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On Farey Edge Graceful Labeling
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Abstract— In this paper, we introduce a new con-
cept of Farey edge graceful labeling and Farey edge
strength of graphs. We prove that the symmetric
hairy cycle, helm, flower, wheel, T;-graph and subdi-
vision of star graphs are Farey edge graceful and we
also determine Farey edge strength of these graphs.

Index Terms: Farey sequence, Farey edge graceful
labeling, Farey edge strength, symmetric hairy cycle,
wheel graph, helm graph, flower graph, Ty -graph

I.  INTRODUCTION

he idea of Farey edge graceful labeling has come from
the observation of irregularity strength of graphs,
which was introduced by Chartrand et. al. [2] and then
proved that the irregularity strength of complete graph
K, is 3, path graph P, is 2 if n = 0 (mod 4), 2L if n
=1, 3 (mod 4), 242 if n = 2 (mod 4). Consider a graph
G(V, E) that lacks a K5 component and with at most one
isolated vertex. A mapping f : E(G) — Z*, such that
each vertex is uniquely labeled by the sum of all inci-
dent edge weights, referred as irregular labeling [4]. The
maximum edge weight in this context is termed as the
strength of the graph G and denoted by s(f). Kumar [4]
determined the strengths of the helm graph, web graph
W(n,4), flower graph, triangular snake graph, bi-wheel
graph, double triangular snake graph. Packiam et. al. [5]
established that s(C, ©mK;) = mn, s(C, ©K3) =n+1,
$(CroKs3) =n+1, s(P,0Ks3) = n+1, s(P,0K3) = n+1.
Before going to the next section, we wish to emphasize
on the following definitions.
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Definition: If I copies of complete graph K; are con-
nected by an edge to each vertex of (), then resulting
graph is called symmetric hairy cycle and is denoted as
Cp OIK;.

Definition: The r-subdivision of star graph is obtained
by replacing each edge of the star graph with a path of
length r.

Definition: A wheel graph is obtained by connecting
each vertex of a cycle to a vertex w ¢ V(C),) by an edge.

Definition: The helm graph is obtained from wheel
graph by connecting a pendant vertex to each vertex of
a cycle by an edge.

Definition: If each pendant vertices of helm graph is
connected to the central vertex by an edge then we get
flower graph.

Definition: If we place one more vertex between each
edge of cycle of helm graph Hy then we get T)-graph.

Definition: A Farey sequence [I], [6] of order n, de-
noted as F),, is a set of ascending rational numbers in the
interval [0,1]. It is defined by fractions of the form 7%
where 0 < ny < ng <n and ged(ny,ny) = 1.

Kumar et al. [3] laid down the foundations of Farey
graceful labeling and illustrated Farey gracefulness of
caterpillars, hairy cycles, cycles, and paths. With the
help of Farey edge graceful labeling, we can injectively
label the edges and vertices of such a graph whose degree
is very high. By Farey edge graceful labeling, we can la-
bel both the vertices and edges of the graph injectively.
Whereas in irregular labeling, we can only label the ver-
tex injectively.

In the next section, we define Farey edge graceful label-
ing and its strengths. We will also prove some theorems
based on this labeling.

II.  RESULTS

Definition 0.1. In a simple, connected and undirected
graph G(V, E), if each edge is uniquely labeled by F,, such
that f(e;) = ¢ € F, V e; € E(G) and for any vertex
v; € V(Q), the vertex weight is given as:

> (bi—a)

el=viy; €B(Q)

we(v;) =

and the resulting weights are distinct. Then f is called
Farey edge graceful labeling and G is called Farey edge
graceful graph.

Definition 0.2. Let f be a Farey edge graceful labeling
on G(V,E). Then Farey edge strength s(f) is given as:
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s(f) =

where f(e;) = ¢ € F,.

max (b; — a;)
Ve, €E(G)

Theorem 0.3. All symmetric hairy cycles Cp, © 1K;
are Farey edge graceful ¥ m,l € N and its Farey edge
strength of Cp, ® 1K is ml.

Proof. Let x1, o, ..., x,, are vertices of cycles and xf
represent the pendant vertices adjacent to z; for ¢ =
1,2,....m, j=1,2,...,l in C),, ® l[K;. Define a mapping
f : E(Cm O] lKl) — Fm2l+ml+1 as:

flewi) = ity 1<i<(m—1)
2
flemz) = oty

f(xzmz):m , 1<i<m,1<5<]

By using the Definition[0.1] we can observe that vertex
weights are:

wy(w:) = =5

wp(z]) =m(j—1)+i

All of the vertex weights mentioned above are distinct.
Hence, C,,, ® K7 is Farey edge graceful graph.

To determine Farey edge strength of the graph, we
subtract the numerator from the denominator of each
edge label. Consequently, we get the label of each edge
from the set {1,2,...,ml}. Hence, Farey edge strength of
Cpm © 1K, is ml. (see Fig. 1) O

Theorem 0.4. The wheel graph Wy, 11 s Farey edge
graceful and its Farey edge strength is m.

Proof. If each vertex of C,, is connected to vertex v ¢
V(C,,) by an edge then we get the wheel graph W, ;1.
Define a mapping f : E(Wy41) — Fq1 as:

0 S
1 y 1=1

f(iziq) =
¢ 2<i<m-1

[
f(@ma1) = ml.;_l

f(mci):iJ%1 , 1<i<m

we denote the ceiling function as [z].

By using the Definition [0.1, we can observe that the
vertex weights are:

we(z)=0E+2) , 1<i<m
wy(v) = )

All the vertex weights mentioned above are distinct.
Hence, W,,,+1 is Farey edge graceful.

To determine Farey edge strength of the graph, we sub-
tract the numerator from the denominator of each edge
label. Consequently, we get the label of each edge from
the set {1,2,...,m}. Hence, Farey edge strength of W, 4,
is m. (see Fig. 2) O

Theorem 0.5. The helm graph Hy is Farey edge graceful
graph and its Farey edge strength is k.

Proof. Let x1, x2, ..., x are the vertices of cycle and
z1, %9, ..., 2z are pendant vertices in which each z, is
adjacent to z, for 1 < r < k and v is the central vertex of
Hj.. We define a labeling f : E(Hy) — Fy24 41 such as:

f(zry) =

= , 1<r<k
flzias) = ¢
f(zrzr) = kiﬂ
f@r@rin) = 47

rk4+1
rk+k+1

f(”xr) =

By using the Definition [0.1} we can observe that the
vertex weights are:

wyi(zy) =7 , 1<r<k
wi(zy) =k+r+2 , 1<r<k
wr(v) = k?

All these vertex weights mentioned above are distinct.
Hence, Hy, is a Farey edge graceful.

Each edge is labeled by Farey fraction and to deter-
mine Farey edge strength of the graph, we subtract the
numerator from the denominator. Consequently, we get
the label of each edge from the set {1,2,...,k}. Hence,
Farey edge strength of Hy, is k. (see Fig. 3) O

Theorem 0.6. The flower graph F i is Farey edge grace-
ful and its Farey edge strength is f%l

Proof. Let Hy be the helm graph defined in Theorem
[0:5 If we joined each vertex zq, 22, ..., 2 to the central
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Fig. 1: Farey edge graceful labeling of Cs ® 4K
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Fig. 2: Farey edge graceful labeling of W3
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Fig. 3: Farey edge graceful labeling of Hyo

vertex v by an edge then we get the graph F . We define

a labeling f: E(F ) — Frigiy (641 350

5— , 1<r<kandrisodd
f(err): i
f_tl , 1<r<kandriseven
_rt2 1<¢r<Fkandrisodd
TGS , <r<kandriso
St
7 _
floz) =<9 , T=2
344 .
@) , 4<r<kandriseven
% , r=1
Floz,) = % , risoddandr >3
) — 2
516 .
(3“‘;717) , risevenand r > 2

[E£L7(6+r) -5 ]+1
[EE17(6+r)+1 ’

flxrwrg) = 1<r<(k-1)

_ A6 -84
fen) = =g ia

By using the Definition we can observe that the
vertex weights are:

wplu) = (r+1) ) lsr<k

wf(xr)zz[%]“rr‘kl ; 1<r<k
RSl ks odd

wy(v) = Etdk i ks even

All of the vertex weights mentioned above are distinct.
Hence, F i is Farey edge graceful.

To determine Farey edge strength of the graph, we
subtract the numerator from the denominator. Con-
sequently, we get the label of each edge by the set
{1,2,...,[%£17}. Hence, Farey edge strength of [ is

2
[EHL7. (see Fig. 4) O

Theorem 0.7. The graph T} is Farey edge graceful for
k > 4 and its Farey edge strength is k.

Proof. Let Hy be a helm graph defined in Theorem
We introduce one vertex on each edge (say wi, wa, ...,
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Fig. 4: Farey edge graceful labeling of F ¢

wy) of the cycle and we will get the resulting graph T.
We define a labeling f : E(T,) — Fi2 a1 as:

fzpzy) = Tj_l , 1<r<k

|'k+;‘—1-‘+1

m s ISTSkandTiSOdd

f(xrwr) =
2[ktr=1741 .
T 1<r<kandriseven
A[EET]41 :
AETTT 1 <r<kandrisodd
flwpar 1) =
31+l 1 <r<kandriseven
e 0 T =TS ¥
gZ—ﬂ ,  when k is odd
f(xlwk) =
%ﬁ ,  when k is even
5[&1+1

f([Ile) = 6[E7+1

INE N

_ (r+3)m+1
 (r+4)m+1 ’

f(zrv)

2<r<k

By using the Definition we can observe that the
weights assigned to the vertices are:

wi(zy)=r , 1<r<k
2k+1 , kiseven
wy(r1) =
2k+2 , kisodd
we(z,) =r+2[E=H=E07 4k ) 2<r <k
wg(wy) =k+r , 1<r<k

wy(v) =k(k— 1)+ [&]

All of the vertex weights mentioned above are distinct.
Hence, T}, is a Farey edge graceful graph.

To determine Farey edge strength of the graph, we
subtract the numerator from the denominator. Con-
sequently, we get the label of each edge from the set
{1,2,...,k}. Hence, Farey strength of T} is k. (see Fig.
5) O

Theorem 0.8. The r-subdivision of star graph (Sh,) is
Farey edge graceful for m > 3 and its Farey edge strength
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8

, T 1§ even

s(f) =
L(T;l) , 1 is odd

Proof. Let {v]} be the set of vertices of the path P
where ¢ = 1,2,...,m and 7 = 1,2,...,7. If we con-
nect all the vertices of one end of the P, namely v7f,
vy, ..., U7 to a central vertex v with an edge, while
leaving the other end of the vertices of P}, we obtain
the graph S;.. Define a mapping f : E(S]) — Fg

(m+1)(r—1)m+2

5 r is odd
where k = R as:
% , riseven
1 .
T 0 1SS -D, 1<
2 1 <m and j is odd
—
folv]™) = 1 ;
n Ty 0 LSS (r-1),1<
2 1 <m and j is even
W 5 TiSOddaﬂdlSiSm
T2 Tt
s =3 L
m y Tisevenandlgigm

By using the Definition[0.1] we can observe that vertex
weights are:

wiw) =G -Dm+i , 1<i<m, 1<j<r

r is even

2 I
,  7isodd

All the vertex weights mentioned above are distinct.
Hence, 5), is Farey edge graceful.

To determine Farey edge strength of the graph, we sub-
tract the numerator from the denominator of each edge
label. Consequently, we get the label of each edge from
the set {1,2,..., 5"} when r is even or {1,2, ... W}
when r is odd. Hence, Farey edge strength of S7, is

mr

s(f) =

m(r+1)
2

r is even

r is odd

(see Fig. 6) O

III.  APPLICATION

Farey edge graceful labeling technique can be used to
reduce interference in communication networks by assign-
ing frequencies (labels) to transmitters (nodes) in such a
way that no two transmitters within a certain range share
the same frequency. We can also determine the structure
of a crystal using graph labeling techniques. To do this,
we consider each molecule in the crystal as a vertex and
each bond between molecules as an edge. It can also be
studied in fuzzy set theory and probability theory as the
numbers used in this labeling belong to the range [0, 1].

IV. CONCLUSION

This paper presents an innovative concept of Farey
edge graceful labeling and Farey edge strength for graphs.
We also proved that all symmetric hairy cycle, helm,
flower, wheel, Ti-graph and r-subdivision of star graphs
are Farey edge graceful and we have calculated Farey edge
strength of these graphs.

References

[1] D. Burton, Elementary Number Theory, McGraw
Hill, (2010).

[2] G. Chartrand, M. Jacobson, J. Lehel, O. Oeller-
mann, S. Ruiz, and F. Saba, Irregular networks,
Congr. Numer., 64 (1988) 187-192.

[3] A. Kumar, D. Mishra and V. K. Srivastava, On
Farey graceful labeling, National Academy of Sci-
ence Letters (2023) https://doi.org/10.1007/s40009-
023-01355-3.

Volume 54, Issue 11, November 2024, Pages 2484-2490



TAENG International Journal of Applied Mathematics

[4]

4 0n 1 %10 9
. 81 . 34 —00 o 26 o 49 o, 18 0 03 10 7o 2
1 65 1 49 1 33 1 17 1
- m - — il ~ -
54 SR [P . B (RO B | B 3
1 97 1 3 1 49 1 25 1
30 . 129 o 28 o 97 o 20 . 65 12 33 . 4
1 @ 1 9_7 1 @ 1 ﬁ 1
37 . 161 . 29 . 121 . 21 . 81 13 41 . 5
1 161 1 121 1 81 1 4 1
- il = - T il s N
38 . 193 . 30 . 145 o 22 . 14 49 R 6
1 193 1 145 1 97 1 19 1
39 —2 o 3 160 02 U3 15 ST
1 2 1 169 1 m 1 57 1
0, o7 0% 103, o4 o 129 0 16 . G5 S
321 l 207 l @ 1 129 | 6_5 1
I\ 6L 4l g 88 0 AT % M ] By 0
Fig. 6: Farey edge graceful labeling of Si!
S.  Kumar, Some  problems in  graph

theory-irregularity strength of graphs,
Ph.D. thesis, University of Kerala, 2012.
http://hdl.handle.net/10603/393994

K. M. G. Packiam, T. Manimaran and A. Thu-
raiswamy, Irregularity strength of corona of two
graphs, Theoretial Comput. Sci. Disc. Math., (2017)
175-181.

I. Niven, H. S. Zuckerman and H. L. Montgomery,
An introduction to Theory of Numbers, John Wiley
Sons, (1991).

Volume 54, Issue 11, November 2024, Pages 2484-2490





