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On the Crossing Number of the Cartesian Product
of a Triangular Snake Graph with Path, Cycle,
Star and 3-Vertex Graphs

Mhaid Mhdi Alhajjar, Amaresh Chandra Panda, and Siva Prasad Behera

Abstract—The crossing number is a key indicator of the
graph’s complexity and difficulty in visualization. In this paper,
we study the crossing number of the Cartesian product of
triangular snake graph 7'S,, with path P, (on n + 1 vertices),
cycle Cp, star K;, and 3-vertex graphs. We prove that
er(T'SsxPp) = 2(n—2) Vn > 1 and establish a conjecture for
the general case. Moreover, we obtain the crossing number of
the graph T'S,,, X C,, by proving that cr(T'S,,, xC,) = n LEJ for
m,n > 3. Furthermore, we consider the graph 7'Ss x K ,, and
establish cr(7'S5 x K1,,) =n(n—1) V n > 3, also a conjecture
is provided for the general case. Finally, we extend the study
to 3-vertex graphs by proving that cr(T'S,, x P2) = L%J for
m > 5.

Index Terms—Crossing Number, Triangular Snake Graph,
Subdivision, Edge-Disjoint Subgraphs, Contraction the Edge.

I. INTRODUCTION

HE smallest number of crossings that occur among all

of G’s drawings in the plane is known as the crossing
number, or ¢r(G). The following four prerequisites must be
met in order to study this concept:

1) No edge crosses over to itself.

2) The edges that are adjacent do not cross.

3) Two edges can only be crossed at one point at most.
4) Three or more edges do not cross at the same point.

In Figure 1, the aforementioned conditions are clarified.

A drawing is considered good if it satisfies those
conditions. If ¢rp(G) = er(G), (erp(G) is the number of
crossings in D), then D is known as optimal drawing of G.
Let crp(u,v) be the number of crossings founded among
the edges incident on w or v in D.

Let L be a graph constructed from G by inserting vertices
of degree 2 into G’s edges, then L is referred to as a
subdivision of G [1]. Clearly, cr(G) = cr(L) and G is
planar if and only if L is planar. Every subdivision of Kj
and K3 3 is therefore nonplanar (based on the nonplanarity
of K5 and K373).

The Cartesian product of two graphs H and L, denoted
by HxL, has vertices set V(H)xV (L) and edges set
E(HxL) = {(u1,v1)(uz,v2) : u3 = uy and vivg € E(L)
or v1 = vy and uyus € E(H)}. Thus for each edge ujus
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Fig. 1. Prohibited crossings in a good drawing.

of H and each edge vyvy of L, there are four edges in H x L
(Figure 2).

(ug,vy) (y,v2)

Vi Va

(up,vy) (up,V5)

H L G

Fig.2. G=H x L.

A path with m vertices p1,pa, ..., pm, m is odd, together
with the edges poi—1p2i+1, 1 < @ < m=- , is called the
triangular snake graph, or 7'S,, (Figure 3 for m = 7).

In 2012, Rajan et al. [2] investigated cr of the join

product of T'S,, with an empty graph nK;, P, (on n
vertices) and C,,. They established cr(7T'S,, + nK;) =

Z(m,n) + |5 15 ) er(TSm +Po) = Z(m,n) + |5 |5

and cr(T'Sy, +Cr) = Z(m,n) + L%J ng +2:m>5and
n < 6. In 2023, Alhajjar et al. [12] began to study a new
case in relation to the strong product of path with 7'S,, by
proving that cr(P, X T'S,,) = 3L%J for m > 3.

o e e e

P, P, Ps Py Ps Ps P;

Fig. 3. The graph T'S7.

There are many applications of this concept, for instance,
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the process of creating integrated circuits using VLSI (very
large scale integration) involves combining millions of tran-
sistors onto a single chip. In fact, VLSI allows integrated
circuits to perform a wide range of functions on a single
chip, whereas before VLSI, most integrated circuits had
a more limited range of functions. In VLSI, the chip is
represented as a graph, with vertices representing macro cells
and edges representing wires connecting the vertices. The
chip designer’s task is to arrange macro cells and wires on
a circuit board, with the aim of avoiding crossings between
the wires because we have to change one of the wires’ layers
when two wires cross. Such a change in layer is known
as a contact cut, and it is best to use as few contact cuts
as possible because doing so forces the chip to use more
area. In the context of the graph, this means fewer edge
crossings overall, see [5]. Furthermore, Székely [9] and Pach
et al. [7] provided multiple discrete geometry proofs based on
crossing number theory findings. Purchase [8] clarified that
the most significant aesthetic quality is the crossing number.
To be more precise, graph drawings with as few crossings
as possible are actually easier to understand. We may refer
to [11] for extra information and terminology about crossing
number theory.

II. er(TS,, x P,)

Let P, be the Path on n + 1 vertices, there are many
studies regarding the class of the Cartesian product of path
with other graphs, for example:

1) cr(KimxP,) was calculated by Bokal (2007) [3]
using the following formula: cr(Ki ., x P,)= (n —
DI ™2 for m >3 and n > 1),

2) The following conjecture was introduced by Zheng et.
al. (2007) [17] regarding cr(K,, x P,):

Conjecture: er(Kp, X P,) =
PR (0| 2 + (2] sn > L
In 2014, it was proven by [16] for m < 10.

3) Wang et al. (2009) [6] considered the graph

W, x P, and proved that: cr(W,, x P,)= (n —

-1
1)LTJLmTJ tn+l:m>3,n>1L
4) In 2011, Zheng et al. [14] investigated cr(Wa ,, X Py),

they established: cr(Wa,,, x P,)= QnL%J LmT_J 4

2n :m >3, n > 1.

5) In 2022, Alhajjar et al. [10] started to study cr(S,, X
P,) where S,, is a sunlet graph, they proved that:
cr(Sm X Py)=m : m > 3, also they came up with the
following conjecture:

Conjecture: cr(S,, x P,)=m(n—1) : m,n > 3.

In this section, we extend this class of graphs by studying

er(T'Sp, x Py). It is easier to label the vertex wy ; instead of

(ps,vt) where s=1,..m,t=1,...,n+1in TS, x P,.

For m = 3, T'Ss x P, is a planar graph (Figure 4).

Theorem IL1. ¢r(TSs x P,) =2(n—1) forn > 1.
Proof:

Let us consider D as a good drawing of TS5 x P,
and Q¢ as a subgraph of D induced by the vertices
{Ws 4y Ws 141, Ws p—1 : 5 = 1,2,3,4,5} for t =2,...,n — 1.
Hence, TS5 x P, = Q2 Q3 ... U Qn—1. Note that Q; has
a subgraph which is a subdivision of Ks 4, thus cr(Qy) > 2.

Fig. 4. The graph T'S3 X P,.

Let Q; be the subgraph of Q; which is a subdivision of K3 4,
it is easy to check that V(Q;) = {ws,1—1, W3¢, W3 441} U
{w1,t, wa,, wa ¢, w5 ¢} U I(Q)) for t = 2,....n — 1, where
1 (Q;) is the set of two-degree inserted vertices in Q;. (An
example shown in Figure 5 for j = 2).

Wiy W12 Wi3 Wiy W12 Wi 3
W3 W3
We We
Wso W3 W52 W3

Fig. 5. Left: Q)2. Right: QIQ.

The rest of the proof consists of demonstrating that each
Q/ has at least two crossings that do not occur in any other
Q,, (t # k), this is known as the Counting Argument [4].

In Q; a crossing denoted by r is formed by the
intersection of two edges e and [ where e # f (essentially,
Ky o forms every crossing), if v occurs in more than one
subgraph of Q;, then the edges e and f must belong to
each one of Q;. Since the two-degree inserted vertices have
no effect regarding the number of crossings in Q;, then we
can treat them as points from the edges of Q; therefor we
can write:

erp(Qy) = erp(wse—1,wss) + erp(wsi1,wse01) +
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crp (w3, w3 141) > 2 (1)

(In general, each drawing of K,,, can have a
total of crossings counted in the following way:
S S i er(vs,ur), where v v belong to  the
set of vertices m,).

The formula (1) thus leads to the conclusion that changing
the variable t results in at least two crossings in each Q;
that do not occur in any Q, (t # k). As a result, there
will be at least 2(n — 1) crossings in D. Figure 6 exhibits
a drawing of T'Ss x P, with 2(n — 1) crossings, it follows
that er(TSs x Pp) =2(n — 1). O

W3,n+1

Fig. 6. A drawing of T'S5 x P, with 2(n — 1) crossings.

The natural extension obtained from gigure 6 exhibits
a drawing of T'S,, x P, with (n — 1)L5J crossings, i.e.

(TS % Py)<(n — 1)%.
ay

Conjecture 2.1 ¢r(T'S,, x P,) = (n—1)| 5
n > 1.

:m > 7 and

II. cr(TSm x Cy)

Let C,, be the C'ycle on n vertices. The following theorem
determines the value of cr(T'S,, x Cy):

Theorem IIL1. c¢r(T'S,, x Cp) = nL%J form,n>3,m
is odd.
Proof:

The graph T'S,,, consists of L%j
Cs, therefore cr(T'S,, x Cy,) > nLTJ for myn >3, m is
odd. (Recall that cr(C3 x Cp) =n:n 21%, [13]). Figure 7
exhibits a drawing of T'S,, x C,, with nL;J crossings, this

edge-disjoint subgraphs of

applies cr(T'Spy, x Cp) = ’I’L\_%J and the proof is completed.
(Il

. . m .
Fig. 7. The natural extension of 7'S,, x Cy, with nLEJ crossings.

IV. er(TSp, x K1 )

The complete bipartite graph K , is known as the star
graph. We only deal with n > 3 because K7 ; and K o are
isomorphic to P; and P» respectively. Let vy be the vertex
with degree n and v; be the vertex with degree 1 for j =
1,...,n in the graph K ,. In this section, we present new
results related to cr(T'Sy, X K1), m is odd and n > 3.

-1
Lemma IV.1. cr(TS3 x Ky ,,) = Lg] Ln

Proof:
The subgraph Py is contained in TSs, thus cr(TS3 X

Kin) > cr(Py x Ky,) = Lg“”_ 1J V>3 (3] In

fact, it is simple to observe that the graph T'Ss x K1 ,, has a
subgraph which is a subdivision of K3 . In Figure 8, there

|Vn>3

-1
is the drawing of T'S3 x K ,, with ng LHTJ Crossings.
The claim follows. (Il

Theorem IV.1. cr(T'Ss x K1) =n(n—1) Vn > 3.
Proof:

TS5 contains K1 4 as a subgraph, hence cr(T'Ss x Ky ) >
cr(Kia x Ky) =n(n—1) VY n >3, [15]. In the rest of
the proof, we will show a drawing D of T'Ss x K1, with
n(n — 1) crossings exactly. Let us construct a drawing D of
TS5 x K1, as follows:

1) For each i = 1,...,5, place the vertices w;o on the
y — axis equally around the center.

2) If j is even, then place the vertices
{wy j,waj,...,ws;} on the vertical line x = %

equally around the x — axis.
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Fig. 8. A drawing of T'S3 x K1, with L%H

n —

1 .
5 | crossings.

Fig. 9. A drawing of T'S5 x K1, with n(n — 1) crossings.

3) If j is odd, then place the vertices {w j,wa j, ..., ws ; }

on the vertical line x = _J

equally around the
T — axis.

Figure 9. Note that D has a subgraph which is a
subdivision of Ky, by deleting the set of the egdes F' =
{w1 jwa j, wa jws j, w1 0W3 0, Wa,0W3,0, W3,0W4,0, W3 0W5,0 :
j =0,1...,n}. In fact, this forces Z(5,n) = 4[%J Ln —
crossings [4], moreover it is not difficult to find that
the edges wiowso and wsowso contribute with ZLEJ

crossings in the presented drawing D which are different
Sfrom the crossings formed by the subdivision of Ks . Thus

n, n—1 n

erp(TSs x K1) = 4] =]1 |+ 2L§J = n(n — 1),
therefor cr(T'Ss x K1) = n(n — 1) for n > 3. The proof
is completed. (I

The natural extension obtained from l;igure 9 exliibits
a drawing of T'S,, x K, with 4LmT_J L%J Ln; |+
m, n m—2 m,  n . .
|=Ilz] = 4——]Z(n) + |=]|=| crossings, ie.

2°°2 2 m— 9 2 m2 n

-2

Conjecture 4.1 cr(TS,, x K1) = 4LmTJZ(n) +

L%JLgJ for m > 7 and n > 3.

V. er(TS,, x 3 —vertex graphs)

The path P, (on three vertices) and the cycle C3 are the
only two connected non-isomorphic n%raphs on 3 vertices. By
Theorem IIL.1, cr(T'S,, x Cs3) = SLEJ for m > 3, m is odd.

Contraction the edge cf in the graph G is the process
of merging it into a single vertex w so that w is adjacent to
every vertex in GG that is adjacent to ¢ or f in G, (Figure
10).

G G

Fig. 10. Contraction the edge e in the graph G results in the graph G;.

Theorem V.1. ¢ (TS, x Py) = \_%J form > 5, m is odd.
Proof: m
Figure 11 exhibits a drawing of TS,, x Py with ng

crossings, thus cr(T'S,, X Pg)ﬁ{%j. Let us prove this

inequality for the inverse direction.

By contracting the edges (w;1,wiy1,1) as well as
(w; 3,Wit1,3) for © = 1,2,...,m — 1, we obtain a drawing
of TSy, + 2K, which has L%J crossings [2], therefore:
er(TSm X Po) > er(TSy, + 2K4) = L@j The proof is
completed. 2 d

VI. CONCLUSIONS
We introduced the conjecture in which ¢r(T'S,, x P,) =
m
(n—1) LEJ crossings and we proved that it is true when
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Fig. 11. A drawing of T'Sy, X P2 with L%j crossings.

m = 3,5, n > 1. Moreover, we could identify cr(T'S,,, x C,)
by proving that for a given m,n > 3, m is odd: cr(T'S,, X
Cp) = nLEJ In addition, we could introduce a conjecture

that er(TSp % K1) equals 4LmTi2 1Z(n) + L% 112

crossings, and we succeeded in proving that it is true for
(m = 5 and n > 3). Finally, we extended the study to 3-
vertex graphs by proving that cr(T'S,, X Py) = LEJ for
m > 5, m is odd.
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