. 4.
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Fig. 4. Example of weose .

III. AVREL ALGORITHM

A. Preparation phase

Based on the definition of AVREL, a graph classification
function is defined using the graph's degree sequence. The
graph is divided into two classes: the graph with the same
degree sequence of neighboring vertex and the other with a
different degree sequence of neighboring vertex; the adjacent
vertex degree sequence has the same labeling, and the
labeling number is continuous. A balance function is then
defined according to the labeling conditions of AVREL, and
this balance function is used to determine whether the
labeling meets the necessary conditions.

The basic principles of the AVREL algorithm involve
utilizing permutations to generate a solution space and
recursively searching the solution space to obtain labeling
that satisfyingly restrictive condition.

(1) Generate the solution space based on the preparatory
work and recursively search through it.

(2) Use a balancing function to filter out graph sets that
satisfy AVREL conditions and output the labeling results as
an adjacency matrix.

(3) We classify the graph sets as AVREL if they satisfy the
condition, and as non-AVREL if they don't.

We are setting the labeling balance constraint condition
based on the principles of the AVREL algorithm:

(1) d(u)=d(v), for uveE(G), where S(u)=Yuwcec)fluw)=
SOWV)=YweEG(vw)=k, and k is a constant.
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(2) A one-to-one mapping f: E(G)—{1,2,...,|E|} exists,
B. Pseudocode for AVREL Algorithm
Input The adjacency matrix of the graph G(p,q)
Output AVREL graph or non-AVREL graph
begin
1 Read the AdjustMatrix, the adjacency matrix of

graph G, and initialize the LabelMatrix for labeling.
Input the number of vertices, the number of edges,

2 the degree sequence, the classification function, and
the solution space

3 while(p(p,g))!=null)
4 search ¢(p,q)
5 if G. isBalance <« true
6 LabelMatrix < AdjustMatrix
break
7 end if
8 end while
9 if G. isBalance <« false
10 Output G is not AVREL
11 end if
12 else
13 Output LabelMatrix
14 end else
end

C. Analysis of Experimental Results

Table I lists the number of AVREL graphs in the single
circle and double circle graphs, ranging from 4 to 12 vertices.
From Table I, it can be seen that the larger the vertices are,
the proportion of single circle graphs that satisfy AVREL
graphs increases gradually, and when the vertices are 8, the
proportion reaches the maximum, and tends to be smooth
after that; double circle graphs are exactly the opposite, and
when the number of vertices is 8, the proportion of double
circle graphs that satisfy AVREL graphs decreases and tends
to be smooth after that. After that, it tends to stabilise.
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Fig. 5. Percentage of AVREL and non-AVREL graphs in all random graphs
within 4-12 vertices.

In Fig. 5, we conducted experiments on all random graphs,
ranging from 4 to 12 vertices. All random graphs within the
range of 4 to 12 vertices exhibit a proportion of AVREL and
non-AVREL graphs. We can observe that the proportion of
the AVREL graph gradually increases, reaches its maximum
when there are 8 vertices, and then gradually decreases.

and the labeling numbers are consecutive.

TABLEI
STATISTICS FOR AVREL GRAPHS WITH 4 TO 12 VERTICES IN SINGLE AND
DOUBLE CIRCLE GRAPHS
e AVEEL e AVEEL
(p,q) grz;;)fhs y nur_nber/ (p ,q) gra(;)fhs y nur_nber/
piece piece piece piece
4,4) 2 0 8,9) 236 104
4,5) 1 1 9,9) 240 85
(5,5) 5 1 9,10) 797 330
(5,6) 5 3 (10,10) 657 226
(6,6) 13 4 (10,11) 1412 568
6,7) 19 10 (11,11) 1806 599
(7,7) 33 11 (11,12) 2675 1215
(7,8) 67 32 (12,12) 5026 1659
(8,8) 89 31 (12,13) 6121 2510

Fig. 6 and Fig. 7 shows some of the labeling results for
AVREL.
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Fig. 6. Labeling results of G(36,54)

IV. THEOREMS AND PROOFS
Theorem 1: The generalized corona  graph
W) oS (n=1(mod 2),m=0(mod 2),n>3) is AVREL graph.

Proof: Let the vertex set be V(W,,”oS;’,)z{v],vz,-~-,vm}U

{1yt

} and the edge set be E(WfoS,j):{unul}U

{u,.u”l\ISiSn—l}U{uou,,uv UV, UV u

VisUiVuris UV -2ynsio UiV (m-1yni \1<z<n}
of the generalized corona graph W’ o S*.

When n=1(mod 2),m=0(mod 2) andn>3 , the adjacent
vertex reducible edge labeling of the generalized corona
graph W’ oS¢ is

Let n=2k+1,m=2Lk[=1,2,---

Sugu,) =4k —i+3,i=1,2,--,2k +1

% =132k -1
f(uxuu-l)_ l

k+1+—,i=2,4,---,2k

2

S () =k+1
fluy,,)=8k—i+5i=122k+1
(00 g0 ) =40+ 20 01 =12, m[2,i = 1,2, 2k +1)
(v l) 8kl + 41— 4k —i=1(1=2,3,-,m/2,i =1,2,--, 2k +1)

Volume 54, Issue 10, October 2024, Pages 2060-2069



TAENG International Journal of Applied Mathematics

6
- 13‘31‘14»332 15\.%

Fig. 7. Labeling results of G(63,124)

At this point, the graph contains degree-1 vertices,
degree-n vertices, and degree-(m+3) vertices. Since the
degree-1 and degree-n vertices are not adjacent, they do not
need to be considered. It is only necessary to ensure that all
adjacent degree-(m+3) vertices have the same sum of
labeling. {u1, uo, ..., u,} are adjacent degree-(m+3) vertices.
When 2 <i<2k, the sum of their labels:

Sum(u) =3, f (u0)

=)+ 1 )+ F () 4o+ F (1 )+ F (07000, ))
1 )+ G+ f )+ F (19 2y )+ F (00 )
17 )+ G+ F )+ (w310, )+ 1 (0,0

{ 2k+i+2

{1 (k+1) (4 +2) + o (45 +20 +1) + (8K + 41 — 4k - 2)}
{(2k + 1)+ (k+1)+ (2k +2)+ -+ (4Kl + 2k + 20 +1) + (8kI — 6k + 41 - 2)}
= {17k +11+(1-1)(20k +11) + (I -1)(1 - 2)(6k +3)}

= {20kl =3k + 111+ (1 -1)(1 - 2)(6k +3)}

+

% (4 —i+3) 4+ (4K + 20 +i) + (8kl+4l—4k—i—1)}
+

The symbol “||” in the full text is represented as a logical
or.

An example of the generalized corona graph W’ oS¢ is
shown in Fig. 8.

Vm-2)n+1 Vnt1

Vmdntd v ynig Un+s

Fig. 8. Generalized corona graph W oS .
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According to the AVREL definition,
f(E(Wn” oS¢ )) —>{1,2,,
and the sum of edge labels for adjacent vertices of the same

degree is constant. The proof of Theorem 1 is complete.
Theorem 2: The generalized corona graph W'oP® is

AVREL graph.

Proof: Let the set of vertex be V(W oP')=
{ug ey, J U055, )
E(W} o B)={ug, [1<i<n—1}U{uu,} U{uy, |1<i<n} of the

generalized corona graph W’ o P

the function

2n+nm} is a one-to-one mapping,

and the set of edge be

The adjacent vertex reducible edge labeling of the
generalized corona graph W’ o B is:

Let n=2k+1,m=2k,k=12,---

S ugu,)=i,i=1,2,--,2k
f(u,u,,) 4k —-i+2,i=12,---,2k+1
S (uu)=4k+2
fuy,)=4k+i+3,i=12,-2k+1
fuy,)=4k+3

Currently, the figure contains degree-1 vertices, degree-4
vertices, and degree-n vertices. The degree-1 vertices are not
adjacent, and the degree-n vertices form a separate point, so
they are not considered. It is only necessary to ensure that all
adjacent degree-4 vertices have the same sum of labels. {u,
uz, ..., U} are adjacent degree-4 vertices. When 2<i <2k,
the sum of their labels:

Sum(ul.)zzuud(u’)f(uu)

:{f(”o” )+ S () + 1 (u, z+1)+f(“")}
||{f( 0u)+f(uu)+f i, +f uy, }
I{F (g, )+ f (1, )+ f () + (9,
={i+(4k—i+3)+(4k—i+2)+(4k+i+3)}
{1422k +1)+2(2k +1)=1+2(2k +1)+2}
I1{(2k +1)+(2k +2) + (4k +2) + (4k +3)}

= {12k +8}

A graphical example of the generalized corona graph
w?" o B is shown below in Fig. 9.
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Fig. 9. Generalized corona graph W o P .

As defined by AVREL, it is possible to determine the
function of the one-to-one mapping of
F(EW) o B)) > {12,
adjacent vertices of the same degree is constant. The proof of
Theorem 2 is complete.

Theorem 3: For generalized corona graph C‘oS*
(n=3,m>2) except n=0(mod 2),m=1(mod 2) , all are
AVREL graph.

Proof: Let the vertex set of the generalized corona graph
C* oS be V(C,j’ oS;):{ul,uz,-'-,un}U{vl,vz,-u,vmn} , and the

l1gi<n=1U{uu U

3n}, and the sum of edge labels for

edge set be E(QfoS;):{uiu

{uv uy S UV,

ivio (m=2)n+i>71" (m=1)n+i

|1_l<n}

V(m-2)n+1
Vim-1n+1..*
v (m-1)n+1,

V(m-2)n+2 V(m-1)n
V(m-1n+2 Un
vs ) V(m-1)n+6
V(m-2)n+3 V(m-2)n+6
V(m-1)n+3 Vs

Vin-1)n+5
V4

Vim-2n+4*

V(m-2)n+5
Vin-1ynia VS

Fig. 10. Generalized corona graph C; oSy, (n,m = l(mod 2)) .

Case 1: When n,m=1(mod 2) , the adjacent vertex
reducible edge labeling of the generalized corona graph
CooSe s

Let n=2k+1,m=2l+1k,[=1,2,---

2L (<i<ok+1i=1(mod 2))
f(urur+l)_ l
k41 (1<i<2k+1,i=0(mod 2))

/‘(uﬂul) k+1
fuv,)=4k-i+3 1<i<2k+1
f(u,vmz ) 4kl +2(2k +1)=i+3 (1<i<2k+11=12(m-1)/2)

S ays) =4+ 2040 (10 2k 41,0 =12,

(m=1)/2)

When n,m=1(mod 2) , an example of the generalized
corona graph C; oS: is shown in Fig. 10.

In the graph, there are only degree-1 and degree-(m+2)
vertices. One of the degree-1 vertices is not adjacent, so there
is no need to consider it, only to ensure that the adjacent
degree-(m+2) vertices are the same. Meanwhile, {u, us, ...,
u,} are adjacent degree-(m+2) vertices in the graph. When
1<i<n, the sum of their labels is as follows:

Sum(u;) =3, e (10)

=1 )+ f () F (o) f (10 )+ 1 (07000 ) |
7 () + 1 () + 1 )+ 1 (10 )+ S (100000 )
7 Gt )+ G+ )+ 1 (0 )+ 1 ()}

{2 k+ +1 (4k—i+3)+~-~+(21+2)(2k+1)+2l(2k+1)+1}

(k+1)+1+(4k+2)+ (21 +2)(2k +1) +21(2k +1)+1}
{(2k + 1)+ (k+ 1)+ (2k +2) + -+ (20 + 2)(2k +1) + 20 (2k +1) + 1}
={Sk+4+0(4k +2)+1(8k +5)}

From the proof above, it can be determined that for the

generalized corona graph C!oS:(n>3,m>2) when
n,m=1(mod 2), for adjacent vertices with the same degree,

the total of their edge labels is constant. According to the
AVREL definition, case 1 is proven to be an AVREL graph.

Vn-2yn+1 Vn+1 v
Vim-hnt1 .. 1

V(m-1)n+3
" VUm-1)n+4

V.
4 Uni4 Vimonia

Fig. 11. Generalized corona graph C; oSy, (m = O(mod 2)) .

Case 2: When m=0(mod 2) , the adjacent vertex

reducible edge labeling of the generalized corona graph
CioSy is

Let m=2k,k=1,2,-
fuu,)=i 1<i<n-1
f(uu)=n
S(uy)=n+1
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f(uv,)=2n-i+2 2<i<n
f(uv,,.)=3n—i+1 1<i<n
S (17 0 ) =k )n =41 (10 <0k =23,,m/2)

S (7 ) =2k =V)n+i (1€i<nk=23,,m)2)

When m=0(mod 2) , an example of the generalized
corona graph C! oS¢ is shown in Fig. 11.

In the graph, there are degree-1 and degree-(m+2) vertices.
One of the degree-1 vertices is not adjacent, so there is no
need to consider it, only to ensure that the adjacent
degree-(m+2) vertices are the same. Meanwhile, {u1, ua, ...,
u,} are adjacent degree-(m+2) vertices in the graph. When
1<i<n, the sum of their labels:

LCOEDINRVAC))

~{ )+ (l,+l>+f<uv>+ R (N L AN |
{F )+ 1 )+ ()4 1 (01000 )+ S (0, ))
I )+ () + 1 (0, ) o (0,0, )+ 1 (0,0,

={i-1+i+2n—i+2+3n—i+1+--+4kn+1}

S

{n+1+n+1+3n+---+4kn+1}
I{(n=1)+n+(n+2)+(2n+1)+-+4kn+1}
={Sn+2+2nk> + 2nk —4n + k -1}

={2nk® + 2nk +n + k +1}

It can be determined by the above proof that the total of the
edge labeling of the adjacent vertices with the same degree is
constant for the generalized corona C;-S:(n>3,m=>2)

when m=0(mod 2). According to the AVREL definition,

case 2 is a proof of the AVREL graph.
In summary, the functions of one-to-one mapping for
F(E(Ceosg)) > {120,
1 and case 2, and the total of the edge labeling of adjacent
vertices with the same degree is a constant. According to the
AVREL definition, Theorem 3 proved.
Theorem 4: The generalized

F" oS (m=0(mod 2)) is AVREL graph.
Proof: Let the vertex set be V(F”“”” ° S;) ={uty,....u, } U

n+nm} can be determined from case

corona

graph

{(Vi.v2,-* sV, and the edge set be E(Fn“b" on;) ={ugu, [1<i<n}
U{ulv,mﬂ\ISjSm,OSiSn}U{uiuM|1Si§n—l} of  the
generalized corona graph F“ oS%.

When m=0(mod 2) the adjacent vertex reducible edge

labeling of the generalized corona graph F** oS¢ is
Let m=2k,k=12,---

i +1)n+2k+i—1,j=1(mod 2
){(j+)}’l+ +i—1,j=1(mo )1<i$n

f(”fv,mﬁ = (j+2)n+2k-i ,j=0(mod 2)
Sugu)=2i—1 i=1,2,--,n
f(uovi):2n+l.*1 i=1,2,---,m

Case 1: When n=0(mod 2)

f( ) n—i+l1 i—l(mod 2) 12 .
Hillia 2n—i =0 (mod 2) o
Case 2: When n=1(mod 2)
2n—i—1 i=1(mod 2
S uu,,)= { " #=1(mo )':1,2,., n-1

—i+1 iEO(mod 2)1

For the generalized corona graph FoS?, its example

graph is shown in Fig. 12.

V2 13

Vom+3 Vam Vim+2 Vam+1 Vameo

Fig. 12. Generalized corona graph F,“* o S*.

There are degree-1, degree-(m+2), degree-(m+3), and
degree-(m+n) vertices that are not adjacent, so there is no
need to consider them, only to ensure that the adjacent
degree-(m+3) vertices are the same. Meanwhile, {u, us, ...,
un1} are adjacent degree-(m+3) vertices in the graph. When
2<i<n-1, the sum of their labels:

Case 1: When n=0(mod 2)

Sum(ui) = ZWEE(%)f(uu)
:f(uHu,)+f (zt,uﬁl)%—f(uou )+ +f( : mw)
=n—i+2+(2n=i)+(2i 1)+ +(2kn+2k)+(i -
= (4k+5)n+4k

Case 2: When n=1(mod 2)
Sum(u;) = z“uEE(u )f(“”)

(u u)+]'( ; M)+f(u0u)+ +]’( ; mw)
:2n—l+(n—t+1)+(21—1)+--~+(2kn+2k) (t—
=(4k+5)n+4k-1

1)+(2k+2)n+2k-i

D)+ (2k+2)n+2k-i

According to the AVREL definition, the function can be
determined to establish a one-to-one mapping for

f(E(Fn o S;b“)) —{1,2,++,(n+1)m+2n-1}, and the edge label

sum for adjacent vertices of identical degrees is constant.
Theorem 4 roved.

Theorem 5: The compound graph w, T, w, T, ---T,
W, (n #n, #---#n,n, #6) is AVREL graph.

Proof: Let V(Wn P W, T T W, ) =ty et} U
{v,,,v,z, - m} be the vertex set of the compound graph
W, YW, Ty Na W, and E(W, T, W, Ty T W, )=
{vm v,l} U{u,

The central vertices are denoted by {ui, uo, ...,

v,,|1£i£n,}U{ ViV, 10 <, —1} be the edge set.
u;}, and the

Volume 54, Issue 10, October 2024, Pages 2060-2069
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initial labels of the non-central vertex in the first graph
corresponds to the vertex connected to it in the second graph.
Similarly, the initial label of the non-central vertex in the
second graph corresponds to the vertex connected to it in the
first graph, and so on.

An example graph of the compound graph
w, T, w, T, T, W, isshown in Fig. 13.

Vi U2 U2

Uy

V24 Vtnt Vt4

V26 VU2s

Fig. 13. Compound graph W, T, W, T, -1, W, (m #=n, #---#n,).

When n, #n, #---#n,n, # 6, the adjacent vertex reducible

f’t

edge labeling of the compound graph w, 1, w, 1, -1, w,

Is:

Let t=kk=12,
_ i+l &
7 (V,,-V,(M)) 22@,1 71 mod 2)
=1
%M+2an,nk =1(mod 2),i=0(mod 2)
f(anz(m)) = no+i it N
/{2 +2% . #y=0(mod 2),i=0(mod 2)
k=1

-1

n";l + 22’%’% =1(mod 2)

-f(vm, vzl)
n, +2an N = O(mod 2)
f( ,,,) 2n,—t+1+22nk,1—12 nHn #6
k=1
The graph has degree-3, degree-6, and degree-

(mU---Un,) vertices. Specifically, degree-(n, U---Un,) and

degree-6 vertices are not adjacent, so they are not considered.
One need only match the labels of adjacent degree-3 vertices

on each cycle graph are the same. The set {v,z,v,3, : ,vm/}

represents adjacent degree-3 vertices. When 2<i<n,, the

sum of their labels is:
Case 1: When n, =1(mod 2)

Sum(v".) = ZWEE(V“)f(uu)
= {1 () 7 () + £ 0
) 1 () 4 1 )}

-1 -1 -1
:{1+2 n, + [n‘+3+22nkj (an—1+22nkj}

k=1

j+(nk+1+2§nkj}

Case 2: When n, =0(mod 2)

Sum(v, )= Zuugs(v,,)f(””)
=1 )+f(~~+1 ,,,}

I (v ) £ () 1 (w7,

)
I
H{nk—21+1+ztzllnk+(nk+2;nkj+(2nk—”k+1+2§:”kj}

{Z: 5nk+2}

According to the AVREL definition, the one-to-one
mapping function f( (w, Y, T T Wn’))—>{1,2,~~~,

2(m, +n,+---+n,)} can be determined, and the total of edge

labels for adjacent vertices with identical degrees remains
constant. This concludes the proof of Theorem 5.
Theorem 6: The compound graph W, L W, (n=3,n#5) is

AVREL graph.

Vi3 V12

V14
V24

Vis

Vie V17 V)7 Va6

Fig. 14. Compound graph W, W, (n=0(mod 2)).

Proof: Let the vertex set be V(Wn \ W,,) ={u,,u,} U
{(VuVipsvy,} and the set of edge be E(w,iw,)=
{uy,[1<i<n}U {v”vt<i+l) [1<i<n-— 1} U{v,v,} of the compound

graph w, L w, . In which, the central nodes are {u, u»}, and

the edge vi,vi1 of the first wheel graph is connected to the
edge vz,v21 of the second wheel graph.
Case 1: When n=0(mod 2), the adjacent vertex reducible

edge labeling of the compound graph W, 4 W, is:

( ) % d=li=13n—1
f VuV[(LH) = .
3tz i3
”T”,zzl,i:2,4,..-,n
f(vllvt(1+l)) =3.
1 .
—+n,t=2,i=2,4,---,n
2
f(vtnvzl):n
f(u2v21)=3n

f( ) 3n—i t=1i=12,---,n
uy
n dn—i+1,t=2,i=12,---,n
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When n=0(mod 2) , the example graph of compound
graph w, LW, is shown in Fig. 14.

The graph contains degree-3, degree-5, and degree-n
vertices. Since the degree-n vertices are not adjacent, they do
not need to be considered. It is only necessary to ensure that
the sum of the labels for the two adjacent degree-5 vertices
and others for each adjacent degree-3 vertex in the wheel
graph is the same. In the graph, vi1/v21 and vi,/v2, are adjacent
degree-5 vertices, and {vip, Vs, ..., V1) 1S an adjacent
degree-3 vertex. When 2<i<¢(n—1), their sum of labels is:

Sum (v, ) = Zuuee(v,,)f(“”)

:f(vt( ) f(tzzz+l) f(ttz)
1+n+2+3n—2 =1
M+l+n+4n—l,t:2
L.

_)2
L
2

Then Sum(v,,)=Sum(v,)+3n

Vertices of the same degree that share an edge:

Sum(3,)= 3y (1)
S () + B ) 10}
uy, )+ f (v, n)}

2

I {;f(v,wvm )+

f(
t=1
:{1+37n+3n—1+3n+n}

n—1+1 3n+n-1-1
| + 5

2

Case 2: When n=1(mod 2), the adjacent vertex reducible

+2n+(3n+1)+n}

edge labeling of the compound graph w, L W, is:

% d=Li=13n—2
f(v[tvl(t+]))7 i+1
2n———,t=2,i=13,--,n-2
2
’“;” d=1i=2,6-n—1Hiz4
f(vtzvt(1+l)): n—i+1
2n— 4=2,i=26,--n—1Hi+4
f(vt(n—l)vm):n
n;—l =1
f(vtnvtl) n-1
=2
2

3n—i-Lt=Li=12,--,n
g=2,i=12,---,n

()|

3n+i

-1t =1
S ) :{3;1 =2

When n=1(mod 2) , the example graph of compound
graph w, L w, is shown in Fig. 15.

v Va1

Vi2

Vi3 Uy

Vi4 Vs VU2s V24

Fig. 15. Compound graph W, \ W, (n =1(mod 2)) .

The graph has degree-3, degree-5, and degree-n vertices.
Among them, the degree-n vertices are non-adjacent, so they
need not be considered. On each wheel graph, it is only
necessary to ensure that adjacent pairs of degree-5 vertices
share the same labels as adjacent degree-3 vertices.
Vig-1/Va-1y and vi,/v, are adjacent degree-5 vertices, and {vy,
Vo, ..., W2 are adjacent degree-3 vertices. When
1<i<t(n-2), the sum of their labels is:

Sum(v“.) ZuueE () ( )
:{f(v[( ) ( thx+l) Uy, } Vin 11)+f( z2)+f( ttl)}

L
2
M 13nelr=2
7n—1’t:1
2
13n—17t:2
2

Then Sum(v,,)=Sum(v,)+3n
Vertices of the same degree that share an edge:
Sum(v, )= ZWEE(, )f(uu)

2

(Bt Bt o)

I {,Zz;f(vl(nz)vl(nl) ) + ’Z;;f(”zvz(m)) + f(V,(nfl)vm )}

_{n+1 3n-1

2
n—1 n-1
I ?+ 2n—T +3n—(n—l)—l+3n+n—l+n

:{911—1}

According to the AVREL definition, the one-to-one
mapping function f(E(Wn \ Wn)) —{1,2,---,4n}

+(2n—1)+4n+n}

can be

determined, and the sum of the edge labels for adjacent
vertices of the same degree is constant. The proof of Theorem
6 is complete.
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Theorem 7: The generalized corona

1! < Si(m=1(mod 2)) is AVREL graph.

graph

Proof: Let the vertex set be V(T”oS“):{u}U

n m

Vi vy, tU {VZM,VZM,---,v(zlm)”} and the set of edge be
E(Tnb ° S::) = {Vivm |[1<i<2n- 1} U {VI'VZmNﬂ 2ViVa(m-t)n+i l1<i< n} U
{uv,|1<i<2n} of the generalized corona graph 7.’ Sy .

An example graph of generalized corona graph 7’ S¢ is
shown in Fig. 16.

Van+3 V2n+3
Vomn+ %

Vom+n+l
VRt )n+2

V3n+2 Vsni2 V3n+3 Vsn+3

Fig. 16. Generalized corona graph 77" oS¢ .

When m=1(mod 2), the adjacent vertex reducible edge

labeling of the generalized corona graph 7”0 S* is:

Let m=2k+1Lk=0,1,2,-
f(uv,.) =0iLi=12,---,2n
£ (vv,.,)=2n +%,i =1,2,-2n-1

When k=0,1,---,(m—1)/2:
(4k+3)n+i-1i=2,4,-,n

S (¥2anis) = {(4k+3)n +i+Li=13,n
When k=1,2---,(m-1)/2:

f(v,vz(mfl)w) :(4k+ l)n +0,i=12,---,n

The graph has degree-1, degree-(m+2), and degree-2n
vertices. Among them, the degree-1 and degree-2n vertices
are non-adjacent, so they do not need to be considered. It is
only necessary to ensure that the labels of the two adjacent
degree-(m+2) vertices are the same. {vi, v2, ..., v2,} are
adjacent degree-(m+2) vertices, and when 1<;<2n, the sum
of their labels is:

Case 1: When i=1(mod 2)

Sum(v,) = zlmef;(v,)f(””)
= £ @)+ £ )+ £ Gn) + 4 L 0 sit) S (500100 )

. i+1 . . .
:z+2n+7+(3n+z+1)+~~-+[(2m+1)n+z+1]+[(2m—1)n+z]

1

= E[20mn +m=26n+(2m+3)i+2]

Case 2: When i =0(mod 2)

Sum(v,) = ZuueE(‘,’)f(uu)
:f(uvi)+.f(viflvi)+f(viv2n+i)+.”+f(viv2m71+i)+f(vivz(mfl)nﬂ')
:i+2n+é+(3n+i—l)+--~+(2m+1)n+i—l+(2m—l)n+i

= %I:ZOmn —m=26n+(2m+3)i-1]

It is possible to determine a function that establishes a
one-to-one mapping for f(E(Tn”oS,i))a{l,2,~-,2nm+3n}

according to the AVREL definition, and the total of edge
labels for adjacent vertices with identical degrees remains
constant. The proof of Theorem 7 is complete.

Theorem 8: The corona graph

W,o(C 1, B)

n

(n =1(mod 2)) is AVREL graph.

Fig. 17. Corona graph W, o(C 0 P) .

oGl B

Proof: Let the vertex set of corona graph #,+(C, T, B)
be V(Wno(c3 TqaPz)):{ul,uz,...,un}U{VH,V]Z,---,VM} and the
edge set be E(W (¢ 1, Pz))={vijv,.(j+2) |1£i£n,j=1}U
o1 <i<n1< <3 Ufuu}Ufuy, [1<i<n1< j<4}U
{uu,, |11<i<n-1}.

When n=1(mod 2), the adjacent vertex reducible edge
labeling of the corona graph W, o (C3 1 Pz) are labeled:

Let n=2k+1k=12,--

4k+i+2 (0<i<2k+1,j=1)
i (0<i<2k+1,j=2)
4k—i+3 (0<i<2k+1,j=3)
8k—i+5 (0<i<2k+1,j=4)

f(ulv,./.)z

12k—i+7 (0<i<2k+1,j=1)
S(vv) =112k +i46 (0<i<2k+1,j=2)
16k—i+9 (0<i<2k+1,j=3)
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Sy ) =8k +i+4 (0<i<2k+1,7=1)
S ugu, ) =18k +i+9 1<i<2k+1

18- =Lig (1<i<2k+1i=1(mod 2))
_ 2

f(urux+1) l
1Tk =—+9 (1<i<2k+1,i=0(mod 2))

S (uu)=17k+9

For the corona graph W,

in Fig. 17.

The graph has degree-2, degree-3, degree-4, degree-7, and
degree-n vertices. Moreover, there are degree-3 vertices and
degree-7 vertices in the adjacent same degree vertices, so
degree-2, degree-4 and degree-n vertices need not be
considered, just make sure that the adjacent degree-3 vertices
are the same as the adjacent degree-7 vertices on corona
graph. In the graph, {vi1, vi2, ..., Va1, v} and {u1, ua, ..., un}
are adjacent degree-3 vertices and degree-7 vertices, the sum
of their labels is:

2 ={zw< )f<uu>}

{ U; n Viz)+f(vnvi3)}”{f(uiviz)+f(Vanz)+f(Visz3)}
{(4k+3)+ 12k+6) (8k+5)} | {1+ (12k +6) +(12k+7)}
{

{

°(¢,1,, B), it is example graph

24k +14} || {24k +14}
24k +14}

th

=D )
:{f(u0u1)+f(unul)+f(uluz)+f(ulv”)+f(u1v12)+f(ulvl3)+f(ulv14)}H~~~
I (ot ) ottt f ot F o)+ (000) 10,5+ (1,0,
{(18k+10)+(17k+9)+(18k+9)+(4k+3)+1+(4k+2)+(8k+4)}\|---H
{(20k +10)+ (16k +9)+ (17k +9)+ (6k +3) + (2K +1)+ (2k +2) + (6k +4)}
= {69k +38} || -~ {69k +38}

={69k +38}

According to the AVREL definition, it is possible to
determine that the one-to-one mapping function

f(E(W o(C3 O Pz))) —{1,2,---,8n} and the sum of the edge

labels for adjacent vertices of the same degree are constant.
This concludes the proof of Theorem 8.

V. CONCLUSION

This paper designs a novel adjacent vertex reducible edge
labeling algorithm to address the signal interference problem
in frequency allocation, based on existing approaches like
vertex sum reducible edge coloring, adjacent vertex

distinguishable edge coloring, and vertex magic total labeling.

The algorithm iteratively finds the optimal solution, labeling
path graphs, circle graphs, star graphs, fan graphs, wheel
graphs, friendship graphs, and their compound graphs within
a finite number of vertices. When a graph G(V, E) satisfies
certain conditions, such graphs have AVREL labeling
patterns, according to analysis. We derive the labeling
patterns, summarize the theorems, and provide relevant
proofs.
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